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Some Circular Curves Generated by Pencils of 
Stelloids and Their Polars, 


by 
CLARENCE MARK HEBBERT, Champaign, IL, U.S.A. 


I. Introduction. 


: 1 - 1 

It is the purpose of this paper to consider the transformation < Set, 
which has the three cube roots of unity for double points and with which 
is connected the pencil of stelloids (cubics)(!) through the three cube 
roots of unity and their associates. Some properties of the quintic 
generated by the pencil of cubics and the first polar pencil (equilateral 


hyperbolas) will be derived. 


The more general transformation 2’ ーー will also be studied and the 
る 


general form of the product of the pencil of stelloids through the 


m+1th roots: of unity and their associates, and the first and second 


polar pencils of any point («’, y) will be determined, Some pro- 
perties of the asymptotes and foci of these curves will be derived. 
This transformation is simply the contracted form of the general trans- 


formation 2’ ua , for f(2)=2"*!—1. The last section con- 


siders the general case. 


(1) A. Emch: On conformal Rational Transformations ina Plane. Rendiconti del 
Circolo Matematico di Palermo, XXXIV (1912), pp. 1-12.. On Stelloids in general see: 
G. Loria, Spezielle Algebraische und Transcendente Ebene Kurven, 15th Kap.—Geometrie 
der Polynome, Vol. I (1902) pp. 368-80; C. E. Brooks: A Note onthe Orthic Cubic Curve, 
Johns Hopkins University Circular (1904), pp. 47-52, and Orthic Curves, or Algebraic curves 
which satisfy Laplace’s equation in two dimensions, Proceedings of American Philosophical 
Society, Vol. XLIII (1904), pp. 294-331. 


The transformation 2! ーー is studied in detail in the article by Professor Emch, 


Involutorie Circular Transformations as a Particular Case of the Steinerian Transformation 
and their Invariant Nets of Cubics, Annals of Mathematics, 2nd Series, XIV (1912), 
pp. 57-71. i 
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For some of the work, use will be made of the following 
Theorem I. The product of a pencil of curves and the second polar 
pencil of a point (x', y!) is identical with the polar of the product of the 
pencil and the first polar pencil of (x, y')("). 
For, Jet the pencil of curves be 
(1) P+4Q=0, 
and the first and second polar pencils 
(2) AP+AAQ=0, and 
(3) A°P+4A°@Q=0, respectively. 
The product of pencils (1) and (2) is 
(4) P-AQ—Q-AP=0, whose polar is 
AP-AQ+P-A°Q-A4Q-A4P-@Q-A°P=0 or 
(5) P-A°Q-Q- A°P=0, 
which is identical with the product( * ) of (1) and (3). 


\ 


3 
II. Transformation !=:— SE POI 


Geometrically, this transformation represents an inversion, a reflexion, 
doubling of the angle and squaring of the absolute value. For it may be 


e il D . 
replaced by two transformations, 2’=— and ダニ タッ whose properties are 
る 


well known. Straight lines are reflected on the æ-axis and their inclina- 
tions are doubled. The unit circle corresponds to itself but only the 
three points (1,0) (>. SV 5). and (-3: ー テ ビ 8) are invari- 
ant. The three lines joining these three points and the origin are also 
invariant lines but not point-wise. An equilateral hyperbola, æy=c, goes 
into the circle, 2c(@’+y’)+y=0, counted twice. If (2’, y) describes a 
straight line, the point (x, y) describes a locus of the fourth order, since 


(1) This curve is called “ Panpolare” by Steiner, who first investigated in a purely 
synthetic manner some of its properties in general, Journal fiir die reine und angewandte 
Mathematik, Vol. XLVII, pp. 70-82. 

(2) On products of projective pencils see 

Clebsch, Vorlesungen iber Geometrie, Vol. I (1876) p. 375. 

Cremona, Theorie der ebenen Kurven (German by Curtze, 1865) Paragrapk 
50, ££. 

Sturm, Die Lehre von den geometrischen Verwandtschaften, Vol. I (1909) 
p. 249, f.f. 

Ency. der Math. Wiss. IH, 2, 3, p. 353, f.f. 
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the points corresponding to (x, y')(1) are the base-points of the first 
polar pencil of (x, y) with respect to the pencil of cubics (stelloids) 
through the three cube roots of unity and their associates( ?). Since the 


bed 1 . 
two transformations 2/’=— and ター タク are conformal around all points 
る 


except 0 and ©, the result of using both of them is conformal, i.e., 
. に ... . e ! 1 
finite singularities of curves are preserved in the transformation < ae ok 


Infinite points, however, are transformed into singularities at the origin. 

The pencil of cubics is w+Av=O0 where u and v are the real and 
imaginary parts, respectively, of ダー1, i.e., 

(1) ut+tiv=a—3ey-1+4(3e°y—y)=0. 

The projective pencil of first polars is 

(2) (@-y)e-2cyy 1442290 +(@-y)y]=0; 
pencil of second polars is 

(3)  (@°—-y")2-2v y y-1+[2y2+ (a —y") y]=0. 

The product of (1) and (2) is, as we should expect from the general 
theory, a bicircular quintic 

@  Gy-ya)l("+y)+2:]+ (y - NEN). 

The product of (1) and (3) is 

(5) A+ +yy Xe y ay) +a —y)y +222 y 

— 32° y — 3x y+y =0, 

a circular quartic; the first polar of (x',y') with respect to (4), in agree- 
ment with Theorem I. 

The product of (2) and (8) is the circular cubic 

(6) (@"ー の (ぐみ 9 の tay tay teyy+y) 

+20 yl (eyy + y xx y—a xv +x)— 2% y—y'(x —y) =0. 

This cubic belongs to the class discussed by Emch in the paper 

referred to on p. 1, and will not be studied here. 


The Quintic (4). 


Since there are no terms Ù the fourth degree in equation (4), and 
(x'y—y' x) is a factor of the fifth degree terms, the line y—y'x=0 is 


(1) IL. Cremona: Theorie der ebenen Kurven (German by Curtze, 1865) p. 120, 
Lehrsatz XL \ | 


(7) A; Emo: (Lo. p. 1) pp. 3 and 12. 


| 
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an asymptote. There is a double point at the origin and at each of the 
circular points, J and J; at infinity. The curve passes through the 
base-points of (1) and (2), viz., the points 


ao: (1,2); (4, TE): 


( DI Va —iy 4V a! + iy! +: Va! +iy = EV a —iy! i) 


2 一 一 





FO) Vay DI Va? + y 
: dy | y! 2y —-V 3 0 
At the first three points above, — has the values in 
DET NEN re I yo? eee 
/ >: 
d HS , respectively. These show that the tangents at these 
の 


three points, which are the points representing the three cube roots of 
unity, pass through the pole (#’, y). This follows directly from the fact. 
that (5), the first polar of (x/, y’) with respect to (4), passes through these 


dy dV yy? 


three points. At the origin is : , Le., the tangents to the 


y 
4 OMY T 
curve at the origin are AE et æ, which are orthogonal. If 
ツ 
/ + 
の is the inclination of either of these tangents, tan 20= I . Hence, 


x 
to construct the tangents to (4) at the origin, join the origin to the point 
(x, —y') and bisect the angles made by this line with the x-axis. The 
bisectors are the required tangents. These tangents form the only real 
degenerate conic of the pencil (2), and are obtained also by putting 
A=oo in equation (2). 

This is sufficient to enable us to make a fairly accurate drawing of 
the curve. (See figure on next page.) 

Some of the properties of (4) appear more readily if it is put into; 
the polar form 


(7) p°[p°(e' sin 0—Yy cos 0) — p sin 36-4 sin 20+ 9 cos 20]=0. 

The factor e* indicates again, that the origin is a double point. If 
x’ sin 20+y cos 20=0, or tan 20— À}. , one value of p is zero. The 
others are obtained from | | 


大 (2 sin 9 一 cos 6)=sin 36, 
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Graph of the quintie (4). 

whence p= <a provided we consider sin 26 negative and cos 29 
positive. An interchange of signs would make 9 imaginary. (The fourth 
root arises from the fact that the functions of 6 iuvolve the square root.) 
‘The curve cuts one of the tangents at the origin in two points equidistant 
from the origin. These two points are the real base-points of (2) as 
may be verified by making use of the coordinates of the base-points as 
given on p. 4. Since the coefficient of 0° within the bracket is zero, the 
sum of the three non-vanishing segments on any ray through the origin 
vanishes. The origin is therefore a center of the curve. 

| More than this, the polar equation (7), gives us a hint as to the 
form of the equation of the product curve for n>2. This will be dis- 
cussed later. 


Quadruple foci of (4). 


Foci are sect-points of tangents from the circular points to a eurve( ! ). 
The tangents at J and J are of the form y—ix+b and y=ic-+e, re- 


(1) Bassett, Elementary Treatise on Cubic and Quartic Curves, p. 46. 
Charlotte A. Scott, Modern Analytical Geometry, p. 122. 
Numerous special cases of foci are treated by R. A. Roberts, On Foci and Confocal 
Plane Curves, Quarterly Journal of Mathematics XXXV (1903-4), pp. 297-384. 
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spectively. Putting b=8+ia, then (a, 8) is the only real point on the 
tangent, i.e., it is the focus. Substituting y=—ix+ in equation (4) 
we have 
(8) (4i+4iba'+40°y)a+(4ib'y — 66 — 2ia’ —8b°a'+2Y)a° 
+ (2b a! +2 by —3ib?— by! Sb) + by +bx =0. 
The degree reduces to 3 because the circular points are double points. 


In order for y——ix+b to be tangent to J, the coefficient of x must 
also vanish, i.e., | 








arten 
x! —iy 
Hence the tangents at 7 are y= -i(e# — ) . Similarly, the tan- 
Va —iy 
gents at J are y=i (er) . These intersect in the four points 
Va! +1 y! 


(two of them real) 





Etes? i Vi tiy = dii) 
2 Va + y” 2 ピッ クー“ 
which are the base-points of the pencil (2). We have seen that the 
orthogonal tangents at the origin are the two lines of the real degenerate 
equilateral hyperbola of the pencil (2). Hence we may state the 
Theorem II. The three degenerate equilateral hyperbolas of the pencil 
(2) are the tangents to the curve (4) at the double points, which are their 
vertices. The base-points of the pencil (2) are foci of (4). 


Single foci of (4). 


The quintic (4) has three double points and no other singularities. 
Its class is therefore 5(5—1)—3.2=14. Since the circular points are 
double points we can draw from each of them only 10 tangents touching 
the curve elsewhere. The 100 intersections of these ten tangents are foci 
of the curve, but only 10 of these are real. They belong to the 196. 
base-points of a pencil of curves of order 14. Each of the 10 tangents 
from I cuts each of the two tangents at J in two coincident points 
(double foci), thus yielding 40 double foci; similarly, the tangents from 
J determine 40 double foci. The tangents at I and J determine four 
quadruple foci (2 real) considered above, counting for 16 points. Thus 
we have accounted for 100+40+40-+16=196 base-points. To determine 
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the real single foci, impose on equation (8) the condition that it shall 
have equal roots, i.e., that the discriminant shall vanish. To obtain the 
discriminant, take the derivative with respect to 2 and solve the quadratic 
so obtained for x. Since the double roots of the cubic (8) must also be 
roots of its derived equation, we reverse the process and substitute the 
roots of the derived equation in (8). The two expressions thus obtained 
are the two factors of the discriminant. ‘These, set equal to zero, are 
b-ia' —y =0, and 

(9) 4b°(@+7y)3+ 276" (w—iy)—O (15ia* +11 72?y—45ixy?— 397’) 

+ 546° (w—iy) —54ib (vw —iy)? — 120° (a +iy) 
+270 — 277 b? (w—iy) —4i(x+iy) —0. 

Hence, the line y„=—ix-+ix’+y is a tangent to the curve (4). The 
real point on it is (2’, y’), the pole, which is therefore a focus. (As is 
well known, the corresponding value of e is y/—ia’.) By equation (9), 
the other nine real single foci are so situated that the origin is their 
centroid and the product of their distances from the origin has an ab- 
solute value equal to unity. The former follows from the fact that the 
eighth degree term is missing; the latter is seen by dividing through by 
the coefficient of 6, when the constant term reduces to 2. 

Since the inverse of a focus is the focus of the inverse curve, the 
problem of finding the foci of (4) reduces to that of finding the foci of 
its inverse with respect to the origin, viz., a circular quartic 


(10) (+ Pl 2y+Y (デー の )] 9 82° y+x/y—y x=0. 
This does not simplify matters, however. 


Isotropic Coordinates. 


The problem of finding foci is much simpler when the equation of 
the curve is expressed in isotropic coordinates.(*) Put :=x+iy, 4=x—iy, 





(1) A. Perna, Le Equazioni delle Curve in Coordinate Complesse Coniugate, Rendiconti 
del Circolo Matematico di Palermo XVII (1903) pp. 65-72. 

Beltrami, Ricerche sulla Geometria delle forme binarie cubiche, Memorie dell’Ace. di 
Bologna X (1870) p. 626. 

Cesäro, Sur la determination des foyers des coniques, Nouvelles Annales des Mathemati- 
ques LX (1901) pp. 1-9. 

G. Lery, Sur la fonction de Green, Annales Scientifiques de l'École Normale Superieure, 
XXXII (1915) pp. 49-135. 

C. E. Brooks, (l. c. p. 1.) calls these conjugate coordinates. Cayley (Collected Works 
VI, p. 498) uses the name circular coordinates. 


8 CLARENCE MARK HEBBERT:. | NO 


z+% 





or X= 








Equation (4) becomes 


(11) J=[@—iy DEA E (0! iy) +s =0,, 
G2) F=3[@-iy)e-1]2- 2 +3 の ざー]s=0 


The roots of (12) are z=0, zo FRAME 
S( ダ ー29) ダ 一 1 


in (11), we get 2 一 ダ ー2 ダ 7, ie, a’, y is a focus.(' ) Substituting the 
second root of (12) in (11), we ee | 人 
(13) A(e'+iy)(@-1)-27[(e/-iy)2?-1] 
+72 ~iy"[(@’ -iy)P—1]=0. 
If in equation (13), 2 is replaced by its equivalent, —id, the Een is 
identical with equation (9), as it should be. 


Substituting I= 0 


DES 


III. Transformation 2’=:— 
(n+ 1) 27 2 


= 
で 


The pencil of stelloids connected with this transformation is the 
pencil of curves through the n+1th roots of unity and their associates. 
The transformation represents a (1, n) correspondence between the pole 
(〆, y) and the n real base-points of the first polar pencil of (=, 7’). 
To establish the equation of the pencil and first polar in polar coordinates 
we have 

utiv=2"*—1=0"*! cos (n+1)0+i0"* sin (n+1)0—-1=0. 

The pencil of stelloids is 

(14) u+4v=p"*! cos(n+1)0—1+4p"* sin (n+1)0=0. 

The first polar pencil of (x, y!) is | 

(15) u+4v,=p"2'(n+1)cosn0—y' p"(n +1) sinnd—(n+1) 

+(n+1)A[x’ 0" sin nd + y' 0" cos n6]=0. 

The product of (14) and (15) is 

(16) "S$ o"*! (2! sin 9 一 7 cos 6)— p sin (n +1) 0 

| +’ sinn0+y'cosn0}=0, 
which may be written in the form | 


(17) p"*(x/y—y'x)—0"*" sin n+1)0+ 2! 0" sina0+y 0" cosnd=0. 


(2) 2.Lery, (lic, pi /)ap.ia i. r00 ESP ET al epi: 
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This shows that in cartesian coordinates, (x?+y’)” is a factor of the 
terms containing æ and y to degree 2n+1 while the next highest Paves 
of x and y is n+1. Hence the 

Theorem III. The product of the pencil of stelloids determined by the 
n+ 1th roots of unity and their associates as base-points and the first polar 
pencil of a point (x, y), is a circular curve (16) having an n-fold point 
at each of the circular points and at the origin. 

Also since y—y'x is a factor of the highest degree terms, and the 
terms of order n+2 to 2n are missing, we have 

Theorem IV. The line x'y—y'x=0 joining the origin and the da is 
-an asymptote of the product (16), が 7 n>1. The sum of segments on rays 
through the origin is zero, i.e., the origin is a center. 

If in the second factor of (16) we put 0=0, we get 

x sinnd+y cosn0=0, 
that is 
Theorem V. The tangents to (16) at the origin are the lines y= tan 9, 


/ 
where tannd= + . These n tangents divide the whole angle about the 
の 


‘origin into n equal parts, beginning at y=x tan db, where b=are an (- £) 


=n0+2%Ur. 
ns d_ dr 
Making use of the values 9 ニーー (k=0,1,2,... , (n—1)) we 
n n 
find that the curves cuts the tangents at the origin in the points 
"(e sin 9 一 cos #)=sin(n+1)6, or p"= キン コー "LUS according as 


cos 0 or sinn® is considered positive, i.e., the curve cuts in other real 
points all of these tangents if n is odd and cuts only half of them else- 
where if n is even. The points of intersection are the base-points of 
(15), as may be easily verified by substituting their coordinates in (15). 

The tangents at the origin constitute the degenerate curve obtained 
by making メーo in (15). A general theorem(*) states that if two 
corresponding curves C™ and C” in two projective pencils of curves have a 
‘common multiple point of multiplicities r and s (r<s) respectively, their 
product K has there a multiple point of order r and the r tangents of 
K are tangents to C”. We have here an example in which both C™ and 
C” are the real degenerate members of the two pencils. In fact, each 


(1) Sturm (lc. p. 2): Ency. der Math. Wiss. III 2, 3, p. 355. 
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of them consists of straight lines through the origin, the C” being the 
n+1 straight lines through the origin obtained by making 4Z=% 
in (14). 


Single foci of (16). 


Introducing isotropic coordinates 
z=x+iy=p(cos 6+7sin の) ; Z=x—iy=p (cos の 一? sin 0) 
in equation (16), it reduces to 
(18) fel@-iy)# 1er (a" + ip)" De 
Het (al —iy’)2"=0. 
To find the foci, impose the condition on (23) that it shall have 
equal roots in :(*). To do this, we get 


(19) ーー (n+1)[ (a? —iy’)2"—1]2"—n[ (a +iy’)(2"**—1)]2"*=0. 


If a root of (19) is also a root of (18), it is a double root of (18). 
Equation (19) has (n—1) roots z=0. In order for z=0 to be a root of 
(18), we must have 2”[2—(2’—iy’)|=0, ie., 2=2’—iy', whence the pole 
(e, y) is a focus. 2=0 signifies merely that the origin is a multiple 
ale+M@"-D n 
(n+ 1)[ (a! —iy')2z”—-1] 
find the condition that this shall be a root of (18) it is substituted in (18). 
giving the condition | 

(20) n" [ (a? +iy)(@"*—1)]”* 

— (m+ 1)" 2" [2- (x —iy')][(w' —iy’)2" —1]"=0. 

The highest power of 2 in this equation is (n+1) and the next 
highest power is n'+n+1=(n+1)°—n. Hence, for n>1, the coefficient 
of the next highest power of 2 vanishes and the origin is the centroid 
of the roots of (20), ie., of the single foci of (18), or (16). Also the 
constant term of (20) arises in the first bracket and has the same 


point. The remaining root of (19) is z= 


coefficient, except for sign, as the highest power of 2, i.e., the product of 
the roots of (20) is +1, according as n is even or odd. 
If in (18) we set the coefficient of 2"*! equal to zero, we get at once 
the double foci, viz., the points 2=————_ Dl -, which are the base-points 
Ve —iy! 
of (15). Hence, 
Theorem VI. The base-points of the first polar pencil (15) are foci 


of (16). 


(1) See Lery or Brooks (1.c. p. 8). 
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First polar of (16). 
The product of (14) and the seccnd polar pencil of (+, y’) is the 
first polar of (16), viz., 
(21) p™*{e"*[(e?—y") sin 29 一 2 ダダ cos 20]—p° sin (n+1)0 
+ (a?—y") sin (n—1)6+ 22! 7 cos (n—1)0} =0. 


Since the difference in degree of the two highest power of p is n—1, 
for n>2, the asymptotes are determined by 


(22) (x? —y’?) sin 20 — 22’ y’ cos 20 —0. 


y 


2m 8 
where m=-—. Moreover, since tan 20 
の 





From this, tan 20= 


1—m? 
=tan (+), it follows that these are the lines joining (+, y’) to the 


origin and the line normal to it at the origin. 
The tangents at the origin are determined by 


(23) (#?—y’”) sin [(n-1)0+2%k7]+2%y' cos[(n-1)0+2%k7]=0, 
since in (21) this is the condition for a root p=0. From (23) we get 


Ban / 
tan (n—1)0— — 229 tan 2 arctan( 7) > or (n-1)0=29+m7r 
x 


a — y" 
=—2A+mr, where A is the inclination of the line joining the origin 
and the pole (2’, y’). For sin (% 十 1) 9 三 0, p"*!= cos (n+1)0, or p=1. 
Hence the curve (21) passes through the (n+1)t® roots of unity. But 
the curve (16) with respect to which (21) is the first polar of (x, y), 
also passes through these points. We have therefore the 

Theorem VII. The lines joining the pole (x', y) to the (n+1)%® 
roots of unity are tangents to the curve (16). 


(n+1)f (2) 
SO) 


n+1 
In the general case(!) f(z)=u+iv=all((z—%)=0. This may be 
1 


IV. The general transformation ?=:— 


thought of as representing n+1 lines(*) through the circular point た 





(1) A. Emch (Lo. p. 1): p. 2. 
(2) Compare C. Segre, Le rappresentazioni reali delle forme complesse e gli enti 
iperalgebrici, Math. Annalen XL (1892), pp. 413-467. 
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The pencil of stelloids is u+4Zv=0 and the n+1 lines are determined 
by the value A=z. 

Similarly, for A=7, the first polar pencil u,+Av,=0 represents n 
lines through J and the base-points of the first polar pencil. Also 
u—iv=0 and u—iv=0 represent sets of lines through J. 

By the general theorem regarding multiplicities of products, p. 2, 
we then have (assuming that the general theorem applies to imaginary 
elements) | | 

Theorem VIII. The product uv—uv=0 of the projective pencils 
u+4v and u+4v, has an n-fold point at each of the circular points and 
the n lines u+iv,=0 are tangents to the product at I and the n lines 
u,—iv, are tangents to J. 

Since the sect-points of u+?v,=0 and w—iv,=0 are the base-points 
of the pencil «+4v,=0, and these lines are tangents at I and J, we 
have 

Theorem IX. The n° base-points of the first polar pencil u,+4v,=0 
are quadruple foci of the product uv.—uv=0. Among these are the n 
real base-points forming n real foci. 

Since in the special cases treated the pole is a focus, we might 
expect that the pole is also, in general, a focus. This, however, is not 
the case. 

Equation (27), p. 10 of the article by Emch referred to above is the 
equation of the product in general, viz., 


(24) (w—2a/\(rv—su)—(y—y')(ru+sv)=0, 


where r and s are 








respectively. The form of (24) 


n +1. nt 
gives us the 
Theorem X. The product curve is also the product of the pencil of 
lines (x—x')—2(y—y)=0, through the pole, and the pencil of circular 
curves (ru+sv)—A(rvu—su)=0. 
The line e+iy=a'+7y', joining the pole and the circular point J, 
meets this curve in points of 


(25) (ru+sv)+i(rv—su)=0, 


which is identical with the expression just above equation (4), p. 4 of 
‘that article, where it is shown to be equal to 


n+1 n 
(26) (4+ ib) 7(@ 十 69 一 %) H(@—ty—%)=0. 


i 
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Substituting the value of e=2'+iy —iy, the first two sets of factors 
become constants and the third one gives n values of y which are 

Be PE tan) 

24 

Hence two values of y cannot be equal unless two points of % coincide. 
In the special cases treated, 2,=0 so that the pole is a focus, except for 
the case n=1, which gives only one value of y. In general, two values 
of y cannot be equal in (27) and the pole is not a focus. 

This follows directly for general positions of the pole, since in 
this case (25) is independent of (x’, 4’). 

From the equation of the tangent line and equation (27) the point 
g'+iy d+iy 
2 5 9 
has contact of order n—1 at this point.) This point lies on the line 
y=-—tx. In the same way it may be shown that the point of contact 


of contact is ( ) for the case 2=0. (The tangent 


of the tangent joining the pole to the circular point J lies on the line 
y=ix. Hence | 

Theorem XI. In the special cases of sections II and III, the 
circular points, the pole, the origin, and the two points of contact of the 
tangents joining the pole to the circular points, are the vertices of a com - 
plete quadrilateral, i.e., the points of contact of these tangents are the 
associate points of the pole and origin. 
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EN 


Bo Se "dd 


Uber Variationsrechnung im Raume, 
von 
Ninos SAKELLARIOU in Athen, Griechenland. 


Es sei ein Bereich des Raumes gegeben und zu jedem Linienelement, 
das im Innern von R liegt und durch seine Koordinaten x, y, 2 und die 
Richtungscosinus cos の cos の, cos g mit den Axen Ox, Oy, Oz charakter- 
isiert ist, eine positive Funktion V(x, y, 2; の の ¢) zugeordnet, welche 
der Einfachheit halber, vorausgesetzt dass es eine analytische Funktion 
der Variabeln +, y, z und periodisch der の の ¢ mit der Periode 27 ist. 
Es sei andererseits ein Bogen P,P, der rektifizierbaren Kurve, welcher 
durch die Gleichungen : 


(1) ON Uli Ma att 
dargestellt ist, der im Innern von R liegt und die zwei gegebenen 
Punkte P,(t,), P,(4) des Bereiches verbindet. Das Integral : 


(2) た AURA LOPE. ia, 
V(x, 4,239, 9,9) © 


d=arec Poi ne) Naa aoe @=arc cos 
SSS? 
Va 12 y” 212 


! 


ヵ ー を 
d=arc cos VITA 
wird einen vollständig definierten Wert haben. 

Betrachtet man nun die Funktion V als die dem Linienelement 
(x, y, 2; の の 4) entsprechende Geschwindigkeit für einen Punkt, der 
sich auf diese Kurve bewegt, so stellt das Integral (2) die Zeit dar, 
welche der bewegte Punkt braucht, wenn er den Bogen P,P, durchläuft. 
Verlangt man nun die Kurve (1) im R so zu bestimmen, dass diese Zeit 
die kleinste sei, so hat man das Problem der Variationsrechnung im 


Raume ; setzt man ferner: 
(3) ee 
Ve, Y 33 の Ps Ÿ) 
so sieht man nach der Definition selbst, dass die Funktion 7 die Homoge- 
neitätsrelation erfüllt : 


WN の, る) 0 vo 2), 
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(DE; Ra, ky, ee) = RPC ルク a 
für alle Werte von x, y, 2 im R und von a’, y', 2’ die nicht zu gleicher 
Zeit gleich Null sind. 

Auf Grund der Relation (3) nimmt das Integral (2) folgende Form 
an : 


LE 
(2’) If} TF ect 2 Em We) ts 
1 


Betrachtet man nun die Bogenlänge s, von einem bestimmten Punkt der 
Kurve (1) gemessen, als unabhängigen Parameter, so hat man: 


の Iz 
SEA Te の 4 =e ee obs o, タニ ーー ニーcos 9, 
ds ds ds 


= 


wobei の ©, % die Winkel der positiven Richtung der Tangente der, 
Kurve (1) im Punkte P(x, y, 2) mit den Axen bedeuten. Setzt man, 
weiter zur Abkürzung: | 
Fa, y, 23 0,Y,2)=F@, y, 2; の ちる の = テア の 9,9), 
so ergibt sich wegen der Homogeneititseigenschaft, dass: 
In (5) | (の 9, 9)=c0s 0F,(0, p, d) + cos FI, の め ) 十 cos JEG, の め ), 
7 な (の 9, $)=cos OF (9, 9, #)+cos PEA, 9, の 十 cos の (の る の ), 
(6) + FG, 9, 2) =cos 0,6, の の 十 cos PFy,(0, 9, の 十 cos PEF, 9, 9), 
FAG, 9, 9)=cos 082.00, 9, の 十 eos p Fy LG, ¢, の cos PB, 9,9), 
cos 0 F,,(0, の, の ) 十 cos PEy(0, の の 十 cos の 万 /( の 0, d)=0, 
(6°) cos 0 Fan (0, 9, D)+c0s PEmy(0, る $) +008 PE (0, 9, $)=9, 
cos 97 ん (の 0, d)+ cos の (の ©, Y)+ cos DEy(0, ¢, の =0, 
und nach einer Differentiation nach x, y, る a, y’, 2’ der (4) findet man: 
«F(a, の 2; ke’, ky, kb2)=kE.(c, y, 23 0,4, 2), 


の @ の è. e 00 € 0 0 0 9 2 @ の @ è © 0 8 の の @ ee è の e © e 8 eS で Se Tr Siete sno 


° 0 e cc è @ o e s e è. è os 0 0 e 0 > è * e e e 0 ee ces 


Aus ‚den Gleichungen (6’) findet man leicht, dass : 
How HyyT Fi に ーー アッ ガッ ー Far _ アシ アガ ルッ — Fr 


ダダ" 
MERI HR ee 
cos’ | cos’Y cos’d 
(7) Fon He te vi US — F, fat ae ray ーッ ガル Le Fi Lu = Pata, Lie 
— cos 0 cos @ - — cos 4 cos の — cos の cos み 


=F(,Y,2;9, 9,9). 
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Ist nun der Bogen (1), wobei s statt ¢ eingesetzt wurde, ein solcher, der 
das Integral (2’) zu einem Minimum macht, so findet man folgende 
Gleichungen : 


F,, (6, の め ) =|" EG, の め ) の s 十 Gi, 
(の の > DE F, (6, F, め ) ds+ Cz, 


F, (6, の め ) =|" F,(6, , め ) 8 十 @, 
Si 


aus denen man die folgenden Lagrangeschen Differentialgleichungen 
des betrachteten Problems erhalt(* ) : 


d 

ds Fi, (6, 2, g)—F, (6, の g)=0, 

(8) — 0,9 9) 2,06, 6, #)=0 
as 


d 7 
7 ん (の の J) — (6, 2, め )=0. 


s 





Durch ein Beweisfuhrung, welches analog dem entsprechenden Ebene- 
Variationsproblem ist, findet man leicht die Weierstrasssche notwendige 
Bedingung für ein Minimum, d.h. dass: 
(9) の (の 9, の 9, 9,J)Z0; 

wobei: &(6, 9, 4; の ある の 

| =&12(), y(e), (9); 2/(s), Y (6), # (8); cs の cos, cos J} 

E=(Fy,_Fy)t'+ (Fy = Fy) 9 + Fe — Ft 

ist und の 9, 4 diejenigen Winkel bedeuten, welche die positive Richtung 
der Tangente einer Kurve Ci im Schnittpunkte derselben mit der Kurve 
(1) bilden, Diese letzte Grösse kann man unter der Form schreiben : 


(10) = [Foe + Fyy f+ Pr + Fy + FEC +280], 


wobei : | | 
fina 2,0, 2), Ha F(a, の 2; 2, 9,4), 
Fj = Fg (es Y, 23 0 +0, y +67, +00), usw, 0<0<1 
dns. g-y=y, ダー タニ て | 
(1) Vergl. M. Mason and “Go Bliss: The properties of curves in spaces which mini- 
mize a definite integral: Transactions of the American: Mathematical Society 9, 1908, p..440.--’ 
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gesetzt ist. Aus der Bedingung (9) schliesst man, dass im Falle eines 
Minimums die quadratische Form (10) positiv oder gleich Null sein muss 
für alle Wertsysteme der 2, y, 2; 2’, y’, 2’, welche der (1) entsprechen, 
und für alle Werte der &, 7, €. Bezeichnen wir mit @ die quadratische 
Form (10), so haben wir: 


2Q= Fg + Fy f+ Po OO + Fy S9 + Fe EC +2F,n€. 


Wenn man nun die Kroneckersche Transformation benutzt, so nimmt 
die Hessesche Determinante folyende Form an: 


Fyn Hoy 2 ie 
Fy 2 Meo 2 プア ルッ 
1 x! 2 Foy 3 ici 


~ 


welche wegen (6’) gleich Null ist; und wenn man die Funktion A, 
verschieden von Null voraussetzt, so kann man das folgende System 


FE + Far 44+ Feo =0, 
Fry § + Eyy + Foe S=90 


nach &, 7 auflösen für jeden willkürlichen Wert von €. Wenn £,, 7, ein 
Wertsystem von &, 7 bedeuten, so haben wir: 

(11) 2 Q= Hoy (ミー “Oi ar QF ey! (E-5)9 = 7) = Fyy (7 — 71) 
und wir können diese letzte Grösse unter der Form einer Summe von 
zwei Quadraten setzen. Die Grösse (11) ist positiv, wenn Æ>0 und 
Fyy>0 ist, woraus auch folgt, dass カッ >0 und ähnlicherweise F,„>0; 
dieselbe Grösse ist negativ, wenn F>0 und Far, Lyy, Frr<0 ist. Im 
Falle wo F=0 und F,„=#0 ist, lässt sich diese Grösse unter der Form 
eines Quadrats schreiben, woraus sich ergibt, dass die Ableitungen erster 
Ordnung von 2 の nach &, 7 proportionell der entsprechenden Ableitung 
nach € sind. Wir haben also folgendes Resultat : 

Die Lagrangeschen Bedingungen für ein Extremum des integrals I 
sind : 

F>0, For, Ey, Fy,>0 (Minim.) 
PDP, ee, gee ( Maxim.) 

Um nun diesen Bedingungen einen geometrische Erklärung zu geben, 
betrachten wir das Problem unter der ursprünglichen Form uud ziehen 
im Raume den Hodograph der Geschwindigkeiten V, d.h. den Ort der 
Endpunkte aller Vektoren, welche durch einen Punkt des Raumes gehen 
und parallel der Geschwindigkeiten V sind, die einem bestimmten Punkt 
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æ, の z entsprechen. Dieser Ort ist eine geschlossene Fläche (F>0), 
_ welche sich mit dem Punkt x, y, 2 ändert, und die wir „die Figurativ “ 
des räumlichen Problems nennen. Wenn wir mit À, y, » die rechtwink- 
ligen Koordinaten eines Punktes der Figurativ bezeichnen, so haben wir 
der Definition zufolge : 


dE Poe ee 9 


Ze) 
F(6, 9, 9) 

135. p= V cos Pi At ta ’ 
sel F(0,6,9) 

y=) ood d= 0089, 
FO, 9,9) 

und folglich hat die Gleichung der Figurativ folgende Form : 
(12) Fix, y, 2; A, ん ee 


Es seien @;(2, mv), の (2 #, ») zwei Punkte der Figurativ, welche 
den Richtungen (の の , ¢), (0, 7, の ) des Punktes (2, y, 2) von SR entsprech- 
en; die Koordinaten des Punktes 9, sind: 


(12) メー cos の PART CON 0 ed cos の 


P0,9,9)° の あの FOTI 

Die Tangentialebene der ‘Fläche (12/) im Punkte Q, hat die Gleichung : 

G8) (AF (em 25 à 13) + Vp) By + Zr) Fe =0, 
wobei X, Y, Z die chen Koordinaten bedeuten. 

Auf Grund der Relation (4) haben wir (5) und: 

(13) AF+pFy+vF,=F 
und die Gleichung (13) nimmt folgende Form an: 

XF, + YF,+ZF,=1. 


Aus dieser Gleichung sieht man, dass keine Tangentialebene der Figurativ 
durch den Anfangspunkt der Koordinaten geht, und wenn es zu einem 
Punkt der (1) zwei Richtungen (9, ¢, 4), (9, る の gibt, für welche die 
Bedingungen 
ん (の 9, $)=F2(4, 9,9), 
(14) y (8, の の = な の あめ) 
ん (の る の = ん (らら の 
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erfüllt sind, und die analog den Erdmann-Weierstrassschen Bedin- 
gungen des diskontinuirlichen Ebeneproblems sind, so stimmen die Tangen- 
tialebenen der Figurativ in den Punkten @,, Q, welche diesen Richtungen 
entsprechen, überein. 

Nun denken wir uns die Tangentialebenen der Figurativ im Punkte 
Q (à, 4, v) und die Strecke Y,L,, welche vom Punkt の , parallel mit der 
O,Q, bis zu der Ebene gezogen ist, wobei O, den Anfangspunkt der 
Koordinaten A, y, » bedeutet. Es ist leicht zu sehen, dass folgende 


Relation besteht 
hl: IR, GR, vB, 
O, @ O, Qi 
wenn man mit の Q4, Qi DE die Abstände der Tangentialebene von den 
Punkten O, und Q, bezeichnet. Auf Grund der (12”) kann man schreiben : 
QI _ F(0, あの ) 一 cos 0F,.(0, の , の 一 cos の ん (の 9, の ) 一 cos めん (の の の 
0,9, FG, 9, 4) 
ee G(x, y, 25 9, , 4; 4, F, め ) x 
ああ の | 
Aus dieser letzten Relation sieht man, dass die W eierstrasssche Funktion 
G ihr Vorzeichen ändert, wenn es Punkte der Figurativ gibt, welche auf 
beiden Seiten der Tangentialebene liegen. Die Weierstrasssche Bedingung 
(EZ0) lässt sich in dieser geometrischen Interpretation ausdrücken, in 
dem man sagt, dass die Tangentialebene der Figurativ eine Extremale sein 
muss, wie die Tangente der Figurativ im entsprechenden Ebeneproblem( ! )- 
Man sieht auch, dass im Falle, wo die Bedingungen (14) erfüllt sind 


62, 92;0,9,9;8,9,9)=09, E=E(x, 7,2; 0, 7,9 ; 0,9, $)=0 
sind und wegen der Homogeneitätseigenschaft haben wir auch 
Et, Y,2; À, BY; À, , v)=0, G(2,y 4; A, 4, V; À, {4; v)=0, 
welche in der geometrischen Sprache sagen, dass die Tangentialebene der 
Figurativ im Punkte @;(2, 4, >) durch den Punkt Q,(A, y, v) geht, und 


umgekehrt. 
Betrachten wir nun » als Funktion der zwei anderen Variabeln A, x 


durch die Gleichung (12’) definiert, und setzen 











1 2 ; 2 2 
リリ ルー E seg 2 ’ CHR s—_ Ov ・ t= OY ー 
OA Op の 4 の 4 の ん Op 


(1) Vergl. C. Carathéodory: Sur les points singuliers du problème du-Calculi des 
Variation dans le plan: - Annali di Matematica pura ed applicata, (3) 21, 1913, p. 153. 
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so ist die totale Krümmung der Figurativ im Punkte の , durch die 
Formel 
rt—s 
(+p +q)’ 
gegeben, und wenn man die p, の 7, s, € ersetzt, welche durch die 
Gleichungen : 
Fy+pFy=0, アナ の 万 三 0 
He, + 2p pure +p Es + r Tae = 0, 
Fyy+g9Eyy mn Hyx+P9 Basha sa), 
Fyy + 29 Eye + QE tt Fy=90 
bestimmt werden, so findet man mit Berücksichtigung der (13) und (12) 
AF„+uF,+vF,) F 
D ee 
(97 の が + r+ Fp 
Daraus ergibt sich, dass, wenn (e, y, 2; 9, ©, ¢)>0 ist, die totale 
Krümmung der Figurativ, welche dem Punkte (x, y, z) der (1) ent- 
spricht, positiv ist. 
Konstruktion einer Schar von gebrochenen Extremalen. 
Wenn wir voraussetzen, dass man eine Umgebung des Punktes P, 
im À abgrenzen kann, so dass in jedem Punkt dieser Umgebung ein 
gebrochene Extremale, und nur eine, existiert benachbart der gebrochenen 
P,P,Ps, d.h. eine solche, die sich stetig an die ursprüngliche trans- 
formieren lässt, wenn die Punkt P sich auf einer Fläche, welche durch 
P, geht, bewegt, so können wir eine Schar von gebrochenen Extremalen 
konstruieren. 
Es sei in der Tat eine Schar 
(15) a=y(s, a,b), 9 三 の ($ a, 6), z2=w(s, a, b) 
von Extremalen, welche von zwei Parametern a, 6 abhängig sind und 
den Bogen P,P) für a=@, b=0) enthalten und die Eigenschaft besitzen, 
dass : 


i X め , W, Ar, の 3 Ds; Ks» des Oss » 
als Funktionen der s, a, 5 betrachtet, von der Klasse C’ sind in der 


Umgebung 
h=sZ=h, |a-a|=k, |b-b| 35, 


wobei si, so, diejenigen Werte von s bedeuten, welche den Punkten 
P,, Py entsprechen, <5, s</o ist, und %, Z positive Zahlen sind, die 


22 NILOS SAKELLARIOU: 


von hi, ho abhängen. Man sucht nun auf einer der Extremalen (15) 
Ca,b, welche der Extremale Ca, vo=P1P benachbart ist, einen Punkt 
P(s) und eine Richtung 9, あの zu bestimmen, derart, dass sie zu- 
sammen mit der Richtung 0, 9, の der positiven Tangente der Extremale 
Ca,v in Punkte P den Erdmann-Weierstrassschen Bedingungen (14) 
genügen. 

Zur Bestimmung der unbekannten s, cos®, cos 7, cos の haben wir 
die folgenden vier Gleichungen : 


A =, (x, 9,2; 0,0, )—F,, (x, y, 2; così, cos®, cos Z)=0, 


o = F,—F,=0, 
(16) 1 Ex 
る = „— Ty=0, 


D= cos 0 +c0o$ $+ cos’ G—1=0, 
wobei die +, y, z durch y(s, a, の , の (s, a, b), w(s, a, 6) ersetzt sind und 
infolgedessen %ı, 1, % Funktionen von s, a, b, cos cosy, cos d, così, 
cos の , cos sind. Zur Bildung der Funktionaldeterminante hat man 


e Lyv=F,, È by =F,, 2 


Os 8 8 











E, = Ey 


の = = Ti 
CA FT, cos 6— FE, cos の 一 Fr, cos 4, 








Os 
/ wer lue 
oe = Fy — Fy, cos 0— Fy cos @— Fy, cos d, 
8 
ci =F,-Y,,c080—T,, cosg—F,, cos の 
8 
SERGEY CARE CROIS = —F,y, 8 = — Fon, 
O (cos 6) O (cos の ) (cos 9) 
I, ar / LE / 
Op __p 24 m a 
© (cos 0) 9 (cos の ) O (cos の ) 
ELA 2 AO pra, MM io. 08 A 
9 (cos の Oo (cos の O (cos 
の gp 


wobei F,,.F,, Fa, F,,....Funktionen von y, み の ©, Xs, Vs) Ws, und die 
F,, F,, F., Fy,....von y, の w, così, cos の , cos sind. Die Funktional- 
determinante nimmt folgende Form an: 
Fi, — Fryz 008 O— Foy 008 9— Fy, 008 D, — Fo, — Pays — Toy 
Fy —F yz 608 0— Fy COS 9— Fy, cos の —Fyy, —Fyy, — Fr 
F,—F,, cos 9— Fy cos p— F,, cos $, — Few, — Fes — Fav 
0 , 2c0809, 2cos%, 2cosd 
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Multipliziert man die drei letzten Kolonnen bezüglicherweise mit cos 8, 
cos の , cos の und addiert die so erhaltenen Produkte von der dritten und 
vierten zu den entsprechenden der zweite, so findet man mit Berücksich- 
tigung der (6’) 

F,, — Fy, C08 O— Fy, co8 P—F',, C8 4, Foy, Far 


2 di x Ne 
RE F,— F,, 003 6—F,,ye0s@—F,,c0sd, Fyy, EF 





y'a 


F,— F,, c080—F,, cos p— Fy, co8 $, Fay, Evy 
und nach Entwicklung derselben hat man wegen der (7) und (6) 





2 { (F,— (Fyn 08 6+ Fi, cos 0+Fy, cos の )) cos 6 
cos の 
+(F,—(Fy, cos 0+F, cos + Fy, cos の ) cos 9 cos の 
+ (F, —(F,, cos 0+ Fy cos 9+ Fy, cos ¢)) cos 9 cos の | =—-21,9, 
wenn 


2=cos 0F,(6, の , の ) + COS gF,(0, め め ) + cos PELO, 9, め ) 
— cos 0F,(0, の, 4) 一 cos F6, の , の 一 cos の 万 (の の の 
gesetzt ist. Daraus hat man das Resultat : 

Wenn die Bedingungen F,#+0, 9,+0 erfüllt sind, wobei 9, den Wert 
von 2 im Punkte P, bedeutet, so lassen sich die Gleichungen (16) in der 
_ Umgebung des Punktes s,, a, bo, cos O5, cos の , cos Go eindeutig nach s, cos 0, 
cos の , cos auflösen, und die Lösungen : 


s=s(a,b), cos0=0(a, b), cos の ー の (@, の) cos の ー の (@, b) 
sind von der Klasse C' in der Umgebung von a=a, b=b, und es werden 
die folgenden Bedingungen erfüllt : 
cosd,=Pd(a,, by), cos の 三 の (の , do), cos の の (の , do), 5 三 s( の , do) 
Nach der gemachten Voraussetzung ist, wenn F,>0 ist, 
Fi(y(s(a, 6), a,b), $(s(a, 6), a, 6), w(s(a, 6), a, b); 
(a,b), の (@ 9, J (a,b))>0 
für alle Werte der a, 6, welche die Ungleichungen : 
|a-a [=k |5-%&|S! 
erfüllen. Wenn man überdies voraussetzt, dass: 
Fo (0, 9 の Pyy(0, 9, 9), Fie, 9, d) ZO, 
Fy(0,9,9), Fr 99), Fev @,% 2) 20, 
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so kann man das folgende System : 





= cos, SI — 0087, の =cos の , 

(の | ateo. ı de 0 SONA 
ds ds V1— cos 0 ds ds. ジュ ユーcos* の 
dh の る 1 





ds ds 。 アヤ ューcog み 
integrieren, wobei : 
UST dy d’z 
a ee 
mit Hülfe der Gleichungen (8) und der 
ala! + 9!" +77 =0 
als Funktionen von %, 9,2; 2’, 9’, # ausgedrückt sind, weil es mindestens 


eine der Determinanten : 


osa Nu COS の ar, a2’) COS 6 ! Taerar 2 150 > COS の 
Ee TARA COS の TP Ei 9 COS の yy» tai 2 COS の 


— 


Fa, Hoy, CSD, | Po Bea, cos, Sal E 
verschieden von Null ist, und keiner der Nenner in den Gleichungen 
(17) gleich Null ist; denn wenn es z.B. cos@=+1 wäre, so würde 
wegen (6’) X,..=0 sein, was gegen die gemachte Voraussetzung ist. Also 
man kann durch den Punkt P(s) in der Richtung cosd, cos®, cos の 
eine Kurve konstruieren, welche durch die Gleichungen : 
T= (8, 2,0), = Pla 40) ae — DIRLO) 
dargestellt wird. Der Parameter s wird so gewählt, dass auf dieser 
Kurve für den Wert s=s(a,b) der Punkt P entspricht und infolge- 
dessen wird sein: 
1(s a, 6)=m (a, 6), £(8,a,0)=%; (1,6) w(s,a,b)=w,(a, b), 

wobei s durch s(a, 6) ersetzt zu verstehen ist und 

%ı(a, b)=x(s(a,b), a,b), Y1=Y(s(a,6), a, の, w=w(s(a, b), a, の 
gesetzt ist. Wir haben also eine gebrochene Kurve C,,,+C,,», welche 
den Knickpunkt P enthält und auf welche der Parameter sich stetig 
ändert, Betrachtet man nun die a, 6 als Variabeln, so erhält man eine 
Schar von gebrochenen extremalen Kurven des betrachteten Problems; 
welche die Lösung P, PP, für a=a,, b=b, enthalten. | 


Bemerkung über Veranderliche und Funktion, 
von 
HASIME TANABE in Sendai. 


1. Veränderliche und Funktion sind beide fundamentalen Begriffe 
der modernen Analysis. In der gegenwärtigen Mathematik sind sie vom 
mengentheoretischen Standpunkte aus so streng definiert, dass keine Dunkel- 
heit daran bleiben lassen zu sein scheint. Aber man kann durch mathe- 
matische Definition eines Begriffs nicht sogleich verstehen, wie er als 
Gegenstand der Wissenschaft möglich ist. Logische Begründung ant- 
wortet erst auf diese Frage. Ich möchte im folgenden eine davon für 
die Begriffe der Veränderlichen und der Funktion versuchen. | 

Historisch betrachtet, hat sich der Funktionsbegriff bei älteren 
Mathematikern, wie Leibniz und den Bernoullis, immer nur an 
einzelnen Beispielen, den Potenzen, trigonometrischen Funktionen u. del. 
gefunden. Allgemeinen Formulierungen begegnen wir zuerst im 18. 
Jahrhundert bei Euler. Seine Definition der Funktion lautet folgender- 
massen nach der Ausdrucksweise Dirichlets: Ist in einem Intervalle 
jedem einzelnen Werte x ein bestimmter Wert y zugeordnet, dann soll y 
eine Funktion von x heissen. Da ist ohne Zweifel immer eine stetige 
Funktion gedacht(*). Im 19. Jahrhundert hat sich einerseits die Theorie 
der Funktionen eines komplexen Argumentes ‘in den Händen von 
Cauchy, Riemann und Weierstrass zu einem grossartigen Systeme 
entwickelt, während die Theorie der Funktionen eines reellen Argumentes 
andererseits einer strengen Durchsicht und feinen Bearbeitung sich unter- 
worfen, und endlich durch den mengentheoretischen Gesichtspunkt eine 
schöne Grundlegung erhalten hat. Jetzt ist nicht nur einer stetigen, 
sondern einer unstetigen Funktion die Bedeutung anerkannt, und hat der 
Begriff der Funktion einen sehr allgemeinen Inhalt. Nach dieser heutigen 
Ansicht ist die Veränderliche ein Symbol für mehr als einen, im allgem- 
einen unendlich viele Zahlenwerte. Die Menge der Zahlen, deren Werte 
eine Veränderliche annehmen kann, heisst das Gebiet der Veränderlichen. 
Dies braucht nicht immer stetig zu sein, sondern es kann auch unstetig 


(!) Klein, Elementarmathematik vom höheren Standpunkte aus I, S. 444. 
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sein. Wenn ein oder mehrere Zahlenwerte von einer Veranderlichen y 
für jeden Wert von einer andern Veränderlichen æ im Gebiete der 
letztern bestimmt werden, und überdies die Beziehung dieser Zuordnung 
als eine Regel dargestellt wird, so heisst y Funktion von x. Die Funktion 
ist durch diese Regel definiert. Klein gibt den folgenden allgemeinen 
Ausdruck, damit er geometrische Gebilde auch umfassen könne: Man 
nennt y eine Funktion von æ, wenn jedem Elemente einer Menge von 
Dingen (Zahlen oder Punkten) x ein Element einer Menge y zugeordnet 
IGO). | 

Die heutige Definition der Funktion, welche ich oben erwähnt habe, 
ist ganz allgemein ; danach ist die Funktion nichts weiter als ,, Correla- 
tion of series“, wie Russell deutet(*). Wie der Begriff der Funktion 
solchermassen sich verallgemeinert hat, so hat sich auch der der Veränder- 
lichen geklärt. Früher war die Veränderliche eine veränderliche Grösse, 
welche verschiedene Zahlenwerte annimmt. Aber welche Realität hat 
die veränderliche Grösse ausser den davon angenommenen Werten? In 
der gegenwärtigen Mathematik erkennt man Zahl, nicht Grösse, als den 
eigentlichen Gegenstand an. Die Veränderliche ist keine Grösse, sondern 
bloss ein Symbol für eine Menge von Zahlen. Auf diese Weise ist der 
Begriff der Veranderlichen formal geklärt. Aber dieser Formalismus 
macht uns um so stärker die Notwendigkeit der logischen Klarstellung 
des Begriffsinhalts empfinden. Das Symbol setzt immer etwas zu Symbolisie- 
rendes ausser ihm voraus. Der Begriff der Veränderlichen kann nicht 
blosses Symbol sein. Nur +, y und desgleichen sind Symbole. Die 
Veränderliche selbst muss das durch solches Symbolisierte als seinen 
Begriffsinhalt haben. Die als ihr Gebiet bestinnmte Zahlenmenge macht: 
nur den Umfang des Begriffs der Veränderlichen aus. Die Mathematik 
betrachtet eine Veränderliche hauptsächlich von der Seite des Umfangs 
allein; ihr eigentlicher Gegenstand ist zwar Zahl. Aber logisch muss 
eher der Begriffsinhalt zunächst bestimmt werden. Und mit dieser 
inhaltlichen Bestimmung des Begriffs der Veränderlichen wird man auch 
für denjenigen der Funktion eine inhaltsvollere Bestimmung erhalten als 
die oben erwähnte. 

2. Es geschieht nur selten, dass eine Veränderliche eine endliche 
Menge der Zahlenwerte als ihr Gebiet hat. Im allgemeinen nimmt sie 
eine unendliche Menge derselben, wie es in der oben genannten Definition 


(1) Klein, Op. cit, S. 449. 
(2) Russell, The Principles of Mathematics I, p. 263. 
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angedeutet ist. Sogar umfasst dieser letztere Fall den ersteren, weil eine 
endliche Menge sich als Beschränkung der unendlichen ergibt. Wir 
müssen also bloss den Begriff der Veränderlichen als des Symbols für 
eine unendliche Menge der Zahlenwerte betrachten. Nun ist es klar, 
dass eine unendliche Menge sich nicht auf distributive Weise definieren 
lässt. Man kann sie nieht durch die Aufzählung der Elemente bestimmen, 
sondern nur durch die Hinweisung auf den gemeinsamen Charakter der- 
selben. Nämlich lässt sie sich bloss in kollektiver Weise definieren. 
Aber der gemeinsame Charakter der das Gebiet einer Veränderlichen 
ausmachenden Zahlen kann nichts anderes als dass sie alle diesem Gebiete 
angehören. Wenn etwa eine Veränderliche x die unendliche Menge aller 
reellen Zahlen grösser als a, und kleiner als 6 symbolisiert, so ist es der 
gemeinsame Charakter dieser Zahlenwerte, dass sie grösser als a und 
kleiner als 5 sind. Solcher gemeinsame Charakter ist logisch nichts als 
der Begriffsinhalt der betrachteten Zahlen. Das Symbol x steht für den 
Begriff der Zahl des Gebietes. Also ist eine Veränderliche der ihren 
Zahlenwerten gemeisame Begriffsinhalt. Aber der allgemeine Begriff ist 
überhaupt nicht ein blosses Abstraktionsprodukt, wie die gemeine Logik 
lehrt, sondern vielmehr das dem Besonderen zu Grunde liegende Allge- 
meine. Für uns ist zwar das erstere vor, und das letztere nach ; jedoch 
an sich ist dies vor, und jenes nach. Es besteht an sich, unabhängig 
von uns, oder nach Russells Terminologie subsistiert es, ob es vom 
Besonderen abstrahiert sein mag oder nicht. Das Besondere ist erst 
möglich durch eine Beschränkung des Allgemeinen. Die Veränderliche 
ist ein Allgemeines, durch dessen Spezifizierung einzelne Zahlenwerte sich 
ergeben. Der Mathematiker dürfte vielleicht vom formalistischen Stand- 
punkte meinen, dass solches Allgemeine für die Definition der Veränder- 
lichen unnötig sei, denn eine Veränderliche kann vollständig bestimmt 
werden, wenn es anders sich entscheiden lässt, ob eine Zahl ihrem Gebiete 
angehöre oder nicht. Aber bloss solche Entscheidung lässt nicht sogleich 
eine Veränderliche entstehen. Sie ist erst möglich, wenn das durch das 
Gebiet dargestellte Allgemeine als Denkobjekt gedacht ist. Diesen Um- 
stand kann man deutlicher an der abhängigen Veränderlichen erkennen; 
denn sie ist nicht durch ihre einzelnen Zahlenwerte bestimmt, wie eine 
unabhängige Veränderliche, sondern nur mittels der Funktion. Diese 
ist eine allgemeine Regel, nach welcher Zahlenwerte der abhängigen 
Veränderlichen durch die der unabhängigen bestimmt werden. Die ab- 
hängige Veränderliche wird nicht anders als mittels dieser allgemeinen 
Regel bestimmt. Daher ist es kein Zweifel, dass sie ein allgemeiner 
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Begriff ist. Jetzt ist es allgemein festgestellt, dass eine Veränderliche das 
durch ihr Gebiet dargestellte Allgemeine ist, als dessen Besonderung 
einzelne Zahlenwerte sich ergeben. Das eben betrachtete Gebiet muss 
immer stetig sein ; im Gegenteil ist es doch das Verdienst der gegenwärtigen 
Analysis, dass eine diskontinuirliche Veränderliche berücksichtigt ist. Aber 
das Unstetige ist logisch Beschränkung des Stetigen. Vom konkreten 
Gesichtspunkte kommt nur das letztere in Betracht. Und eine komplexe 
Veränderliche lässt sich ohne Weiteres als Zusammensetzung der reellen 
Veränderlichen betrachten. Also muss eine stetige, reelle Veränderliche 
als das Allgemeine. im oben besprochenen Sinne vom “trariezeridentali 
logischen Standpunkte betrachtet werden. puro sno 

3. In den früheren Schriften habe ich eine isa Genesis! des 
Zahlenbegriffs, von den natürlichen Zahlen bis zu den reellen. Zahlen, 
versucht( 1). Danach sind die Zahlen Produkte des Selbstentwickelung 
eines eigentümlichen Apriorischen. In ihrem Hintergrund ist es eine 
Erlebniseinheit, welche durch Zahlen objecktiv konstruiert wird. Ein- 
zelne Zahlen sind Konstruktionselemente der sieh selbst : entwickelnden 
Ureinheit. Die ersteren sind möglich bloss auf dem Grunde der letzteren. 
Diese ist, wenn sie begrifflich objektiviert ist, nicht Zahlen, sondern die 
Zahl. Zahlen setzen die Zahl als ihren Grund voraus. Die Zahl ist das 
Substratum der Zahlen. Die als die Zahl objektivierte Ureinheit ist das 
Allgemeine, als dessen Beschränkung das Besondere sich ergibt. Also 
sind Zahlen dem Wesen nach nichts mehr als Zahlenwerte der Veränder- 
lichen. Es ist eine abstrakte Ansicht, Zahlen bloss als solehe zu betrachten. 
Konkreter müssen sie als Zahlenwerte der veränderlichen Zahl sein. 
Ihr Gebiet läuft stetig von 一 の bis +. Ein eingeschränktes ‘Gebiet, 
etwa grösser als a und kleiner als D, oder auch ein unstetiges, ist nichts 
weiter als Beschränkung desselben. Die Zahl erzeugt, Zahlen durch ihre 
Selbstentwickelung von — bis +o. Und umgekehrt kann man auch 
sekundär denken, dass die Zahl sich von + bis — entwickelt( ? ). 
Ferner kann man sich denken irgend eine Zusammensetzung von beiden 
zunehmenden und abnehmenden Fortgängen. Daraus kann man ersehen, 
dass die Veränderliche nicht erst aus einzelnen Zahlen gebildet wird, 
sondern ihren Möglichkeitsgrund im Wesen der Zahl selbst besitzt. Im 
allgemeinen kann mathematisches Denken nur das apriori Grund gelegte 


(1) Zur philosophischen Grundlegung der natürlichen Zahlen, Töhoku Math. Journ. 
Vol. 7. Uber die logische Grundlage des Zahlenkontinuums, T. M. J. Vol. 9. 

(2) Vel. Zur Dessen Begründung der en und der imaginären Zahlen, T. M. 
J. Vol. 11. 
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als Gegenstand setzen. Der formalistische Nominalismus, welcher diesen 
Hauptpunkt übersieht, ist philosophisch unberechtigt. Eine Veränderliche 
begründet sich auf dem Wesen der Zahl. Ohne diese könnte jene nicht 
als mathematischer Gegenstand entstehen. 

Die Veränderliche hat ihren Grund in der Ureinheit, welche der 
Erzeugung der Zahlen zu Grunde liegt. Sie ist ihre Objektivierung. 
Wenn dem so ist, kann auch die Funktion nicht bloss Regel der 
Zuordnung der Zahlenwerte zweier Veränderlichen zu einander sein. Sie 
muss auch den Rechtsgrund im Wesen des mathematischen Denkens 
selbst haben. Nun ist Denken im Allgemeinen Begründung. Nach dem 
Satze des Grundes fordert jedes Denkobjekt seine Begründung durch 
anderes Objekt. Eine Veränderliche auch lässt sich konkret als Denk- 
objekt nicht ohne Begründung denken. Sie muss ihrem Wesen nach 
«durch eine andere Veränderliche begründet werden. Die Funktion ist 
«es, die diese Forderung erfüllt. Sie ist eine Regel, nach welcher 
die Selbstentwickelung einer Veränderlichen durch ihre Abhängigkeit 
von der anderen bestimmt wird. Diese letztere, die in der Mathematik 
als unabhängige Veränderliche bezeichnet ist, muss als diejenige betrachtet 
sein, welche nicht mehr durch eine dritte Veränderliche begründet zu 
werden braucht. Daher kommt es, dass die unabhängige Veränderliche 
immer als ein in einem gewissen Gebiete eingeschränkter Teil der Zahl 
selbst angenommen ist. Jede Veränderliche wird in ihrer Selbstentwicke- 
lung durch ihre Abhängigkeitsrelation zu derjenigen der Zahl selbst 
begründet. Diese Abhängigkeitsrelation ist Funktion. Dies ist nicht 
'bloss eine äusserliche Beziehung zwischen zwei Reihenfulgen der Zahlen- 
werte wie die formalistische Mathematik annimmt. Solche Ansicht ist 
logisch unberechtigt, wie sie auch in der Mathematik zu empfehlen sein 
mag. Funktion ist das konkreteste Produkt des die Zahlen erzeugenden 
mathematischen Denkens. Veränderliche und Funktion sind Krone des 
Zahlbegriffs. 
| 4, Die Bestimmung der Funktion als Grundes der Zahlenerzeugung 
wird durch den Differentialquotient erfüllt. Ich habe am andern Orte( * ) 
«den logischen Grund des Differentials erläutert. In der heutigen Mathe- 
matik ist das Differential als eine solche bestimmte unendlich kleine Grösse 
wie Leibniz gemeint hat, verworfen, und an dessen Stelle der Defferential- 
quotient als Grenze des Quotienten zweier verschwindenden Zahlen als 
Grundbegriff der ganzen Analysis gestellt. Das Differential ist nichts 





(Ly FM Je VOL, 9: 
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weiter als eine solche verschwindende Zahl. Es ist etwas, das nicht ist; 
sondern wird. Aber solches den Differentialquotienten tragende Zahlele- 
ment ist, vom logischen Standpunkte aus gesehen, das sogenannte Erzeu- 
gungselement. Der Differentialquotient stellt das Gesetz der Erzeugung 
dar. Und dies Gesetz wird durch die Funktion bestimmt, nach welcher 
eine Veränderliche durch eine andere begründet wird. Es ist in der 
Tat falsch, dass jede stetige Funktion einen Differentialquotienten überall 
hat, vielmehr ist es der Verdienst der neueren Mathematik, dass dieser 
einst als selbstverständlich anerkante Satz durch ein etwa von Weier- 
strass gegebenes Beispiel verneint wird, und dass Stetigkeit der Funk- 
tion und ihre Differenzierbarkeit unterschieden werden. Beide sind nicht 
dasselbe, sondern die erstere hat einen weiteren Begriffsumfang als die 
letztere. Aber die mathematische Undifferenzierbarkeit scheint nicht zu 
bedeuten, dass eine Funktion keinen Differentialquotienten hat, sondern 
vielmehr dass, der Wert des Differentialquotienten sich am jeden Orte 
unstetig verändert, oder oszilliert. Soweit eine Veränderliche durch 
eine Funktion begründet ist, muss das Erzeugungsgesetz logisch notwendig 
durch einen Differentialquotienten dargestellt werden. Ob dieser gleich. 
mathematisch nicht festzustellen ist, so existiert er doch gewiss Er 
ist der wahre Erzeuger der endlichen Grösse, wie Natorp bemerkt('). 
Aus dem oben Betrachteten erhellt sich auch der Sinn des Integrals.. 
Dies hat in der heutigen Mathematik eine selbständige Bedeutung, 
unabhängig davon, dass es als Gegensatz des Differentials zu betrachten. 
ist. Es ist die Grenze einer Summe der unendlich vielen Produkte,. 
Faktor von deren jedem unendlich klein wird. Diese Definition scheint 
mathematisch vollkommen klar. Aber die Summationsgrenze der unendlich 
vielen Glieder schliesst überhaupt eine unerfüllbare Forderung des- 
Denkens. Ihre Termini sind nicht distributiv zu ernennen. Man kann 
sie bloss kollektiv durch ihren allgemeinen Charakter definieren. Ferner‘ 
ist auch ihre Summe nicht extensiv, sondern bloss intensiv zu bestim- 
men. Sie kann nicht anders als durch die Selbstentwickelung der 


ee 5 RÉ 02 し 
Erzeugungseinheit erreicht werden. f’ = ist das Gesetz dieser 
の 


Selbstentwickelung, und f'(x)dx bedeutet logisch das Differential dy, 
welches dieses Gesetz trägt- Das von ihm erzeugte intensionale Ganze 
ist das Integral ff/(x)dæ=f(x)=y. Cohens Ansicht, dass das Integral 
ein Erzeugungswert des Endlichen ist, während das Differential Erzeu- 





(1) Natorp, Die logischen Grundlagen der exakten Wissenschaften, S. 215, 
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gungseinheit: anstatt der extensiven Masseinheit darstellt(*), ist logisch zu 
zechtfertigen, ob sie zwar mathematisch ungereimt scheinen mag. Russell, 
der sie streng getadelt hat(?), konnte nicht ihre Tiefe würdigen. 

5. Das oben betrachtete Wesen der Zahl als Veränderlicher lässt 
uns auch sogleich die Beziehung zwischen Zahl und Grösse einsehen. 
Zahlen sind, wie oben bemerkt, Spezifikationsprodukte der allgemeinen 
Zahl. Die letztere ist der ursprüngliche Grund der ersteren, durch welche 
erst sie möglich sind. Zahlen aber, die auf dem Grunde der allgemeinen 
Zahl konkret gedacht sind, stellen nicht bloss wie viele von etwas anderem 
dar, sondern wie gross von der Zahl selbst. Die Zahl ist Substratum 
von Zahlen(*). Die so gedeutete Zahl ist nichts anderes als eine Grösse. 
In der älteren Mathematik sind Zahl und Grösse nicht deutlich unter- 
schieden, sondern mit einander verwechselt worden. Die Veränderliche 
auch ist als veränderliche Grösse gedacht worden. Dagegen sind. beide 
in der gegenwärtigen Mathematik ganz deutlich geschieden. Heute soll 
die reine Mathematik Lehre von Zahlen, nicht von Grössen sein. Die 
letzteren sind Gegenstand von der angewandten Mathematik. Nun ist 
das Folgende als Eigenschaften der Grössen erkannt. Erstens muss eine 
rosse gleich wie, grösser oder kleiner als eine andere sein. Dies Ver- 
hältnis macht die erste notwendige Eigenschaft der Grösse. Zweitens 
müssen mehrere Grössen mit einander additiv sein. Zwei oder mehr 
gleichnamige Grössen zusammengonommen müssen eine bestimmte Grösse 
als ihre Summe geben. Drittens muss eine Grösse stetig veränderlich sein, 
so dass das sogenannte Archimedische Prinzip davon gilt. Nun sind 
empirische Grössen die eigentlich räumliche Grössen sein müssen, bleiben 
immer annähernd ; sie können nicht mathematische Genauigkeit erreichen. 
Aber auch angewandte Mathematik als Lehre von Grössen verlangt 
mathematische Genauigkeit, denn sie muss alle Beziehungen der reellert 
Zahlen, von denen die reine Mathematik handelt, auf die der Grössen 
anwendbar machen. Wie ist es aber möglich, dass alle Beziehungen 
der reellen Zahlen zugleich als die der Grössen gedeutet werden? Der 
Grund davon ist, dass die Zahl selbst als allgemeines Substratum der 
Zahlen die Eigenschaften der Grösse besitzt, wie sich aus dem Obigen 
erhellen mag. Im Laufe der Zahlenerzeugung steht die nachkommende 
Zahl im Verhältnis von Grössersein zu jeder vorhergehenden, die letztere 
in dem von Kleinersein zu der ersteren, und ist jede Zahl sich selbst 





(!) Cohen, Das Prinzip der Infinitesimalmethode und seine Geschichte, S. 146. 
(2) Russell, Op. cit. I, p. 338—345. 
(3) Vgl. Natorp, Op. cit. S. 200 ff. 
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gleich, wievielmal sie auch gedacht werden mag. Ferner folgt ohne 
Weiteres aus dem Wesen der Zahlen ihre Additivität und Stetigkeit. . Die 
Zahl besitzt gewiss die oben genannten Haupteigenschaften der Grösse. 
Zahlen drücken also nicht bloss wie viele von etwas anderem, sondern 
wie gross von der Zahl selbst aus. Die Anwendbarkeit der Zahlen auf 
Grössen ist durch dieses Wesen der Zahl gesichert. Vom logischen 
Standpunkte muss man sogar sagen, dass die Grösse konkretes Substratum 
der Zahlen ist. Andere Arten der Grössen, oder Grössen im eigentlichen. 
Sinne, lassen sich soweit mittels Zahlen bezeichnen, als sie mit der Zahl 
als Grösse übereinstimmen. | 

Solche Eigenschaften der Grösse, wie oben betrachtete, gehören ohne 
Zweifel nur der Zahl als stetiger Veränderlicher an. Das System der 
natürlichen, oder der rationalen Zahlen kann nicht als Grösse gedeutet 
werden. Erst das Kontinuum der reellen Zahlen kann als solches be- 
trachtet werden, indem es das Substratum der einzelnen Zahlen darstellt. 
Dies lässt uns auf der andern Seite verstehen, warum die Stetigkeit 
einst als Eigenschaft der Grössen, nicht der Zahlen gedacht wurde, und 
weshalb irrationale Zahlen bloss als für die Grössenmessung auf der 
Grundlage der Anschauung annehmbar erkannt wurde( '). Obgleich diese 
Ansicht von der gegenwärtigen Mathematik verworfen ist, muss man ihr 
gewisse Berechtigung zugeben, wie Natorp bemerkt(?), wenn man den 
oben angedeuteten Punkt erwägt. In Wahrheit ist die Zahl selbst eine 
Grösse, oder man kann sagen, der reine Begriff der Grösse. Das stetige 
System der Zahlen als konkretestes Produkt der Zahlenerzeugung hat den 
Moglichkeitsgrund der Grössenmessung in sich. Wie Natorp sagt, muss 
das Fundament der zählbaren Grösse der reine Grundbegriff der Grösse 
sein(*). 





(1) Hankel, Theorie der komplexen Zahlensysteme, S. 46—47. 
(2) Natorp, Op. cit..S. 204. 
(3) Natorp, Op. cit. S. 204. 
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CHAPTER II. 


CONTINUOUS SET WITH PRINCIPAL POINTS 
OF THE NT ORDER. 


Part I. 


Continuous Set with Biprincipal Points. 


In the previous chapter, we have investigated the properties, consti- 
tution, and classification of the continucus sets with principal points, 
namely of those of the second and third kinds. Here we shall treat the 
continuous sets having no pair of principal points, namely those of the 
first kind. 

Definition 13. When a continuous set has two distinct points A, B, 
such that there are two and only two components having (A, B) as a pair 
of principal points and the sum of these components is the set itself, the 
points À, B are called a pair of biprincipal points of the set. 

_ There are many continuous sets having a pair of biprincipal points. 
For example, 1), in any closed Jordan curve, any two points of it 
form always a pair of biprincipal points of the set; and 2), in the con- 
tinuous set defined by the equations 


(i) y=sin と 2=0 (erh) 
l-a 

ig 1) 2201 ( ell) 

(ii) #-2+2=0, y=0 (3254), 


the point A(0,0,0) and any point on the line (ii) form always a pair 
of biprincipal points of the set. 








Henceforth instead of “a pair of principal points” we shall often use the words “a 
pair of uniprincipal points!” in contrast with “a pair of biprincipal points.” 
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A continuous set with biprincipal points A,B is denoted by M°(A, B), 
and its constituent components by M;(A4, 5) and M.(A, B). 

We shall first examine whether a continuous set with a pair of 
biprincipal points may have a pair of principal points. In the case where 
the constituent components have no common continuous component con- 
taining one of its biprincipal points, the condition for that is stated as 
follows. 

Theorem 140. The necessary and sufficient condition that a continuous 
set with a pair of biprincipal points should have a pair of principal points 
is that each of its constituent components should have a compound principal 
point having all of their common points as its conjugate principal ones. 

Thus the two constituent components of the set having the said 
property must be both singular. 

Proof. I. The condition is necessary. 

Suppose that the set has a pair of principal points (C, D), then it 
is clear that the points CO, D cannot belong to only one of the constituent 
components. Now assume that C belongs to M, (A, B) and D to M,(A, B), 
and take any common point Q. Since the sum of M;(C, Q) and MD, Q) 
must be the set itself, M,(C, @) must contain all points of Jf, (A, B), 
other than the common points of the constituent components. But as 
MW, (A, B) and M;(A, B) contain neither common continuous part con- 
taining A nor that containing 5, there are an infinite number of non- 
common points in the neighborhood of A and 6; and 2(C, Q) is a 
continuous set containing all such points. ‘Therefore it must contain A, B 
as their limiting points. Thus M;(C; @) is identical with M(A, B). 

Similarly M1, (D, Q) is identical with 2M,(A4,5B). Accordingly any 
common point Q is a conjugate principal point of C and D with respect 
to M,(A, B) and JZ,(4, B) respectively. 

II. The condition is sufficient. 

Denote by C, D the compound principal points of the two constituent 
components having the property stated in the theorem. Then any con- 
tinuous component containing C, D must contain a common point @ and 
accordingly must contain the two components J4(C, 9) and M;(D, Q). 
But by hypothesis 


M,(C, Q) =, (4, B), 
M,(D, Q)=M,,(A, B). 


Thus any continuous component containing C, D is the set itself. So 
(C, D) is a pair of principal points of the set. 
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From what has just been proved, it follows that J4(A, B) and 
M,(A, B) have singular systems of three points (A, B, C) and (A, B, D) 
respectively, A,B being the common points of the two components. 
Therefore they are both singular. 

The previous condition was given for the particular set whose con- 
stituent components have no common continuous component containing 
biprincipal points. But to find the necessary and sufficient condition in 
general is more difficult, and we have first to investigate the constitution 
of the set in question. | 

Theorem 141. If a continuous set with biprincipal points A, B has a 
pair of uniprincipal points (P, Q), then each of its constituent components 
contains a singular components, and all other points are common to the 
both components. 

Proof. Since the sum of M;(A, P) and M;(A, Q) must be identical 
with the whole set, so at least (A, B)—M(A, P) is contained in 
M,(A, B). Similarly 14(A, B)—M,(B, P) must also be contained in 
M,(A, B). Therefore all points of M,(A, B) other than the common 
points $P}=% of the both components M,(A, P) and M,(B, P) are con- 
tained in M,(A,B). Here we shall study the properties of this set of 
the common points ®. 

1. The set 2 is closed, since it is the set of common points of two 
continuous sets. 

2. The set ® may be decomposed into the three parts Z,, 7,, and 
Y,, such that 

(a) all points of %, are non-conjugate principal points of A with 
respect to M,(A, P) and conjugate principal points of B with respect to 
M,(B, P); 

(b) all points of Y, are conjugate principal points of A and B at 
the same time ; 

(c) all points of 7, are non-conjugate principal points of B while 
all of them are conjugate principal points of A. 

The proof may be given as follows. 

To begin with, some points of the set ® cannot be the conjugate 
principal points of A with respect to M;(A, P), since, if all points of 
® were so, then, by Theorem 40a, they and accordingly the whole set 
M, (A, B) would be contained in M;(A, B), which is of course impossible. 
Therefore の consists of the two parts %,, 7, the former of which con- 
sists of non-conjugate principal points of A, and the latter of conjugate 
principal ones of A with respect to M,(A, P). Similarly の may be de- 


- 
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composed into two parts £2,,2/, the former of which consists of non- 
conjugate principal points of B, and the latter of conjugate principal ones 
of B with respect to M,(B, P). But since any point of ® must be the: 
conjugate principal point of at least one of A,B with respect to M,(A, P) 
and M,(B, P), all points of 7, are conjugate principal points of B and 
so is contained in 2; and all points of 2, are conjugate principal points. 
of A and so is contained in 7. Therefore の is decomposed into the 


three parts 
VU, VI-Q=Q/-V,=T.() Q,=% 


having the said property. 

8. The set Ÿ,+ 7, contains all the conjugate principal points of A 
with respect to M,(A, P) and the set Z,+%, contains all the conjugate: 
principal points of B with respect to M,(B, P). 

Take any point R of %,, then M,(A, R) contains no conjugate 
principal point of A since R is a non-conjugate principal one of A; and 
so all conjugate principal points of A are contained in M(B, R)=M (3, P), 
and accordingly in の which is the common part of M,(A,P) and 
M,(B, P). Thus 7,+ %; consists of all these principal points, Similarly 
for ¥,+ %,. | 

4. The set の is connected. For, by Theorems 36, 44, and 49, the 
aggregate of conjugate principal points of a certain principal point in any 
continuous set is always connected, so each of the sets 7, + 7, and ¥,+ ¥, 
is connected, and accordingly their sum is also connected. | 

From 1 and 4, we may conclude that the set の is continuous. 

5. The set の is singular. For, take any two points À and S from 
Y, and 7, respectively, and consider a set M(R,S) contained in 2. 
Then since R is a non-conjugate principal point and S a conjugate prin- 
cipal point of A with respect to M,(A,P), so M(R,S) must contain all 
the conjugate principal points of A, that is, Y,+ %;. But, on the other 
hand, since R is a conjugate principal point and S a non-conjugate 
principal one of B with respect to M,(B, P), so M(R, $) must contain 
all the conjugate principal points of B, that is, Z,+%.. Therefore 
M(R, 8) is identical with の . Next take two points R and P from 
Y, and %, respectively, and consider a set M(P, À) contained in 2, then 
by the same reasoning as before, M(P, À) contains 7, and 7, and ac- 
cordingly the point S. Therefore 


(1) That the component Y, exists is clear from the fact that it contains at least one 
point P. 


: 
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M(P, R)=M(R, S=0. 


Further if we take P and S from ®, and ¥;, and consider a set M(P, S), 
then as before we have 
M(P, S)=M(R,S)=2D. 
Therefore 
P=M(R,S)=ZM(P,S)=M(P,R), 
which shows tlıat the set ® is a singular one having a singular system 
of three points (R, EASY 

Hence it follows that M,(A, B) contains a singular component 
Ms, 1(R, P,S). Similarly it may be proved that M.(A, B) contains also 
another singular component My ,(2’, 9, 8°). And from what has been 
stated in the beginning of this proof, all those points of the two con- 
stituent components which are not contained in the above singular conı- 
ponents M,,(R,P,S) and MM, .(R’, Q,S') are common to the both 
‚components. 

Cor. 1. If some of the common points of M(A, C) and M(B, C), 
‚components of a continuous set M(A, B), are not the limiting ones of non- 
common part of them, then the common points form a singular set. 

Cor. 2. In an ordinary set M(A,B), all the common points of its 
‘components M(A, C) and M(B, の) are limiting ones of non-common points 
of them. 
| Theorem 142. In the above, the sum of the two singular components 
Ms, (R, P,S) and Ms (が, Q, 8") ws identical with the given set MA, B) 
+ MA, B), even when M, (LR, P, S) is not identical with M (A, B), and 
Ms, 。( だ, Q, S') with M,(A, B). 

。 Proof. By Theorems 51 and 141, the two sets M,(A,B) and 
M,(A, B) may be decomposed into the three parts 


I M(A,R) Ms;(R,P,8) U,(S, B) 
II M;(A, fi’) Ms, 2(F, 0, 5) M, (5, D), 


-such that all common points of the singular part and the other parts are 
the principal points of the latter parts Now any point 7, which be- 
longs to M,(A, R), but not to My ,(2, P, S), belongs.to M.(A, R)+ 
Ms :(R,Q,8) or M,(S’, B), since, by the previous theorem, any point 
-except those of the singular part must be common to the both components. 
But 7 cannot belong to M;($’, B), since, if so, M,(A, R)+M,;($', B) 
would contain a component M(A,B) containing neither My ,(R, P, S) 
nor Mx (2, の 8’), contrary to the hypothesis. Therefore 7 and accord- 
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ingly all points of M(A, R) must belong to M,(A, R’)+ Ms (が) 9,8). 
Now assume that My, and M, had no common point, then À and 
accordingly 2; (A, が) would be contained in M,(A, R').(') But, on the 
other hand, under the same assumption, by the same reasoning as above, 
we can prove that M,(A, だ ) would be contained in M,(A, R). Hence- 
it follows that M,(A, R) and M,(A, R’) are identical, but this is impos- 
sible unless the two singular components have certain common points. 

Thus M,, and My. have at least a common point 7, and so the 
sum of them contains a component M(P, ©), whence follows that 


MA, B) chi MA, B) ut (È, ie 5) +My, He が Q, S), 


since (P, Q) is a pair of principal points of the set M,(A, B)+M.(4, B). 

Theorem 143. The necessary and sufficient condition that a continuous 
set with biprineipal points should have a pair of uniprincipal points is that 
each of the singular components contained in its constituent components should 
have at least one singular aggregate which has no common point with the 
other singular component. 

Proof. I. ‘The condition is necessary. 

Suppose that all singular aggregates of M,,(R, P, S) had common 
points with M,.(R’, Q, 8’), then the aggregate 3 。 containing P would 
have a common point R’ with M, (2, Q, 8’). The sum of Ms, ,(P, R') 
and M,, :(@, È) then must be identical with My, 1(2, P,5)+M; :(2,0,9) 
since it contains a component M(P, Q). But M,ı(P, RP”), being a com- 
ponent of 9%, p, contains no point of Mx, 」( が , P, S)-%, »; and moreover an- 
other component JM, (9, E”) cannot wholly contain My ; (2, P, 5) -U p> 
since, if so, it would also contain %, itself and so Ms ,(R, P, 8) would 
be identical with 2 .(h’, Q,S’). Thus the sum of Ms ;(P, R”) and 
Ms. 2(Q, È) does not contain certain points of My ,(R, P. S)-U, p, which 


(1) Since M,(A,-R') contains .R, so it contains a component M,(A, R). If M,(A, R) 
were not contained in M,(A,.R), then M,(4A,.R) would contain a point G of Ms, 2 (R’,Q, S’),. 
not contained in M,(A, A), and thus 

M,(A, R)=M, (4, G)+M,(G, RP). 
But | 

M,(4, G)+Ms, 2 (1, Q, S)=M,(A, R’)+Ms, 2 (P/, の, 8’), 
therefore 

M,(A, G)—Ms, 2 (R’, Q, S)=M, (A, R’)—Ms, 2 (R/, Q, 8’). 


So M,(A.G) must contain M,(A,.R’), since the common points of M,(A,R’) and 
Ms, 2(R’,Q,S’) are the limiting ones of M,(A, R’)—Ms, 2 (Fk, Q, S)=M,(A, @) 一 
Ms, oR’, Q, 5’); that!is, M,(4,R) must contain M,(A, R’) an! so its component M,(A, R), 
but this is clearly absurd. Hence M,(A, R’) contains M,(4,.R). 
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coutradicts the above result. ‘Therefore in order that the set has a pair 
of principal points (P, Q), it is necessary that at least one aggregate of 
Ms,1(R, P, S) has no common point with MMs .(R’, の 89). Similarly for 
Ms. .(R’, Q, 8’). 

II. The condition is sufficient. 

Denote by A, the singular aggregate of Ms 1(£, P, S) which has 
no common point with Ms, .(R’, 9,9); and by %, ; another singular 
aggregate of My, (Kh, Q), 8’) having the same property. From %,, and 
& ,, take any points P, and Q, respectively and consider a component 
M(P,, Q;). Since P, belongs to M;,,(R, P, S) and Q, to My, .(R’, 0,5), 
M(P,, Q,) must contain a common point PR” of Ms,,(R, P,8) and 
Ms, »(f’, Q,S'). Therefore M(P,,@,) contains M(P,, が) and M(Q,, RP”). 
But P,, È” belonging to different aggregates of Ms,,(R, P, 8), M(P,, R’) 
must be identical with 2s ,(R, P, S) itself. Similarly 7(9,, R’) must 
be identical with JZ, .(R’, 9, 8’). Thus we have 

M(P,,Q)=M(P,, R')+M(Q,, BR’) 
= Ms (BR, P,8)+Ms (だ) Q, 5’) 
= M, (A, B)+ M,(A, B). 
That is, (P,, Q,) is a pair of uniprincipal points of the given set (4, B) 
+ ILA, B). 

Cor. 1. If a continuous set with biprincipal points has a pair of 
untprincipal points, then it has an infinite number of pairs of them. 

Cor. 2. The above set M(P,, Q,)=M,(A, B)+M;(A, B) cannot be 
singular. — 

For, take any point S” in the set, if S” belong to the component" 
77。 1(R, P, 8), then 8”, P, cannot be a pair of principal points; and if 
it belong to Ms ,(R’, Q, 8’), then 8’, Q, cannot be a pair of principal 
points. So the set can have no singular system of three points (Theorem 
10). Therefore the set must be semi-singular. | 

From the previous theorem we have an important theorem. 

Theorem 144. An ordinary continuous set with +4 incipal points 
cannot have a pair of uniprincipal points. 

Theorem 145. The necessary and sufficient candition that an aggregate 
of non-prineipal points of a continuous set M(A, B) should be semi-continuous 
is that the set should have no pair of biprincipal points. 

Proof. I. The condition is necessary. 

Denote by ®, the aggregate of principal points containing A, and 
by ®, that containing B, and by 7 that of non-principal points. If the 


© 
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set M(A, B) has a pair of biprincipal points (P, @), then since the set 
MP, Q)+M(P, の) has a pair of principal points (A, B), by Theorem . 
143, the set consists of two singular components My ,(P’, A, Q’) and 
M, »(P',B, の ), where P’, の are non-principal points of the set M(A, B).(* ) 
Moreover the set M(A, B) cannot contain a third component M;(F’, Q’) 
containing neither A nor B, since, if so, the set would contain a third 
component M;(P, Q).(*) Therefore the two non-principal points DP’, の 
cannot be continuously connected in the aggregate ¥, and so the aggregate 
が is not semi-continuous. Thus in order that the aggregate 7° may be 
semi-continuous it is necessary that the set has no pair of biprincipal 
points. 

IT. The conditions is sufficient. 

Suppose that the set has no pair of biprincipal points, and take any 
two points P, Q from Z. The set ®,-+ 7 has a component having P, の 
as a pair of principal points, denote it by M;(P, Q); and since 29,+ 7 
contains no conjugate principal point of A, so also J(P, Q) does not. 
Similarly a component J,(P, Q), contained in 74 ®,, contains no con- 
jugate principal point of B. Therefore if M,(P, @) be identical with 
M(P, Q), then it contains no principal point and so consists of the points 
of の only, and accordingly P, Q are continuously connected in %. 

If M,(P, Q) be different from M.(P, Q) and yet at least one of them 
be free from the principal points of the set, then P, Q are also con- 
tinuously connected in 7. ae 

Lastly if M(P, Q) be different from M;(P, Q) and both of them 
contain the principal points of the set, that is, if J/,(P, Q) contain a 
principal point A’, and M;(P, Q) its conjugate principal points B’, then 
M,(P, Y+M:(P, @) contains M(A, B) itself, and so, by the same reason- 


ing as in ‘Theorem 141, we know that the set consists of 


M,(P, Q)= M.(P, R)+M,ı(R, A, 8)+1L,(S, Q), 
and 

M,(P, Q)= MP, R')+M, 2B, B, 8’) + 16(8", 9). 
But since P, @ cannot be a pair of biprincipal points by hypothesis, so 
the set must contain other components having P, @ as a pair of principal 


(1) For, if P’ were a principal point of the set, then it would be a conjugate prin- 
cipal point of A or B (‘Theorem 3), and therefore one of Ms, 1 (P’, A, Q’) and Ms, 2 (P’, B, Q’) 
would be ilentical with the set M(A, B), which is impossible. Similarly for the point 
Q. | 

(2) MP, P’) and M,(0, @) contain neither A nor B (Theorem 143) and therefore 
Wii, 1/,+M,(P7, Q)+11,(@ US Mi, Q) contains neither A nor B. 
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points, and among them there must be at least one which contains no 
principal point. For, if we suppose that there were no such component, 
then we would be led to a contradiction as will be seen from the 
following consideration. | 

To begin with, when any component M(P, Q) contains A (or any 
conjugate principal point of .B) it must contain a singular component 
M,,,(R, A, S),(') and whemit contains B (or any conjugate principal point 
‘of A), it must contain a singular component J, .(2?’, B, 8°). Moreover 
if all components having P, Q as a pair of principal points contain a 
principal points of the set M(A, B), by the same reasoning as in 
Theorem 142, we can prove that M,,.(R,A,8) and M,,(2’, B, 8’) have 
common points P’, @, such that 


M,.ı(R, A, S)=M, (PA, @'), 
M.,,(R', B, 8)=M;(P', B, Q), 
and M,(P, A, Q)+Mg:(P', B, Q)=M(A, B). 


Thus there are two components having P’, の as a pair of principal 
points, whose sum is identical with the whole set. Now, in this case, 
we may prove that there is no third component having P’, の as a pair 
of principal points. For, (i) if there were a third component M,(P’, Q’) 
having no principal point, then there would be a third component 
M;(P, Q) having no principal point in the set M,(P, P)+3{;(P, の ) 
+M,(@, %), since A (P, P’) and M(Q, @') have no principal point; 
which contradicts the supposition. (ii). If there be a third component 
M;(P', Q’) having a principal point (say, A), then it must be identical with 
M,ı(P', A, @'), by the same reasoning as in the foot note of this page. 

Thus from the assumption that any component having P, Q as a 
pair of principal points always contains a principal points of the set, it 
follows that P’, @' would be a pair of biprincipal points, which con- 
tradiets our hypothesis that the set has no pair of biprincipal points. 
So among the set $M(P, Q)} there must be at least one containing no 
principal point. 


| (1) When M,(P, Q) contains A, M, (P, Q)+M,(P, Q) has a pair of principal points 
A, B, and so M,(P, Q) contains a singular component Ms, 3 (.R’’, A, 57). But since 

M, (P, Q) +21, (P, Q=M,(P, Q)+M,(P, Q= MIA, B), 
those parts of M, (P,Q) and M,(P,Q), which are not contained in M,(P,Q), must be 
identical with each other and accordingly the singular aggregates {4,1 and 9{4,4 of the 
both components must be identica'. Therefore b7 the property of singular sets we have 


Ms, 1 (R, A, S)= Ms, 3(RW, P I, Ss), 
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Therefore, in all cases, if the set has no pair of biprincipal points, 
any two points of the aggregate 7 are continuously connected in that 
aggregate, and so the aggregate is semi-continuous. 

Definition 14. If, in a continuous set, all of its components having 
two points A, B as a pair of principal points are simple, then the set is 
called a continuous one with simple components in regard to (A, B) or 
briefly a simple continuous set with respect to (A, B). 

Theorem 146. In a simple continuous set with respect to a pair of 
its biprincipal points (A, B), if two constituent components, both of the 
second kind, have a third common point C, then the two components have a 
common continuous component containing A or B. 

Proof. Suppose that M,(A, B) and 77.( 4, B) had neither common 
continuous component containing A nor that containing B, then, since 
M,(A, C) does not contain B and also M;(B, C) not contain A, there 
would be a point P of M;(A, B) belonging neither to M,(A, C) nor to 
M;(.B, C) in neighborhood of A; similarly a point P’ of M,(A, B) be- 
longing to neither of them in the neighborhood of B. Now the com- 
ponent JL (4, C)+M;(B, C) is a continuous one containing A, B, and so 
it contains a continuous component having A, 5 as a pair of principal 
points. Denote it by M;(A, B), then it is different from M,(A, B) and 
M,(A, B), since it contains neither P nor P’. Thus the set has at least 
three different components M,(A, B), M;(A, B), and (A, B), which con- 
tradicts the hypothesis that (A, B) is a pair of biprincipal points. @. E. D. 

Cor. In a simple continuous set with respect to a prir of its bi- 
principal points, if its constituent components, both of the second kind, have 
no common continuous component containing one of the biprincipal points, 
‘ then they have no common point other than the biprincipal points. 

Theorem 147. In an ordinary simple continuous set with respect to a 
pair of its biprincipal points (A, B), if one of its constituent components is 
a Jordan curve, then the constituents components can have no common 
point other than those belonging to a common continuous component contain- 
ing one of the biprincipal points. 

Proof. Denote by M, and 37, the common continuous components 
containing A and B respectively ; and suppose that there were a common 
point C belonging neither to M, nor to M,, then 


M,(A, B)=M,(A, C)+M;(C, B), 
M,(4, B)=M;(A, C)+M.(C, B). 
Since C is a point not belonging to M, and Mz, 本 (4 の) and 


THEORY OF CONTINUOUS SET OF POINTS, 43 


M,(A, C) are not identical with each other, nor the one is contained in 
the other ; similarly the same may be said of M,(B,C) and M,(B, C). 
Denote by M*(A, C) the part of M;(A, C) not belonging to M;(4, C), 
and by M¥(A, C) that of M.(A, C) not belonging to M(A, C), and by 
M*(A, C) the common part of the both components M,(A, C) and 
DL, (A, C), then | 
M (4, C)=M*(A, C)+M*(A, C), 
M,(A, C)= M*(A, C)+ M*(A, C). 
Similarly 
M;(B, C)=M#(B, C)+M*(B, の) 
M,(B, C)=M*(B, C)+M*(B, C). 
Now since (A, B) is a pair of biprincipal points the following relations 
must hold. 
(a) | (i) M,(A, C) contains M#(B,C), or 
a 
(ii) M;(B,C) contains M#(A, C), 
and | 
が | (ii) 77(4, C) contains M*(B, C), or 
(iv) Mi(B,C) contains M*(A, C).(1) 


If we assume that M;(A, B) is a Jordan curve, then (i), (iv) cannot 
oeeur. Hence we have only to discuss the case in which (ii) and (iii) 
occur at the same time. In this case M,(A, の ) contains the three com- 
ponents M*(A, C), M*(A, C), and MF(B, C); and M.(B, C) contains 
the three components M*(B,C), M#(B,C) and M#(A,C). Thus 
I, (A, C) and M;(B, C) have all points common, other than those be- 
longing to M*(B, C) and M*(A, C). But all these common points of 


(1) Precisely speaking, from the fact that M,(A,C)+M,(B,C) must contain 
M,(A, B) or M,(A, B), it follows that 
(i) M,(4.C) contains those points of M, (-B, の ) which are not contained in 
M, (B,C), or 
(ii) M, (B,C) contains those points of M,(A,(C) which are not contained in 
(a) M, (A, C), or 
(iii) M,(A,C) contains those points of ./,(4,() which are not contained in 
M, (B,C), or 
(iv) M, (B,C) contains those points of M,(B,C) which are not contained in 
M, (A, C); 
and from the fact that M,(A4,0)+M,(B,0) must contain 1/,(4,B) or W,(4,B), either 
of the similar four cases (b) occurs. But (i)/ and (iv); (i) and (iii)’ state the same thing, 
therefore we have only to consider (i)/ and (ii) of (a). Similarly for (0). 
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M,(A, C) and M,(B, C) are conjugate principal points of 4 or B with 
respect to M;(A,C) or M;(B, C), and so they are limiting points of 
M*(B, C) or those of M*(A,C). Accordingly they must also belong 
to M,(A, C)+M,(B, C), which contains both M*(A, C) and M*(B, C). 
Hence it follows that M,(A, B) is wholly contained in. M;(4,B), but 
this is impossible. ‘Therefore the set cannot contain the common point C. 

Theorem 148. In a simple continuous set with respect to a pair of 
its biprincipal points (A, B), if its constituent components, both of the 
second kind, having a common continuous component containing A, but not 
that containing B, have other common points, then all these common points 
are conjugate principal ones of B with respect to the both components 
M,(B,C) and M,(B,C) at the same time, where C' denotes any one of 


the above common points. 
Proof. Suppose that the constituent components have a common 


point C not belonging to M,, then 
M (4, B)= M,(A, C)+M;(C, B), 
M,(A, B)=M,(A, の 2 Fag), 
Now since (A, B) is a pair of biprincipal points of the set, gee following 
relations must hold. 
(i) AM(A,C) contains M#(B, C), or 
(a) | (ii) :M;(B,C) contains M#(A, C), 
“and 
(ii) M,(A,C) contains M#(B, C), or 
©) | (iv) M,(B, C) contains M#(A,C). (see Theorem 147). 
But as M,(A, B) and M;(A, B) are of the second kind and they have no 
‚common continuous component containing B, so (i) and (iii) cannot occur. 


Thus we have only to discuss the case in which (ii) and (iv) occur at 
the same time. 

In this case 3/, (5, C) contains that part of M,(A, C) which is not 
contained in M (A, C), and accordingly it contains at least a point P, of 
M,. Now the component M;(B, Pe) must contain the point C, since, if 
‘otherwise, the sum of the components M,(B, P.) and M.(A, Pt), that is, 
M,(A, B) would not contain C, contrary to the hypothesis. Thus 


M,(B, P;)= M, (B, ©. 
Similarly so is for AZ (B, C) and HZ (B, Pc), namely 
M(B, P,)=M,(B, C). 
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Therefore the common point C is a conjugate principal point of B with 
respect to the both components 24 (5, P,) and M,(B, Pc) at the same 
time. 

Next take any other common point Ci; not belonging to M,, then 
by the same reasoning as above, we may prove that 


M,(B, P)=M, (2, x) 
M,(B,,P)=M,(B, Co). 


Now since M,(A, P,;.), a component of M,, does not contain C, so its 
complementary component M;(B, Pe.) must contain it, and accordingly 
also it must contain M,(B, C)=M,;,(B,P,); conversely in a similar 
manner we may prove that JL,(B, P;) contains M;(B, P,.). Therefore 
M;(B, P.)=M;,(B, P«)=M;(B, C)=M,;(B, Cx), 
and similarly 
M,(B, P.)>=M (B, Pr) = M(B, C)=M,(B, Cx). 
Thus all common points {C} are conjugate principal ones of B with 
respect to the components M,(B, C) and M;(B, C) at the same time. 

Cor. 1. In a continuous set having the property stated in the previous 
theorem, M,(A, B)—M,(B, C) and M,(A, B)-M,(B, C) are common to 
the both constituent components, and with their limiting points they form a 
common continuous component containing A. 

Cor. 2. Each of the constituent components of a continuous set having 
the property stated in the previous theorem has a continuous part free from the 
common points(*) of the constituent components, in the neighborhood of B. 

Proof. In a sufficiently small sphere described with B as centre, 
there are continuous components of 14(B, C') and M;(B, C) which con- 
tain B, but none of its conjugate principal points. But, by the previous 
theorem, all common points other than A, are conjugate principal points 
of B with respect to M,(B,C) and M;(B, C); therefore the above con- 
tinuous components are free from the common points. 

From Theorem 148 and its corollaries, we have the clear know- 
ledge of the constitution of the set; namely it consists of the three parts 

(a) M,=M (A, B)— M(B, C)(?)=M;(A, B)-—M;(B, C), a com- 


mon continuous component containing À ; 


(1) Here by the common points are meant those common ones, other than the 
biprincipal points A, B. 

(2) M,(A,B,—M,(B,C) denotes the sum of the set M,(A4,B)—M,(B,C) and its 
limiting points, and this component may or may not be equal to Mu. 
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(6) M(B, C); 

(c) M.(B, C); 

M,(B,C) and M;(B, C) have no common points other than 
their principal points. 

Definition 15. In a continuous set M(A, B) of the third kind if A 
and B be simple principal points of its components M(A, C) and M(B, C) 
respectively, C being any non-principal point of the set, then the set is said 
to be a simple type. 

Here we shall study some properties of the set of simple type, as 
they are used in the further discussion. 

Theorem 149. In a set M(A, B) of the third kind, if A and B be 
simple principal points of M(A, C) and M(B, C) respectively, then all 
conjugate principal points {Ax} of B with respect to M(A, B) are also 
simple principal points of M(A, C). 

The same is true of all conjugate principal points of A. 

Proof. By ‘Theorem 23, Cor., any point of {Ax} is a conjugate 
principal point of C with respect to M(A, C). Now suppose that Ax 
were a compound principal point of M(A, C) and denote two of its 
conjugate principal points by C and C,, then at least one of the two 
points Ax, C;, would be a conjugate principal point of A (Theorem 3). 
So A would be a compound principal point of M(A, C), contrary to 
the hypothesis. Q.E.D. 

Cor. In a continuous set, if A and B, a pair of its principal points, 
be simple principal points of its components M(A,C) and M(B, C) 
respectively, then the same is true of any pair of principal points of the set. 

Theorem 150. If a set of the third kind of simple type contains の 
singular component, then all points of the component are principal ones of 
the given set. 

Proof. Denote the given set by M(A, B) and the singular component 
by M;(P.,, ks P;). 

I. If the singular component contain one of A, B, (say A), then it 
can contain no non-principal point of the set M(A, B). For, if so, A 
would have all ‘points of the singular aggregate, to which the non- 
principal point C' belongs, as its conjugate principal points with respect 
to M(A, C)=Ms;(P,, P2, P;), and so A would be a compound principal 
one of the component, contrary to the hypothesis. Thus in this case all 
points of the singular component are principal ones of the given set 
M(A, B). | 

II. If the singular component contain none of A, B, then by 
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Theorem 33, all points of Ms(P,, P:, P;) are only principal points or 
only non-principal points. But here the latter case cannot occur, since 
then at least one of M(A, Pı) and M(B, P,) would be of the third kind 
having A or B as a compound principal point (Theorem 51), contrary 
to the hypothesis. Thus in this case also M,(P,, P,, P;) contains only 
principal points. 

Theorem 151. In a continuous set of simple type, any continuous 
component having two non-principal points as a pair of principal ones is 
a Jordan curve. 

Proof. Ina continuous set of simple type, M(A, B), any non-principal 
point is a perfectly separating point, for, if otherwise, at least one of 
A, B would be a compound principal point of the separated components, 
contrary to the hypothesis. ‘Therefore if C, D be any two non-principal 
points of the set, M(A, C) and M(B,C) have no common point other 
than C, and so D is contained in only one of the above compononts, 
(say M(A,C)); and thus any component having CD as a pair of 
principal points must be wholly contained in M(A,C) and so we have 


M(A, C)= M(A, D)+M(C D). 
But since M(C,.D) and M(B,C) have only one common point C' so 


again we have 
M(C, D)+ M(B, C)=M(B, D). 
Thus the set M(A, B) may be decomposed into the three parts, 
MOD) MD; A), 


each of them having only one common point with the following. Hence 
we may at once conclude that 

1. the set has only one component having (C, D) as a pair of prin- 

cipal points, 

2. the component M(C, D) consists of only non-principal points. 

If this component M(C, D) contained a component of the third kind, 
then, by Theorem 130, it would also contain a component of the third 
kind having C or D as its compound principal point. Call this component 


M(C, R), then 
M(C, R)+M(C, B)=M(R, B), 


and, by Theorem 54, B will be a compound principal point of this 
component M(R, B), which contradicts the hypothesis that M(A, B) is a 
set of simple type, R being a non-principal point of the set. ‘Therefore 
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M(C, D) has no component of the third kind, and so it is a Jordan 
curve. | 
Cor. In a continuous set of simple type, any two points of the 
aggregate of non-principal points are connected by only one Jordan curve 
in that aggregate. | 
Theorem 152. In a continuous set with a pair of biprincipal points 
(A, B), if its constituent components, both of the third kind of simple type» 
have a third common point, then either it is a conjugate principal point of 
a biprincipal point with respect to the both constituent components at the 
same time, or else it belongs to a common. continuous component ‚containing 
one of the biprincipal points. | 
Proof. Denöte by C the common non-principal point, then we have 
M, (A, B)=M;(A, C)+M;(C, B) 
M,(A, B)= M.(A, C)+M,(C, B). 
Now since (A, B) is a pair of biprincipal points, the following relations 
must hold : 
(i) J&(A, C) contains M#(B, C), or 
(a) | (ii) M;(B,C) contains M¥(A, C), 
and 
à (ili) M,(A,C) contains M¥(B, C), or 
(5) | (iv) M(B,C) contains M#(A.C). 


But, as M;(A, B) and M;(A,B) are of the simple type, M,(A, C) and 
M,(B, C) have no common point other than C, and similarly so is for 
M,(A, ©) and M,(B, C). Therefore the above relations hold only when 
M,(B, C)= M;(B, ©) or M(A, C)=M.(A, C), 

namely when C belongs to a common continuous component containing 
one of the biprincipal points. | 

Next suppose that the common point C is a conjugate principal point 
of A with respect to M,(A, B), but not to M;(A, B), then, if M, (B,0) is 
not identical with M,(B, C), the component I, (A, C)+M,(G,B) will, 
contain a third component M;(A, B), which is different from M,(A, B), 
owing to the fact that M;(A, C)+ M,(C, B) does not contain some points 
of M;(B, C). This component is also different from M,(A, B), owing to 
the fact that M,(A, C) does not contain some points of M(A, C)—-M,(C, B) 
(Theorems 150, 40,, and 49). Thus the set must contain at least three: 
different components M, (A, B), M,(A, B), and M;(A,.B), which is impos- 
sible. Therefore C must be a conjugate principal point of A with respect 
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to M,(A, B) and M;(A, B) at the same time, if it does not belong to a 
common continuous component containing だ. 

Theorem 153. If, in an ordinary simple continuous set with respect 
to a pair of biprincipal points (A, B), one of its constituent components is 
a Jordan curve, then the set has only one or only two continuous com- 
ponents having any two points of the set as a pair of principal points. 

Proof. By Theorem 147, the constituent components have no com- 
mon point other than those belonging to common continuous components. 
containing one of A,.B. Denote these common components by M, and 
M3, and any two points of the given set M®(A,B)by C,D. To prove 
the theorem we have to distinguish the following cases. 

I. Both of the two points C, D belong to M, (or M,) at the same 
time. 

In this case, it is clear that there is only one component having 
C, D as a pair of principal points. 

II. The point C belongs to one of M, and M,, and the point D 
to the other of them. 

In this case, there are only two components having C, D as a pair 
of principal points, namely one as a component of M,(A, B) and the 
other as a component of 7 の (4, B). 

III. The point C belongs to one of M, and Mz (say M,), and the 
point D is any non-common point of the constituent components. 

When D belongs to M;(A, B), Mı(A, B) has one and only one com- 
ponent having C, D as a pair of principal points; denote it by M,(C, D). 
Further the sum of M,(D, B) and M;(A, B) contains another component 
having C, D as a pair of principal points, and the number of this latter 
component also must be only one. For, suppose that there are two com- 
ponents .M7;(C, D) and 2M,(C, D), then each of them must contain at 
least one point of M,; denote this point of A,(C, D) by @ and that of 
M,(C, D) by À, then 

M,(G,D)=M,(D, Q)+24(9, ©), 

M,(C, D)=M, (D, R)+M;(R, C). 
If R be an interior point of M,(D, Q), we have 

M (D, Q)=M (D, R)+ (BR, Q), 

M,(C, Q)=M(C R)+ A(R, Q), 
and moreover 


M (R, Q)=1L(R, Q). 
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Therefore, when M,(R, @) is contained in M(D,R) or M.(C, R), 
M,(C, D)= MEG, D); 

and, if otherwise, M,(C, D) would be contained in M,(C,.D) as a proper 

component of it, which is impossible. Hence in this case the two com- 

ponents M;(C,.D) and M.(C D) must be identical with each other. 

If R be not: an interior point of M, (1), Q) and accordingly Q is that 
of M,(D, R)(*), the same conclusion is obtained by the same reasoning. 
IV. The points C, D belong t o。 (A, B), but neither to M, nor 
to Ma. 

This case may be treated in a manner similar to the case IIT. 

V. The point C belongs to M,(A, B) and the point D to M, A, B), 
but neither to M, nor to Mg. 

In this case, the set M,(C, A)+M;(A, D) has a component having 
C, D as a pair of principal points, and it is similarly proved as in the case 
III that such a component is only one. Also the set M,(C, B)+M;(B, D) 
has only one component having C, as a pair of principal points, differ- 
ent from the former. 

‘Thus our theorem is completely established. 

Theorem 154. If, in a simple continuous set with respect to a pair of 
biprincipal points (A, B), one of whose constituent components is a Jordan 
curve, its constituent components have a common point C not belonging 
to a common continuous component containing one of the biprincipal points, 
then the one of the components necessarily contains a singular component and 
consists of the three parts: 

1. M(A, P), a common continuous component containing A; 


= 


M(B, Q), a common continuous component containing B ; 
Ms(P, 9, ©), a singular component having a singular system of 
three points P, 9, C. 

Proof. Proceeding as in Theorem 147, we may deduce kom the 
hypothesis, in this case also, that M,(A, C) and M;(B, C) have all points 
common, other than those belonging to M*(A, C) and M*(B, C). Denote 
by {C,} the aggregate of common points of M,(A, C) and M,(A, C), 
not belonging to M,, and by {Cz} that of common points of M,(B, C) 
and M;(B, C), not belonging to Mz; then we have 


M*(A, C)= M,4+ {Cy}, 
M*(B, C)=Mz+ § Cz}. 


co 


(1) Since one of the constituent components is a Jordan curve, this is always the 
case. 
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But the component 1,(4,B) being a Jordan curve, its continuous com- 
ponents 7,4, Mz are of the second kind, and so we may denote them by 
M,(A, P)=M;(A, P) and M(B, Q)= M(B, 2), and accordingly we 
have 

M,(A, C)= M;(A, P)+M;(P, C), 
and M,(B, C)=M,;(B, Q)+M;(Q, ©). 

Now in the component M;(P, C)—M;(A, P), we can always deter- 
mine a point R, such that the component M;(P, R) contains none of 
{ Ca}, since }C/,} does not belong to M,= M;,(A, P). Therefore all points 
of M;(P,R)—M;(A,P) are common to M;(A,C) and M;(B, C), and 
moreover all points of M,(R, C) and accordingly all points of 

M,(h, C)+M;(P, R)—M;(A, P)=M,(C, P)-M,(A, P) 
are also common to them by the simplicity of the component M;(A, B). 
(Theorem 89). 

But M;(A, P) being a Jordan curve, and the aggregate of common 
points of M,(A,C) and M;(B, C) being continuous (Theorem 89), from 
the above result it follows at once that all points of M,(C, P) are com- 
mon to M;(A,C) and (B,C). Similarly all points of 1,(C, Q), a 
component of M,(B, C), are also common to 2M;(A, C) and M;(B,C). 
Now 7(4, P) and M;(B, Q) cannot have a common point, since, if they 
had, then the sum of them, a proper component of M,(A, B), would 
contain M,(A, B) itself. ‘Therefore P must bs contained in M;(C, Q) 
and の in M;(C, P), and thus we have 

U,(C, P)= MC, 9). 

Further M;(P, Q), a component of M;(C, Q), must contain C, since, 
if otherwise, the sum of M,.(A,P), M;(P, 2), and M,(®, B) would not 
contain C, while it contains the component M;(A, B) itself. Thus again 
we have 


M,(C, P)=M,(C, Q)=M,(Pr, 9), 


which shows that this component has a singular system of three points 
P, 9, Ci QED. 

Cor. 1. If there are many common points {C'} having the same pro- 
perty as the point C, then all of them belong to Ms(P, Q, C). 

Cor. 2. The aggregate of all common points of M,(A, C) and M(B, C) 
forms a singular continuous set. 

Theorem 155. If, in a simple continuous set with respect to a pair of 
biprincipal points (A, B), its constituent components, both of the second 
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kind, have a common continuous component containing A and also that con- 
taining B, then the set has only one pair of biprincipal points. 

Proof. Suppose that the set had another pair of biprincipal points 
C, D, and let us discuss how the supposition leads us to a contradiction. 

I. The case in which one of the two points C,D coincides with 
one of the two points A, B. 

Assume that C coincides with A, and D belongs to M,(A, B), then 
one of the two constituent components (say M}(C, の )) is a component of 
M,(A,B). Take any point @ other than B in the common continuous 
component containing B, and consider the sum of M;(D, Q) and M;(C, Q).. 
Since M,(A,B) and M,(A,B) are of the second kind, the above com- 
ponent M,(D, Q) and M;(C, 2), and accordingly their sum does not 
contain B. And this sum is a continuous set containing C, D; so it has 
at least one component having C, D as a pair of principal points, denote 
it by M(C, D), (if there be many, take any one of them). If this be 
different from M,(C,D), then there will be two components 2 (C, D} 
and M(C,D), whose sum does not contain B, which contradicts the 
hypothesis that (C, D) is a pair of biprincipal points. If M’(C,.D) be 
identical with M,(C, D), it is clear that the sum of M;(D, Q), M{C, 0), 
and M,(Q@, B) contains also the component M,(C,D) and only this, as 
the one having C,D as a pair of principal points. So the given set 
contains only one component having C,.D as a pair of principal points, 
which again contradicts the hypothesis. Q.E.D. 

II. The case in which both of C, D are different from A, B, and 
they belong to one of the constituent components, say to M,(A,B). In 
this case, if C be an interior point of M,(4,D), then M,(A, D) contains 
M,(A,C) and M,(C, D). Now consider the three components M,(A, C), 
M,(D, Q), and M;(A, Q), where @ is a point having the same property 
as in the case I. Then since none of these three components contains B, 
so also their sum; and this sum is a continuous set containing C, D. 
Therefore, by the same reasoning as in the case I, we can prove that in 
this case also a contradiction arises. 

III. The case in which both of C, D are different from A, B, and 
each of them belongs to different constituent components (say C'to M,(A, B), 
and D to M.(A, B)). 

In this case consider the two sums of AZ (C, A) and M;(A4, D), and 
M,(C, Q) and M.(Q, D), where @ is a point having the same property 
as in the case I. These two sums are the continuous components con- 
taining ©, D, and so each of them has at least one component having 
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C, D as a pair of principal points. Now these components are different 
from or identical with each other, but from either of them a contradic- 
tion always arises as before. i 

Thus the set has only one pair of biprincipal points A, B, 

Theorem 156. If, in a simple continuous set with respect to a pair 
of biprincipal points (A, B), its constituent components, both of the second 
kind, have a common continuous component containing A, but not that con- 
taining B, then the set has an infinite number of pairs of biprincipal points, 
all of these pairs having A as their common element. 

Proof. By Theorem 148, Cor., the set has a continuous component 
which contains B, but no other common point of the constituent com- 
ponents. Take any point R of this component, then (A, .R) is a pair of 
biprincipal points of the set. For, if R be a point belonging to M,(A, B), 
then M,(A, B) has one and only one component (A, R); and the 
sum of M,(A,B) and M,(B, R) forms another component having A, R 
as a pair of principal points, since they have no common point other 
than B. Denote this component by M,(A, R), then it is clear that 
M (4, R) is different from M,(A, R), and the sum of them forms the 
whole set. Thus we have here only to prove that there is no other 
component having A, as a pair of principal points. 

Suppose that there were a third component M;(A, R), then the two 
cases would be possible. 

I. The case in which M;(A, R) does not contain B. 

Since M;(A, È) is different from M,(A, È), it must contain points of 
the both constituent components, and so it must contain at least. one 
common point C of them not belonging to M,, so that M;(A, R) contains 
M(A, C) and M(G,R). But as the common point C has the property 
proved in Theorem 148, there is only one component having C, À as a 
pair of principal points, namely M(C, R); and moreover the sum of 
M,(C, R) and M(A, C) contains M,(A, C) and M,(C, R), though M(A, C) 
is not identical with M,(A, C). Therefore M;(A, R) will contain M (A, R), 
which is a contradiction. | 

II. The case in which M;(A, R) contains B. 

In this case M,(A, R) contains a component having A, as a pair 
of principal points. Denote it by M;(A, B), then since there are only 
two components M,(A, B) and M,(A,B) having A, as a pair of prin- 
cipal points, M,(A, B) must be identical with one of them. But it cannot 
be identical with M,(A, B), since then M,(A, B) and accordingly M;(A, R) 
would contain M,(A, RR). Therefore 
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M;(A, B)=M;(4, Bb). 
Besides. M;(A, B), M;(A, R) contains a component having B, R as a pair 
of principal points. Denote it by M;(B, R). If this component M,(B, R) 
be identical with M,(B, R), then M;(A,R) would contain M.(A, R), 
which is again absurd. Thus M;(B, R) must consist of points of the 
both components M,(A,B), and M;,(A,B), and so contain a common 
point C, of them not belonging to M,. Thus | | 


M;(B, R)= M(B, C)+M(G, RB), 


but MGR) = Mia Canes 
therefore | M,(A, R)=M,(A, B)+ M(B, G)+M;(G, a 
| > M,(A, R). | 


Namely M;(4A, R) contains M,(A,.R), which js again absurd. 

Therefore (A, R) is a pair of biprincipal pvints of the set, and the 
point R being any point of a continuous component, it is clear that there 
are an infinite number of pairs of biprineipal points of the set. 

' Further, when we take any two points of the set, each of which is 
different from A, we may prove that they cannot form a pair of biprin- 
cipal points, in a similar manner to Theorem 155. 5. Therefore. the poms 
A must be an element of any pair of biprincipal points. 

‘ Theorem 157. If, in a simple continuous set with respect to a pair 
of Bae points (A, B), its constituent components, both of the second 
kind, have neither a common continuous component containing A nor that 
‘containing B, then any point of the set is a conjugate biprincipal point of 
A and B at the same time. Namely the set has an infinite number of 
pairs of biprincipal points. | 

Proof. By Theorem 146, Cor., the constituent ‚components ‚have no 
common point other than A,B in this case. Take any interior point の 
of one of the constituent components (say A (A, B)), then M,(A, B) has 
one and only one component M,(A,C). Further the sum of M,(A, B) 
and M,(B, C) forms another component having A,C as a pair of prin- 
cipal points, since they have only one common point B; denote this by 
M,(A,C). It is clear that the sum of M,(A,C) and (A, C) is 
identical with the whole set, and it is also clear that there is no third 
component M;(A, C), since AZ (A, B) and M;(A, B) have only two com- 
mon points A,B. Therefore (A, C) is a pair of biprincipal points, and 
similarly (B, C) is also a pair of biprincipal points. QE.D. | 

Though, in the above theorem, it was proved that any point of the. 
set, other than A, B, is a conjugate biprincipal point of A and B at the 
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same time, yet we cannot assert that any two distinct points of the set 
always form a pair of biprincipal points. Here we shall find the condition 
that a set may have any two points of it as a pair of biprincipal points, 
and see what continuous set has such a property. 

Theorem 158. If a continuous set has any two distinct points of it as 
a pair of biprincipal points, then it cannot contain a continuous component 
of the third kind (ordinary or singular), and its constituent components can 
have no common point other than its biprincipal points, that is, the set 
must be a closed Jordan curve. 


This theorem is nothing but the verbal alteration of Theorem 139, 
so we need not to prove it again. 中 

Conversely, any two points of a closed Jordan curve Men form 
a pair of biprincipal points of it. Hence the theorem 

Theorem 159. The necessary and suficient condition that any two 
points of a continuous set should be a pair of biprincipal tue of it is 
that the set should be a closed Jordan curve. 

Or we may say that the closed Jordan curve is a continuous set of 
points, such that any two points of it form a pair of biprincipal points. of it. 

Having discussed thus far the continuous set with a pair of biprincipal 
points, whose constituent components are of the second kind, we shall 
proceed to consider the case in which the constituent components are of 
the third kind. 3 

In this case, Theorem 146 and its corollary are no longer true, for 
there is a set with biprincipal points, whose constituent components have 
a common point ©, though they have no common continuous component 
containing one of the biprincipal points. | 

In the following discussions, under a continuous set is meant an 

ordinary simple continuous set with respect to a pair of biprincipal points, 
unless, is stated, otherwise. 

, Theorem 160. If a continuous set with a pair of biprincipal points 
(A, B), whose constituent components have no common continuous component 
containing one of the biprincipal points, have a third common point C, then 
one and only one of (A, C) and (B, C) is a pair of principal points of 
the two constituent components at the same time. 

Proof. Consider the four components M; (A, C), M(B, C), M.(A, C), 
and ZZ,(B, C). Since M(A, C)+M;,(B, C) is a continuous set contain- 
ing A,B, it must contain M,(A,B) or M;(A, B); otherwise the given 
set would have three different components having A,B as a pair of 
principal points. Now in order that M, (A, C)+11,(B, C) should contain 
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M, (A, B)= M;(A, C)+M;(B, C), it is necessary that M;(A, C) contains 
B, for, in the neighborhood of BD, M,(B, C) does not contain an aggre- 
gate of points, which belongs to 2M,(4, B), and which has B as its 
limiting point, so that the aggregate and accordingly the point B must 
belong to JM; (A, C). Therefore 


M, (A, C)=M,(A, B). 
Also in order that M,(A, C)+M,(B, C) should contain M,(A, B), it is 
necessary that 
M,(B, C)=M,(A, B) 
Thus at least one of the two relations must hold: 
a (ONG, Gre 
i (ii) 22(B, C)=M, (4, B). 


Similarly, in order that M,(A, C)+M; (5, C) should contain (A, B) 
or M,(A, B), at least one of the two relations must hold: 

È | Gi) MB, C)=M,(A, B) 

(iv) M.(A, C)=M;(A, B). 

Now (a) and (b) must be true at the same time, thus we have four 
combinations of them. But the cases (i), (ii); and (ii), (iv) cannot 
coexist, since, if so, the set would be singular owing to the fact that 
(4, B), (4, C), and (B, C) then would be pairs of principal points of 
M,(A,B) or M;(A, B). Similarly any three of four cases of (i), (ii), 
(iii), (iv) cannot coexist by the same reason, from which the latter part 
of our theorem follows. And from the coexistence of. the cases (i), (iv), 
and also that of the cases (ii), (iii), the first part of our theorem follows. 

Cor. 1. In the above set, the common points of the constituent com- 
ponents are divided into two aggregates, such that all elements of one 
aggregate are conjugate principal points of A with respect to the both con- 
stituent components, while all elements of the other are those of B with 
respect to the same components. In other words, any two points, each taken 
from the different aggregates, form a pair of principal points of the both 
constituent components at the same time, while any two points of the same 
aggregate never form it. 

Cor. 2. In the above set, any non-principal point of the canstituent 
components cannot be a common point of the two constituent components. 

Cor. 3. If we admit the singularity of the constituent components, the 
theorem may be stated thus: If a set with a pair of biprincipal points 
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(4, B), whose constituent components have no common continuous component 
‚containing one of the biprincipal points, has a third common point C, then 
«either A, B, C form a singular system of three points of a constituent com- 
ponent, or one of (A, C) and (B, C) is a pair of principal points of the 
two constituent components at the same time. 

Cor. 4. In a set with a pair of biprincipal points (A, B), whose 
constituent components have no common continuous component containing one 
«of the biprincipal points, if one of the components is of the second kind, 
.then they have no common point other than A, B. 

This is an extension of Theorem 146 Cor.. 

Theorem 161. In a set with a pair of biprincipal points (A, B), 
whose constituent components have no common continuous component contain- 
ang one of the biprincipal points, any third common point C of the con- 
-stituent components is a conjugate biprincipal point of one and only one of 
its biprincipal points A, B. 

Proof. In the case where (i), (iv) in the previous theorem hold 
simultaneously, it is at once seen that (A, の) is a pair of biprincipal 
points, but (B, C) is not so. Similarly in the case where (ii), (iii) hold 
simultaneously, (B, ©) is a pair of biprincipal points, but (A, C) is not 
sO. 

Theorem 162. In the above set, the two aggregates of common points 
‘of its constituent components have properties, such that i) any element of the 
‚one forms a pair of biprincipal points with any element of the other, while 
à) any two elements of the same aggregate never form a pair of biprincipal 
points. 

Proof. Denote the two aggregates by {A} and }B}, then by the 
previous theorem any element B, of the aggregate {B} is a conjugate 
biprincipal point of A, but not that of B. Now take (A, B,) as a new 
pair of biprincipal points, then its constituent components M,(A, B,) and 
M,(A, B,) are identical with M,(A, B) and M,.(A, B) respectively 
(Theorem 160). Therefore two aggregates of common points of the new 
constituent components are also {A} and {B}, and so any element À; of 
{A} is a conjugate biprincipal point of B, while any element B, of {B} 
is not so. Thus our theorem is proved, A, and PB, being any elements 
-of the two aggregates {A} and {B} respectively, and B,, B, being those 
-of the same aggregate |B}. 

From Theorem 160, Cor. 1, and Theorem 162, we have the 
following interesting theorem. 

Theorem. The common points of the constituent components are divided 
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into two aggregates, such that i) any two points, each taken from the different 
aggregates, always form a pair of principal points of the both constituent 
components, and. at the same time form a pair of biprincipal points of the 
set, while ti) any two points of the same aggregate never form the _pairs 
he of the both kinds above mentioned. 

“ Theorem 163. In the above set, non-principal point of its constituent 
FER is a conjugate biprincipal point of A and B at the sume time. 

Proof. Take any non-principal point P of a constituent component 

(say M,(A, B)), then M,(A,.B) has one and only one component having 
A, P as a pair of principal: points; denote it by M(A4, P). è - | 

‘ In the sum of M,(A, B) and M(B, P), any continuous component 
containing A, P contains at least a point B, of the aggregate | B}, since 
A and P belong separately to M,(A,B) and M;(B, P). Therefore the 
component contains M(A, B;) and M (30 を 7 but from the nos of 
Bi it follows at once that 


M(A, B.)= M;(4, Bj)= M;(A, B) 
and M(B,, P)= M;(B,, P)=M,(B, P). | 


Thüs any component containing A, P always contains’ the whole set 
M;(A, B)+M,(B, P), and so (A, P) is a pair of principe, points of the- 
sum ; denote this set by (4, P). 

| By the property of common points of the constituent components, it 
is clear that there is no third component M,(4, P). Also it is clear 
that the sum of HZ (A, P) and M;(A, P) is identical with the whole set 
M(A, B)+M (A,B). Thus (A, P) is a pair of biprincipal points of the- 
set. So is another pair of points (B, P). Q.E.D. 

Theorem 164. In the above set, any non-principal point of one of the 
constituent components form a pair of uni points with any non- 
principal point of the other. 

Proof. Take any non-principal points P, and P, from M, (A,B) and 
M,(A, B) respectively, then the sum of M,(A, P ;) and M;(4, P,) has 
(Pı, P.) as a pair of its principal points, since the common points of © 
them are conjugate principal points of P, and di with respect to them. 
Therefore 


M,(A, P,) + M,(A, P)=M(P,, Po) 
Similarly we have 
M(B, P.)+M,(B, P.)= MP, 2). 
Now by the property of common points of M;(A, B) and M(A. B), 


THEORY OF CONTINUOUS SET OF POINTS. 59 


it is clear that there is no third component having (P,, P.) as a pair of 
principal points. ‘Therefore (P,,P,) is a Br of biprincipal points of 
the set. 

In the above set, if we denote by 7, and 7, the two aggregates of 
common points of the constituent components, and by ®, and の those of 
non-principal points of the constituent components, then from Theorems 
ie 163, and 164, we have the following important theorem. 

Theorem 165. In a continuous set with a pair of biprincipal points, 
whose constituent components have no common continuous component contain- 
ing one of the biprincipal points, the four aggregates: Ÿ,, Yz, 0, and の 
have. such. a property, that any. two points, each taken from the different 
aggregates, always form a pair of biprincipal points of the set. 

Theorem 166. In the above set, if the constituent components are of the 
simple type, then any two points in the aggregate of all non-principal points 
of the constituent components always form a pair of biprincipal points. 

Proof. First take any two non-principal points P, Q of a constituent 
component, say M;(A, B), then M;(A, B) has one and only one component 
having P, Q as a pair of principal points, denote it by AZ (P, Q). Since 
M, (4, B) is of the simple type, one and only one of M,(A,P) and 
M;(B, P) contains 9; suppose that M,(B, P) contains it, then again 
M,(B, Q) does not contain P by the same reason. Now consider the 
sum of M,(A, P), M;(A,.B) and M,(B, Q), then we can prove that the 
sum has (P,Q) as a pair of principal points, and also that there is no 
third component having (P, Q) as a pair of principal points, in a similar 
manner to Theorem 163, using the property of common points {A} and 
{B}. Thus (P, @) forms a pair of biprincipal points of the set. 

. Secondly, when P is taken from M,(A,B) and の from M;(A, B), 
the points P, @ form a pair of biprincipal points, and this is proved in 
exactly the same manner as in Theorem 164. Hence follows the validity 
of our theorem. 

Cor. In this set, the four aggregates の Yz, ®,, and ®, have such 
properties, that î) any two points, each taken from the different aggregates, 
always form.a pair of biprincipal points of the set, while di) any two points 
taken from the same aggregate always do not form a pair of biprincipal 
points in Ÿ, and Yz; and always do in の and ®,. 

Theorem 167. In a set with a pair of biprincipal points (A, B), 
whose constituent components have a common continuous component containing 
A, but not that containing B, if the components have another common point 
C, then either (A, C) is a pair of principal points of the both constituent 
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components at the same time, or else M,(B, C) and M,(B, C) are both of 
the third kind having B as a compound principal point. 

In the latter case, M,(A,B)—M,(B, C)(') and M;(A,B)—M;,(B,C)(') 
are common to the both constituent components, and are contained in the 
common continuous component containing A. 

Proof. Consider the four components M,(A, C), M,(B, C), M(A, C), 
and M,(B,C). Since M,(A, C)+M;(B, C) and M;(A, C)_+M;(B, C) 
are continuous components containing A,B, they must contain M,(A, B) 
or M,(A, B), and accordingly the following relations must hold ; 

G) MA, C)=M(A, B), or 
(ii) M,(B,C) contains at least the part M#(A, C) of M(A4, C), 
which is not contained in M,(A, の ) ; 
and 
(ii) M,(A, 0)= M.(A, B), or 
(iv) MB, C) contains at least the part M#(A,C) of M(A,C), 
which is not contained in M;(A, C). 

I. In the case in which (i) and (iii) occur at the same time, (A, C) 
is a pair of principal points of M,(A, 5) and M;(A, B) at the same time. 

II. In the case in which (ii) and (iv) occur at the same time, by 
(ii), M.(A4, C) and M;(B, C) have a common part M*(A, C), and the re- 
maining part of M,(A, C) is common to the both components JZ, (A, C) and 
M (A, C). Thus, if M,(B, C) were of the second kind, then M,(A, C) 
would be of the third kind, and so M#(A, C) would be the set of limiting 
points of M,(A, C)— M*(A, C), which is also a part of (A, C). There- 
fore M#(A, C) would be contained in M,(A, C), but this contradicts the 
assertion of (ii). Hence it follows that M,(B, C) is of the third kind having 
B as a compound principal point. Similarly from (iv), it follows that 
M,(.B, C) is also of the third kind having B as a compound principal point. 

Now if ıwe denote by {C} the aggregate of common points of 
M,(A,C) and M,(B, C), then from (iv) M(A4,C)_-{C®}=M;(A, B) 
—M,(B,C) is contained in (A, C), and similarly M;(A, C)— {C®} 
=M,(A, B)—M,;(B, C) is contained in M,(A, C), and so these parts are 
common to (4, C) and M;(A, C). Hence, by Theorem 123, 


M, (4, Bb} M,(B, C), M, (A, B) = M: (b, C) 


are contained in a common continuous component containing A. 


(1) Sometimes it may happen that one or both of M,(A, B)—M,(B, C) and M,(A, B) 
—M,(B,C) contain no point, yet in the former case the theorem is still true. 
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III. (i) and (iv) cannot occur at the same time. For, by (i), M,(B, C) 
is the set of conjugate principal points of A with respect to M;(A,B), 
and therefore is the set of limiting points of M;(A, B)—-M;(B, 0). By 
(iv), M (A, C)—M,(B, 0)= M(A, B)—M;(B, C) is contained in M,(A, ©). 
Hence all points of M,(A, B) are contained in M,(A, C), which is of 
course impossible. ‘Therefore (i) and (iv) cannot co-exist. 

Similarly (ii) and (iii) cannot occur at the same time. 

If in this theorem we denote by {P} the aggregate of conjugate 
principal points of B with respect to M,(B, C) and M;(B, C), we may 
state the following theorem. 

Theorem 168. In the set defined in the previous theorem, all the 
common points C’s of the latter kind belong to the aggregate $ P} ; and also all 
the non-common points {N} of the two components M,(A, C) and M,(A, C) 
belong to the same aggregate $P}. — 

Proof. If there were a common point D of the latter kind, not 
belonging to {P}, then M,(B,.D) would contain no point of {P}, since, 
‘if so, D must belong to the common continuous component containing A, 
contrary to the nature of the point D. Therefore all points of {P} and 
especially an element C of it must be contained in M;(A4, B)-M,(B, D), 
which forms a part of common continuous component containing A. But 
this contradicts the hypothesis that C is a common point not belonging 
to the common continuous component containing A. ‘Thus the first part 
of the theorem is proved. 

Further, by (ii), all points of the non-common part WMX(4, C) of 
M,(A,C) and M,(A, C) are common to the both components M,(A, ©) 
and ZZ,(B, C); so they are conjugate principal points of A or B with 
respect to the above components. But some of them cannot be those of 
A with respect to M;(A, C), for, if all of them were so, they would be 
limiting points of M,(A, C)—-M#(A, C)<M,(A, C) and accordingly be 
contained in M,(A, C), contrary to the hypothesis. Therefore, by ‘Theorem 
63a, all of them are conjugate principal points of B with respect to 
M;(B, C), so that they belong to {P}. Similarly so is for all points of 
another non-common part M#(A,C). Thus the second part of the theo- 
rem is also proved. 

From Theorem 168 may be deduced the following theorem. 

If in the set defined in Theorem 167, C denotes any common poini of 
the latter kind stated in that theorem, then all common points of M,(B, C) 
and M,(B, C) and all non-common points of M,(A, C) and M, (A, C) are 
the principal points of M,(B, ©) and M,(b, C) at the same time. 
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Theorem 169. In a set with a pair of biprincipal points (A, B), 
whose constituent components have a common continuous component containing 
A, and also that containing B, if the components have another common 
point C, then M,(A, C) and M,(A,C) are both of the third kind having 
A as a compound principal point, or else M,(B, C) and M,(B, C) have 
the same property. | 

In the both cases M,(A, B)—M,(A or B, C), M,(A, B)-M;(A or 
B, C) are common part of M,(A, B) and M,(A, B), and they are contained 
in the common continuous component containing one of the biprincipal points. 

Proof. As in Theorem 167, the four components M;(A, C), M{B, C), 
M, (A, C), and M(B, C) must satisfy the following conditions : 

(i) M,(A, C) contains that part M#(B,C) of M(B, C), 
which does not belong to M(B, C); or 

(ii) M,(B, C) contains that part M#(A, C) of M,(A, C), 
which does not belong to M,(A,C); 


(a) 


and 

(ii) 2Z,(4, C) contains that part M#(B,C) of M,(B, C), 
which does not belong to Mı(B, C); or 

(iv) 2£,(B,-C) contains that part M#(A,C) of M,(A,C), 
which does not belong to M;(A, ©). 

But the combinations (i) (iv), or (ii) (iii) cannot occur; for, if so, one 

of the constituent components would be contained in the other(*). 
When the combinations (i) (iii) or (ii) (iv) occur, we may prove that 

M,(A, C) and M,(4, C), or M,(B,C) and ZZ,(B, C) have the property 

«stated in the above theorem as in Theorem 167. Of course in these 

cases it may happen that (A, C) or (Bb, C) is a pair of principal points 


(b) 


of the constituent components. 

When we denote by {C'} the aggregate of all conjugate principal 
points of A with respect to M;(A, C) and M,(A, C); and by $C”} that 
of B with respect to M,(B, C) and M,(B, C), we may have the follow- 
ing theorem. 

Theorem 170. In the set defined în the previous theorem, any common 
point not belonging to common continuous component containing one of the 
biprincipal points must belong to either $C} or $C"}, but never to both at 
the same time. 

This may be proved in a similar manner to Theorem 168. 

Cor. In a continuons set with a pair of biprincipal points (A, B), 


(1) This may be proved as in the last part of Theorem 167. 
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whose constituent components have a common continuous component containing 
A, and also that containing B, if these common components be identical 
with the aggregate of principal points of at. least one of the constituent 
components, then the constituent components cannot have other common points. 

Thus all common points of the constituent components, not belonging 
to the common continuous component containing one of the biprincipal 
points, are contained in the principal points of either M(A,C) or 
M;(B, C’), and may be divided into two aggregates [C] and [C’]. The 
set may have only one or both of them. 

Theorem 171. が the set has two aggregates [C ] and [C"], then all 
‚points not belonging to M,(C,, C/) and M;(C,, Ci’) are common points of 
the constituent components, and any pair of points (C,, Ci’), taken from LC |, 
{C"], is a pair of principal points of M,(C,, C;) and M,(C,, K,) at the 
same time. 

Proof. By Theorem 169, all points not belong to M;(A, C;) and 
M,(A, C,) belong to the common continuous component containing B. So 

must belong to AZ (A, C,) and M;(A, C,) at the same time. Therefore 

M (4, G)=M (A, C')+M(G, C'i), 
MW, (4, G)=M, (A, C’)+MN;(G, C’,); 
and also | 

M, (4, B)—M, (BL, C’;)= MFA, C’;), 

M,(A, B)—M,(B, C',)=M#(A, C’;), 
where M%(A, C’;) denotes that part of M,, (A, C’;), which does not be- 
long to M(B, C’;)(m=1, 2). But by Theorem 169, we have 

MF (A, C';)= M¥(A, C’)). 

Therefore it follows that all points which are not common to the both 
constituent components are contained in M;(G,, C’;) and M.(G, C’). 
Thus the first part of the theorem is proved. 

Next taking a point C, from [C], we shall prove that (C,, C’;) is 
a pair of principal points of the component M,(C,, C’;). By hypothesis 
we have | 

M, (4, C,)=M, (A, C)=M,(4, Cr), 

M(A4, C)=M,(4, C',)+M,(&, の) 
and M, (A, C,) =U, (A, C',)+M,(C,, C';). 
Now since C’; is not a conjugate principal point of A with respect to 
M(A,G), Mı(A, C’;) cannot contain C,, and so its complementary 
component M,(C,, C’;) must contian it. Accordingly 14(C,, C’;) contains 
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M,(C,, C’;) by the simplicity of the constituent component. Similarly- 
M,(G,, Cÿ) contains M;(C,, C’;), therefore 


M,(G., C/)=M (0, C/). 
In exactly the same manner, it may be proved that 
MG, C)=M2(C, CG’). 
From these results, it is easily deduced that 
M (Cr; C/)=M(C,, Cy’), 
MG, Cj) = MC, Cy’). Q.E.D. 

Cor. The aggregates of non-principal points of two components M,(C,C’) 
and M,(C, C’) have no common point. 

From Theorems 169, 170, 171, and its Cor., we have the clear know- 
ledge of inner constitution of the continuous set stated in Theorem 169 ; 
namely its constituent components consist of 

1. M,, a common continuous part containing À ; 

2. Mg, a common continuous part containing B ; 

3. [C], [C’], two closed aggregates of common points not belong- 

ing to M, and Mg; 

4. $Ch, {C’},, two continuous aggregates of principal points of 

M(0 0); | 

5. {C}a2, {C'}2, two continuous aggregates of principal points of 

M;(C, C'); [ 
6. [N],, [N], two semi-continuous aggregates of non-principal 
points of M,(C, の ) and M,(C, C’). 

Here the common parts of the two constituent components are two: 
continuous parts M,,Mz, and two closed aggregates {C'}, $C’} ; and 
the non-common parts are two semi-continuous parts [N], [N], and two 
aggregates of principal point {C'}1—[C], {C}:-[C]; {C’§.—[C’], 
CORSICO 

Here we shall study some interesting properties of the set defined in 
Theorem 170, Cor.. | 

Theorem 172. In the set defined in Theorem 170, Cor., the aggregate 
of conjugate principal points of A (or B) with respect to one of the con- 
stituent components is wholly contained in the aggregate of the same property 
with respect to the other ; and the two aggregates of non-principal points of 
the two constituent components have no common point. 

Proof. Denote by ¥%,, and %,,, the agyrevates of conjugate prin- 
cipal points of B with respect to the constituent components IM; (A, B) 
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and M,(A, B) respectively, and suppose that Ÿ,, is identical with the 
‚common continuous component containing A, then whether 7, » is wholly 
contained in Ÿ,, or contains wholly 7,, in it. That is, when 7, 。 
has certain points $ As}, not contained in ¥,,, all points of Y,, belong 
to の 。. For, if a point A, of Ÿ,, were a non-conjugate principal point 
o° B with respect to M,(A, B), and so did not belong to #,2:, then 
M;(A,, B) would contain no point of Y,,. But 7,, being a common 
continuous component containing A, it contains a component M;(A, A,) 
= M,(A, A,), which of course does not contain $A,}. Hence it follows 
that M,(A, B)= M(B, A,)+M;(A,, A) does not contain { 4,}, which is 
impossible. ‘Thus the first part of our theorem is proved. 

Next denote by 2, and %, the aggregates of non-principal points of 
M,(A, B) and M;(A, B) respectively, then the part of ®, contained in 
M,(A, B), if it exist, is contained in 7,, or 7, 5, but never in ®,, as 
will be easily seen from the first part of the theorem, and also Theorem 
170, Cor.. Similarly the part of 2,, contained in ZZ,(A, B), is contained 
in 7,, or Yz, but never in %,. Thus the latter part of the theorem 
is also proved. 

From the properties above obtained, we may prove the following 
theorem as in Theorems 163 and 164. 

Theorem 173. If the constituent components of the above set be of 
the simple type, then the set may be divided into the four aggregates の, 
Y,, DI, and DI having the following properties : 

(i) AU points of P,=V,,+?, are conjugate biprincipal points 
of B, but not of A; 
(ii) all points of V,= の 」 二 Fe. are conjugate biprincipal points of 
A, but not of B; 
(iii) all points of D'=D'+®) (where ©)’, DI denote the part of ®:, 
D,, not contained in 9,+ 1) are conjugate biprincipal points 
of A and B at the same time ; 
and also 
(i) any point of Ÿ, forms a pair of biprincipal points with any point 

- of Fs; 

(ii) any point of の / forms a pair of biprincipal points with any point 

of Dy ; 

(iii) any point of D'=D'/+®) forms a pair of biprincipal points with 

any point of V= PV, +T,. 
That is, any two points, taken from any two of the four aggregates の Va, 
Di, DI, always form a pair of biprincipal points of the set. 
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In the above set, if %,,=%,. and %;,=¥%,,, then we have the 
following interesting theorem. 

Theorem 174. The set above defined is divided into two aggregates 7, 
and 7, of principal points of the constituent components and two aggregates 
D, and ®, of non-principal points of them, having the following properties : 

(i) The two aggregates V,, Yz are continuous ; 
(ii) the two aggregates D,, ®, are semi-continuous, and have Ÿ, and 
の 。 as the aggregates of their limiting points ; 
(ii) the four aggregates 1, V3, ®,, ®, have such a property, that 
any two points, each taken from different aggregates, always form 
a pair of biprincipal points of the set, while any two points taken 
from the same aggregate never form it in 7, and Yz, and 
always form it in ®, and ®,. 

It is to be remarked that one part of the properties of this set re- 
sembles very much those of the ordinary set stated in Theorem 42,, while 
the other part resembles tho:e of the singular set stated in Theorem 12. 

Here we shall find a condition that the aggregates of principal points 
of two constituent components may b: identical with each other. 

Theorem 175. In a continuous set with a pair of biprincipal points 
(A, B), whose constituent components have a common continuous component 
containing B, but not that containing A, if its constituent components have 
another common point C, which is a non-principal point of them, then A is 
a simple (or compound) principal point of the both constituent components 
at the same time; and the aggregates of all the conjugate principal points 
of A with respect to the both components are identical with each other. 

Proof. Suppose that one of the constituent components, say M,(A, B), 
is of the third kind, and has A as a compound principal point, then 
M;(A, €) cannot contain any conjugate principal point of A, and so all 
conjugate principal points belong to the common continuous component 
M; containing B (Theorem 167). Now denote by {B{ the aggregates of 
all conjugate principal points of A with respect to M;(4, 5). Then Mz 
must contain certain points other than {B}, since otherwise M,(A, C) 
would contain {6}; denote by $@} the aggregate of the above points. 
From this aggregate take a point @, and consider a component M*(b, Q,), 
which are common to the both constituent components; then this com- 
ponent M*(B, Q,) is the set of the third kind having @, as a compound 
principal point and all points of {8} as conjugate principal points of Q, 
(Theorem 23). But the sum of M;(A, Q,) and M*(B, Q,) is identical 
with the constituent component M,(A, B), and so any point B, of {B} 


| 
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is the conjugate principal point of A with respect to M,(A, B) (Theorem 
54). Conversely, by the same reasoning, we may prove that any con- 
jugate principal point of A with respect to M, (A, B) is also that of A with 
respect to M,(A, B), so that the aggregates of conjugate principal points of 
A with respect to the both components are identical with each other. 

Thus if A le a compound principal point of one of the constituent 
components, so also it is that of the other, and its conjugate principal 
points with respect to the both components are the same. Hence it also 
follows that if A be a simple principal point of one of the constituent 
components, so also it is that of the other. Q.E.D. 

Cor. In a continuous set with a pair of biprincipal points (A, B), 
whose constituent components have a common continuous component contain- 
ing A and also that containing B, if each of the two aggregates of common 
‚points having the property stated in Theorem 171 contains a non-principal 
point of the both constituent components, then the aggregates of principal 
points of the both constituent components are identical with each other. 

After having discussed the constitution of the continuous sets, which 
have a pair of biprincipal points and. at, least one of whose constituent 
components is of the third kind, we proceed to prove the following 
important theorem by the properties of the sets thus established. 

Theorem 176. Any ordinary simple continuous set with respect to a pair 
of biprincipal points, at least one of whose constituent components is of the 
third kind, has an infinite number of pairs of biprincipal points. 

Proof. To prove this we shall distinguish the four cases. 

I. Two constituent components M,(A,B) and M,(A, B) have no 
common point other than A, B. 

In this case, when (4, 5) is a set of the third kind having A as its 
compound principal point, any conjugate principal point C'of A with respect 
to M,(A, B) is a conjugate biprincipal point of A. For, to begin with, 

M,(A, C)=M,(A, B), 
and since M,(A, B) is an ordinary set, M,(B, C) does not contain A; so 
the two components M,(A,B) and M,(B,C) have no common point 
other than B, and accordingly their sum has (A, C) as a pair of principal 
points. Denote this component by M;(A, C), then it is clear that it is 
different from M,(A, で), and the sum of these components forms the 
whole set. It is also clear that there is no third component having (A, C) 
as a pair of principal points, owing to the fact that the constituent com- 
ponents have no common point other than A, B. Therefore (A, C) is a 
pair of biprincipal points of the set. And by Definition 7, the number 
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of conjugate principal points of A is infinite, so our theorem is 
proved. 

Remark. In this case, even when the constituent components are 
singular, this theorem is still true. For, if we take €, so near to B 
that M,(B, C) does not contain A, the same reasoning as above still 
holds. 

II. Two constituent components have common points other than 
A, B, yet they have no common continuous component containing one of 
the biprincipal points. 

Denote by {C} the aggregate of common points which are conjugate 
principal ones of A, and by {C7} that of B (Theorem 160). Take any 
non-principal point P of one of the constituent components, say M; (A, 5), 
then (A, P) is a pair of biprincipal points. In the first place, M,(A, B) 
has one and only one component having (A, P) as a pair of principal 
points ; denote it by M;(A, P). Next the sum of M;(A, B) and (Bb, P) 
have also (A, P) as a pair of principal points. For, in the set M.(A, B) 
+M,(B, P), consider any continuous component containing A, P, then 
since M,(B, P) does not contain A, and M;(A, B) not P, so any continuous 
component containing (A, P) must contain a common point C, of the 
two constituent component and accordingly must contain the two com- 


ponents M,(4A, C,) and M(G, P); but by Theorem 160, 
M (CG; P)= M(B, P), 
M, (A, G)=M;(A, B). 


Therefore any continuons component containing (A, P) always contains 
M,(A, B)+M,(B, P). Thus (A, P) is a pair of principal points of it; 
denote this component by M;(A, P). The sum of M(A,P) and M,(A, P) 
is clearly the original set itself, and it is also clear that there cannot be 
a third component having (A, P) as a pair of principal points. Hence 
(A, P) is a pair of biprincipal points, and by Theorem 30, the number 
of non-principal points is infinite, so our theorem is proved. 

III. Two constituent components have a common continuous com- 
ponent containing one of its biprincipal points. 

Denote by IM, the common continuous component containing A, one 
of the biprincipal points. By Theorem 167, other common points may 
be divided into two aggregates, namely, the one in which any element C 
of it is a conjugate principal point of A with respect to the both con- 
stituent components at the same time; and the other in which any 
element C’ of it is a conjugate principal point of B with respect to 
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M (B, C’) and M(B, C'). Denote by §C} the former aggregate, and 
by {C'} the latter one. Here we have to distinguish the four cases. 

(a). The set has common points of the former aggregate only. 

In this case, from (A, B) take any point P which belongs neither 
to M, nor to the set of conjugate principal points of A with respect to 
M, (A, B), and consider the component 2; (.B, P), then any non-principal 
point À of M,(B, P) is a conjugate biprincipal point of A. For, M;(B, R) 
contains neither M, nor P, and so the sum of M,(A,B) and (BL, À) 
is a continuous component having (A, R) as a pair of principal points, 
since the components have no common point other than {C}, every point 
of which is a conjugate principal point of A and R with respect to 
M;(A,B) and M,(B,R) respectively. Denote this component by M;(A,R), 
then it is clear that it is different from M,(4A, R), and the sum of these 
two components is identical with the original set itself. It is also clear 
that there is no third component M;(A,R). Thus (A, À) is a pair of 
biprincipal points. 

(b). The set has common points of the latter aggregate only. 

In this case, take any non-principal point R of M,(B, C’), then 
(A, À) is a pair of biprincipal points. Its proof runs as follows. 

In the first place, since M,;(A, B) and M,(B, R) have no common 
point other than B, the sum of them has (A, R) as a pair of principal 
points ; denote it by M,(A,R). Then it is clear that this component is 
different from M,(A, R), and also that the sum of these two components 
is identical with the original set itself. 

Further there cannot be a third component M,(A, R). For, any 
continuous component having (A, R) as a pair of principal points must 
contain some common points of the two constituent components, unless it 
is wholly contained in M;(A, B). If it contain a common point 4, then 
it must consist of 


M;(R,.B), M,(B, A), 
or M,(R,B), M(B,@), M(@,A), 
or M;(R, B), MB, CG), M(C%',Cy), M(C;, 4), 
and similar ones. But all these sums contain the component M.(A, R) 
= M;(R, B)+M,(B, A) by the property of C’s. ‘Therefore there is no 
other component than M,(A, が ). 
If it contain a common point C;/, but not D, then it must consist 


of 
M,(R, G!), M.(, A), 
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or M (À, CG), M(G', Cy), M(C}, À), 
ORI つら MD の OO に, SE 


2) 


But all these sums contain M(A,R)= M (R, C)+M(CG/, A). 1here- 
fore there is no other comp nent than (A, R). Hence (A,R) is a 
pair of biprincipal points. 

(c). The set has common points of the both aggregates. 

In this case, if we take any non-principal point À of the component 
M,(C, C’), then (A, À) is a pair of biprincipal points of the set. 

(d). The set has no common point of the both aggregates. 

In this case take any point R’ having the same property as the 
point R in the case (a), then R is a conjugate biprincipal point of A. 
The proof may easily be effected in a similar manner to the case (a). 

IV. Two constituent components have both of the common con- 
tinuous components containing one of the biprincipal points. 

It was proved that in this case those common points of the two 
constituent components, which do not belong to the common continuous 
component containing the biprincipal point, may be .divided into two 
aggregates [C | and [C’] having the property stated in Theorems 170 
and 171. Moreover, by hypothesis, at least one of the constituent com- 
ponents is of the third kind, and so at least one of 4, is a compound 
principal point of that component. Suppose that A is a compound prin- 
cipal point of the component (A, B), then there is an infinite number 
of conjugate principal points of A with respect to M,(A, B) in the com- 
mon continuous component containing B. Take any point R of them, 
then, in the following manner, we may prove that (A, R) is a pair of 
biprincipal points of the set. | 

In the first place, there are two different components having (A, R) 
as a pair of principal points, namely IM; (4, R) and M, (A, R), each of them — 
being a component of M,(A,.B) and M;(A, B) respectively; and more- 
over the sum of these components is identical with the original set itself. 

Next there is no third component having (A, È) as a pair of prin- 
cipal points. For, if there were a third component, then it would con- 
sist of points of the two constituent components and accordingly would 
contain common points of them. Thus it must consist of 


M;(R, C), UCC, À), 
or HR, 0), MiG, 0); ICG, A), 
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RR 生か To nm eo Fall sie d'a) de È d ı 


PP (A) 
or M;R,B), MB, 9) MG A) 
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when the set has [C' |] only as the aggregate of common points. But all 
these contain M,(A, R) or M;(A, R), so there cannot be a third component 
M,(A, R). 

When the set has | C/] besides [C'], the same is still true. Instead 

of (A), here we have 

M;(R, Cx), M (C, k) Om Si M, (Cn' ir, 

M, (R, Cy), M, (Cr Ce jy SE, di é 
and similar ones. But the one containing M,(C,, C,,’) contains M(A, R), 
and the one containing M;(C,, Cw) contains M,(A, R) by the properties 
of [C] and [C’]. Thus there cannot be a third component M;(A, A). 
Therefore (A, R) is a pair of biprincipal points of the set. 

Further the case in which the set has neither [C] nor [の | may 
easily be treated in a similar manner. Thus in all cases our theorem is 
completely established. 

Remark. It is interesting to note that, in the case III (c), any 
non-principal point À of M,(C, C’) forms always a pair of biprincipal 
points with A, while, in the case IV, if © be a non-prineipal point of 
the both constituent components, any non-principal point R of M;(0, 0”) 
always does not form a pair of biprincipal points with A. 

The latter part of the above proposition may be proved as follows. 

By hypothesis, M, (A, C) and M,;(A, C) do not contain B, and since 
È isa point of M,(C, C”), so it is contained in A, (A, C). Now M(A, の) 
contains a component M,(A,R) while 14(C, R)+M;(A, C) contains 
another component M;(A, R). These components M, (A, À) and M;(A, R) 
are different from each other since M,(C, R)+M.(A, C) surely does not 
contain certain points of M,(A, R)('). But the sum of M,(A,R) and 


(1) If M,(C,R) contained all points of M,(C/,R)—[C'], then M,(C, .R) would also 
contain | の] since [C'] is the set of conjuga'e principal points of À with respect to 
M,(0”, R) (Theorem 23, Cor.), but which contradicts the hypothesis that À is a non-prin- 
cipal point of M,(0,C'). Therefore M,(C,R) does not contain certain points {P} of 
M,(C’, R)—[0’], and accordingly those of M,(A,R). These points { P} are not also con- 
tained in M,(A,0), since the two components M,(0, 0”) and M,(0, C’) contain no common 
point other than those of [C] and [07]. Hence M,(C, R)+M,(4, C) does not contain 
certain points of M,(A, R). 
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MW, (4, À) is a proper component of the original set as it does not con- 
tain B. Hence (A, R) cannot be a pair of biprincipal points of the set. 

From Theorem 171 and its Cor., and also from the above remark, 
we have the following beautiful theorem. 

Theorem. In the set defined in Theorem 171, (I) if a point of [C] 
is a conjugate principal point of A with respect to a constituent component, 
then all points of [C' ] are also conjugate principal points of A with respect 
to that component, and if a point of [C] is a non-conjugate principal 
points of A, then all points of it are also non-conjugate principal points of 
A; (II) if a pointof[C]isa conjugate principal point of A with respect 
to a constituent component, then all non-principal points of MC, C’) are 
conjugate biprincipal points of A, and if a point of | C' |] is a non-conjugate 
principal point of A with respect to the both constituent components, then 
all non-principal points of M(C, C”) are non-conjugate biprincipal points 
of A. 


Classification of the Sets of the First Kind. 


By the theorems above established, we may classify the ordinary 
continuous sets of the first kind into tlıree categories: 

(i) that which has no pair of biprincipal points, 

(ii) that which has only one pair of biprincipal points, 

(iii) that which has an infinite number of pair of biprincipal points. 

Of conrse under the continuous set here is meant the one, such that, 
when it has a pair of biprincipal points, its constituent components are 
simple. 


Continuous set of points having a system of three 
points, every two of which form a pair 
of biprincipal points. 


In the following discussions, under a continuous set is meant an 
ordinary simple one with respect to any one of the three pairs of biprin- 
cipal points, unless is stated otherwise. 

Theorem 177. If any two of three points of a continuous set be a pair 
of biprincipal points, then any one of them cannot be a common point of 
constituent components having the other two as a pair of biprincipal points. 

Proof. Let A,B,C be the three points having the said property, 
and suppose that C were a common point of M; (A, B) and M;,(A, B), 
then 
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M, (4, B)= M, (4, 0)+ M;(C B), 


M, (4, B)= M, (4, C)+.M;(C, B). (1) 


(a). If M,(A, C) be identical with M;(A, C), there must be another 
component M(A, C), which is complementary to M,(A, C) and so con- 
tains B, since M,(A, C) cannot contain B. But when any continuous 
component having (A, C) as a pair of principal points contains 5, it 
must contain M(A, B), which cannot be other than IM, (A, 5) or M.(A, B); 
accordingly it must contain M,(A, C’), which is absurd. Thus in this case 
C cannot be a common point of M(A,B) and M.(A, B). 

(b). If (4, C) be different from M,;(A, C’), then at least one of 
them must contain B, because the sum of them is identical with the 
whole set. ‘Therefore 


(i) M(4, C)=M,(A,B), 
or (ii) M;,(A, C)=M,;(A, B). 


But by (i) A (B, C) is the set of conjugate principal points of A with 
respect to M,(A, B), and therefore M;(B, C), the complementary set of 
M,(B, ©), must contain M,(B, C) since M;(B, C) must contain at least 
M,(A, B)—M,(B, C) (Theorem 42); but this is of course impossible. 

The same may be said of the case (ii). Thus in the case (b) also 
the supposition that C were a common point of the two constituent com- 
ponents M,(4A, B) and M,(A, B) leads us again to a contradiction. QLD. 

The previous theorem is stated for an ordinary set, but if we con- 
sider the continuous set in general we have the following interesting 
theorem. 

Theorem 178. If any two of three points A, B, C be a pair of biprin- 
eipal points of a continuous set, and any one of them be a common point 
of the two constituent components having the other two as a pair of biprin- 
cipal points, then the two constituent components are both of the singular ones 
having the points A, B, C as their singular system of three points. 

Proof. Since the two constituent components M, (A, B) and MA, B) 
have a common point の each of them may be decomposed into two parts 


M, (4, C), M,(C, B); and M,(A, C), M;(C, B); that is, 
M, (A, B)= M(A, C)+ M;(C, B), is 
M, (A, B) == M;(A, C) + M, C, B). 


Of these decomposed components, if A (A, C) be identical with 4Z,(4, C), 
there must be another component M(A, C), complementary to M;(A, C), 
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and this component M(A, C) must contain B by hypothesis. But when 
any continuous component having (A, C’) as a pair of principal points 
contains B, it must contain M(A, B), which cannot be other than 
M,(A, B) or M,(A, B); accordingly M(A,C) must contain M,(A, C), 
which is clearly absurd. Therefore M,(A, C) is not identical with 
M,(A, C), and so they are constituent components of the set; and 
accordingly by hypothesis they have a common point B. Hence it follows 
that M,(A, C), a component of M,(A, B), contains a component having 
(A, B) as a pair of principal points, which cannot be other than (A, B) 
itself. Thus we have 
M (A, B)= M, (A, C); 


ae (LI) 
similarly M,(A, B)=M;(A, C). 


The same reasoning may be applied to the other components AZ(B, 0) 
and M;(B, C), and the same result may be obtained. Thus 
M, (A, B)= M,(B, C), 
M,(A, B)=M;(B, ©. 
From (IL) and (III), it follows that 
M (4, B)= M(B, C)= MC, A)= MSA, B, C), 
M;(A, B)= MAB, C)= M(C, A)= MPA, B, C). 


That is, the constituents are singular ones having the points A, B, C as 


(III) 


their singular system of three points. 

Theorem 179. If any two of three points of a continuous set be con- 
Jugate biprincipal points of the other, then any two of them cannot be con- 
Jugate uniprineipal points of the other at the same time. 

Proof. Let the three points having the said property be denoted 
by A, B,C, and suppose that, if possible, B, C' were conjugate principal 
points of A with respect to any one of M}(A, B) and M.(A, B), say 
M, (A, B), then 

M,(A, B)=M,(A, C). 


Therefore M (B, C), a component of M,(A, B), would be a set of con- 
jugate principal points of A with respect to M,(A, B) (Theorem 19). 
And another component having (5, C) as a pair of principal points, 
which we shall denote by M;(B, C), would contain at least M,(A, B)— 
MB, C). But then, since M,(B,C) is the set of limiting points of 
MA, B)—-M,(B, C), M;(B, C) must contain M,(B,C), which is clearly 
impossible. 9.E.D. 
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Theorem 180. If any two of three points of a continuous set form a 
pair of biprincipal points of the set, then any common point of two con- 
stituent components is a conjugate principal point of one of biprincipal points 
with respect to one or both of them. 

In the former case, the constituent components have a cominon continu- 
ous component containing the common point and one of the biprincipal points. 

Lemma. Let the three points having the said property be denoted 
by A, 5, C, and P be a common point of M;(A, B) and M;(A, B); then 
P cannot be a common point of M (A, C) and M(B, C), components of 
M (4, B). | 

Proof. Suppose that the point P were common to the both com- 
ponents M,(A, C) and M(B, C), then M,(C, P) would also be common 
to them (Theorem 89). Now denote by 2, and M,z the remaining 
parts of M,(A,C) and M,(B, C) diminished by AZ, (C, P) respectively, 
then all points of M,(C, P) are limiting ones of M,, or My. (i) If 
M;(B, P) be not identical with M;(B, P), the sum of M;(B,P) and 
M,(C, P) is identical with M;(B, C)('); and since the sum of M(B, C) 
and M;(B, ぴ ) forms the whole set, M;(B, P) must contain all points of 
M,,, and moreover must have them as conjugate principal points of B. 
Therefore all points of M,+2M;(CP)=M;(A, C) are limiting ones of 
M;(B, P)+M;(B, C)—-M,4—-M,(C, P)<M;(A, C); whence follows that 
MA, C) must contain Mi; (A, C), contrary to the hypothesis. Thus in 
this case P is not a common point of M,(A,C) and J(B,C). (ii) 
If M,(B,P) be identical with M;(B,P), then M,(A, P) cannot be 
identical with M;(4A,P), and so by the same reasoning as above we arrive 
at the same conclusion. @.E.D. 

Proof of Theorem 180. Suppose that P belongs to M;(A, C) and it 
were not a conjugate principal point of 5 with respect to M,(A, 6) and 
also to M;(A, B), then M;(C, P) and M;(B, P) and accordingly their 


(1) Since M,(B, C) does not contain A, so its complementary component W,(B, C) 
must contain it and accordingly must contain also a component having (A,B) as a pair 
of principal points. But as it cannot be M,(A,B), it must be M,(A, B). Therefore 
M, (B,C) contains M,(B, P). Further, M, (B,C) contains a component having (4, 0) as a 
pair of principal points. This component must be M,(4A,C). For, if otherwise, M, (B, 0) 
would contain all the points of the set, not contained in M, (A, €), and accordingly would 
contain M,8. Moreover M,(B,() must contain all the points of the set, not contained 
in M,(B, の, so it contains M, 4. Thus M,(B, C) ‘contains Mı,s and Mj, 4, and accord- 
ingly their limiting points {C}, common to M,(4,0) and M,(B,C); which shows that 
M,(B, C) contains M,(B, C), contrary to the fact that (B,C) is a pair of biprincipal points 
of the set. Therefore M,(B, C) contains M,(B, P) and W,(P, C), so that 


M,(B, C)=M,(B, P)+M,(P, C). 
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sum would not contain A; but M,(C, P) and M;(.B, P) being a component 
of M;(B, C) we must have 


M;(B, C)= M;(C, P)+ M;(B, P), 


which shows that 1Z,(B, C) does not contain A. 

Further, by Theorem 179, 7(, C) also does not contain A and 
therefore the sum of M,(B, C) and M;(B, C) cannot contain A; but this 
is impossible since (B, ©) is a pair of biprincipal points of the set. There- 
fore P must be a conjugate principal point of B with respect to at least 
one of the constituent components; the first part of the theorem is thus 
proved. 

Next let us prove that when P is a conjugate principal point ot B 
with respect to M;(A,B), but not to M.(A, B), M(4, P) is wholly 
contained in M,(A, B); namely let us prove that M,(A, P) is a common 
continuous component of the two constituent components M,(A, B) and 
M,(A, B). Since, in this case, A and P are not contained in M,(B, C) 
(Lemma), so no point of M,(A,P) is also contained in JG(B, C) by the 
semi-continuity of the component M,(A, B)—M(B, C’) (which contains A 
and P). Therefore all points of (4, P) and especially the point A is 
contained in 1,(B, C); so M;(B, C) also contains a continuous compo- 
nent having (A,B) as a pair of principal points, which must be either 
M,(A, B) or M,(A, B). But as M,(A, B) contains M,(B, C), the com- 
ponent M(A, B) contained in M;(B, C) must be M,(A4,:B). Thus M;(B, C) 
contains at least M,(A, B) and M;(A, P), and accordingly M,(A,P) and 
M,(A,P); whence follows that M,(A, P) is identical with ZZ(4, P), 
since M(B, C) is simple. @.E.D. 

Theorem 181. If any two of the three points A, B, C of @ continuous 
set be a pair of biprincipal points, then any point of M(B, C) (that which 
does not contain A) is a conjugate biprincipal point of A. Of course the 
same is true of M(A, B) or M(A, C). 

Proof. By Theorem 178, only one of M,(A,B) and M.(A, B) con- 
tains C. Suppose that the one which contains C is J,(A, B), then 


M, (A, B)= M;(A, C)+M;(B, C). (I) 


Since, by Theorem 179, M;(A, C) does not contain B, its complementary 
component M,(A, C') must contain it, and accordingly also must contain 
M(A, B) and M(B,C). But there are only two components having 
(A, B)as a pair of principal points, and M;(A, B), one of them, contains 
M;(A, C), so we must have | 
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M(A, B)= M,(A, B). 

Now M(B, C) cannot contain A, for, if so, then M(B, C) would be 
identical with M,(A, 0), and so A and B would be conjugate principal 
points of C at the same time, contrary to Theorem 179. Since there are 
only two components having (B, C) as a pair of principal points, and 


one of them must contain A, that which does not contain A must be 
identical with M(B, C), so 


M(B, C)=M,(B, C). 


Therefore 77( 4, C)= M, (4, B)+M,(B, C). (II) 
Take any point @ of M,(B, C), then 
M, (B, C)=M;(B, Q) +M; (Q, C). (III) 


Now by (II) and (III), the sum of M,(A,B) and M;(B,Q) is a 
component of the simple set M,(A,C); therefore its component having 
(A, Y) as a pair of principal points, which we denote by 4Z(4, Q), is 
identical with the sum itself or differs from it by M;(B, Q) at most, all 
points of which then being conjugate principal ones of C with respect to 
M,(B, C) (Theorem 104). The same may be said of the sum of M;(A, 0) 
and M,(C, Q) and of its component M;(A, Q), 

Of these two components (4, Q) and M,(A, Q), if M,(A,@) be 
not identical with the sum (A, B)+M;(B, Q), then M.(4, Q) is 
necessarily identical with the sum M;(A, C)+NM;(C, Q) and accordingly 
it contains ZZ,(B, @), since all points of M;,(B, Q) aud M;(C, Q) cannot 
be the principal points of M;(B,C) at the same time. Thus in all 
cases, the sum of M,(A,@) and M;(A, Q) is identical with the whole 
set. Hence in order to prove that (A, @) is a pair of biprincipal points 
we have only to show that there is no third component having (A, 9) 
as a pair of principal points. 

Suppose that there were a third component 4M;{A, @), then it must 
consist of points belonging to the both components 1; (A, B) and M;(A, B), 
and accordingly must contain some common points of them. But, by 
Theorem 180, the common points may be divided into two aggregates 
{Ga{, {Gz}, the former of which consists of the conjugate principal 
points of B with respect to the both components, and of those belonging 
to a common continuous component containing A, while the latter con- 
sists of the conjugate principal points of A with respect to the both 
components, and of those belonging to a common continuous component 
containing B. If M;(A, @) contain common points of $@,} only, then 
it would be identical with M;(4A, Q), but this is absurd. If it contain 
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common points of both {G,{ and {G,}, then it would be identical with 
M,(A, Q), since it consists of points of M(A,C) only, which is again 
absurd. Our theorem is thus established. 

The converse of this theorem is not necessarily true, namely there 
is a continuous set, all points of whose component M(B, C’) are conjugate 
biprineipal points of A, yet (5b, C) is not a pair of DPF points. 
For example, in the set defined by the equations 








y=8 —1Z=a<0 
y=(—1, +1), e=0 
y= Dee 
y=(0, 2), a=—l1 
y—2, -—l<a<+1 
y=(2, 0), ail 


if we take the three points A (—1,0), B(0, +1), C(O, —1), then (A, B) 
and (A, C’) are pairs of biprincipal points, and all points of M(B, €) are 
conjugate biprincipal points of A, yet (5, C) is not a pair of biprineipal 
points. | 
Definition 16. When a point of a continuous set with a pair of 
biprincipal points is not a conjugate biprincipal point of any other point 
of the set, the point is called a non-biprincipal point of the set. 

Theorem 182. If a continuous set has three points, every two of which 
form a pair of biprincipal points of the set, then the set has no non- 
biprineipal point. 

Proof. For, by the previous theorem, any point belonging to the 
component which has two of the three points A,B,C as a pair of 
principal points is a conjugate biprincipal point of the remaining one. 

This property corresponds to that of the singular set with a pair of 
uniprincipal points. 

It should be remarked that even in such a set any two points of 
the set are not necessarily a pair of biprincipal points, since it may 
contain a component of the third kind. 

In the discussion of the continuous sets with a pair of uniprincipal 
points, we have already pointed out that, among the sets with which we 
are familiar, it is very difficult to find the one having a system of 
three points, every two of which form a pair of uniprincipal points; 
but on the contrary, in the continuous sets with a pair of biprincipal 


| 
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points, there are many ordinary sets having the corresponding property. 
But, at the same time, as was already seen in the example of Theorem 
181, there is also a continuous set having three points, such that one 
pair of points taken out of them is not that of biprincipal points, while 
the other two pairs of them are so. Thus a question naturally arises, if 
two pairs of points taken from three points be pairs of biprincipal 
points, then under what condition the remaining pair should also be a 
pair of biprincipal points? ‘The following theorem gives the condition. 
Theorem 183. The necessary and sufficient conditions that, in a 
continuous set having the two pairs of biprincipal points (A, B), (A, C), 
the two points B, C' should also be a pair of biprincipal points are that 
(a) B is not a conjugate principal point of A with respect to the 
both components M,(A, C) and M,(A, C); 

(b) when M.(A, C) contains B, and M,(A, B) and M,(A, C) have 
a common point D, M,(B, D) is a complementary set of M,(C, D) 
with respect to M,(A, B)+M,(A,C) (5215 k#j): 

‘Proof. (1) The conditions are necessary. 

By Theorem 179, the condition (a) 18 necessary ; a under this 
condition one and only one of M,(A,C) and M;(A,C) contains B 
(Theorem 177). Now let the one which contains B be M,(A, C), then 
it contains M,(B, C) and M;(A, B), and thus 

M (4, C)=M,(A,B)+M;(B, C). 1 
If this component M,(B, C) contain A, then M,(B, C) is identical with 
M,(A, C), and so M,(A, B) is the set of conjugate principal points of C 
with respect to M,(A, C). Hence it follows that (A, B) cannot be a pair 
of biprineipal points, which contradicts the hypothesis. Thus M,(B, C) 
cannot contain A. 

Now in order that (B,C) may be a pair of biprincipal points, it is 
necessary that there is a second component having (Bb, C) as a pair of 
principal points and containing all points of the whole set, other than 
those of M,(B, C); denote this second component by M(B, C). Since 
M,(B, C) does not contain A, so the above component M;(B, C) must 
contain it and accordingly must contain M(A, B) and M(A, ©). But, 
since M,(A, C) contains M,(B, C'), so 

M(A, C)=M;(A, C). 
Further, (i) if M,(A, DB) and M,(B,C) have no common point other 
than 5, it is clear that M, (A, B) must be wholly contained in 4Z,(B, C); 
therefore in this case 
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M(A, B)=M,(A, B). 

(ii) If M(A,B) and M,(B,C) have common points other than B, 
then all these common points }B} are principal poin's of at least one 
of M,(A, B) and M,(b, C) (Theorem 63,). First suppose that all points 
of {B} are conjugate principal ones of A with respect to (4, B), 
then since M,(A, B)—{5} is not contained in M,(B, C), so it and ac- 
cordingly all points of M,(A, B) must be contained in M;(B, C); thus 
in this case also 


M (A, B)=M(A, B). 


Next suppose that certain points of {6} are not principal ones of 47 (4, B), 
then all points of {B} are conjugate principal ones of C with respect 
to M,(B, C) (Theorem 63,), and so, since M,(A, 6) must contain IZ, (B,C) 
—{B} by I, it must also contain {6}, accordingly M,(A, B) must 
contain M, (B,C). But, as M;(B, C) cannot contain M,(B, C), we have 
here again 
M(A, B)=M,(A, B). 
Therefore in all cases 


M,(B, C)=M, (A, C) + M;(A, B). IT. 


But in order that the above relation may hold, that is, (B, C) may 
be a pair of principal points of (4, C)+M;(A, B), it is necessary 
that the condition (b) subsists (Theorem 106). 

(II) The conditions are sufficient. 

(a) When 14(4, C) contains B and accordingly contains M,(A, B) 
and (5, C), by the condition (b), M, (A, B)+M(4, C) is a con- 
tinuous set having (B,C) as a pair of PORGE points; denote this 
component by M;(B, C); then we have 

M (4, C)= M (A, B)+ M(B, C) di 
and M,(B, C)= M,(A, B)+ M;(A, C). IE 
Therefore M,(B, C) is different from M;(B, C) and forms the whole set 
with it. 

Thus to prove that (5, C) is a pair of biprincipal points, it is 
sufficient to show that there is no third component M,(B, C). From 
the relations I and II, we can easily deduce that 


M,(A, B)=M (4, 0)+M;(B, C). III. 


If the above components M;(A, C) and 2M(5, C) have common points 
other than C, denote them by {C} and similarly those of M,(A, B) 
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and M,(B,C) by {B}, then M (B,C) and M,(B,C) cannot have 
common points other than those of $B} and {C}. Now, since M,(A, B) 
and M, (B, C) are components of a simple set M,(A, C), the set of their 
common points {B} forms one continuous set (Theorem 89). Similarly 
another set of common points {C'} also forms one continuous set. These 
continuous sets {B} and {C} can have no common point, since, if they 
had, then {B} +5C'} would be identical with M,(B, C), so that M,(B, C) 
would be contained in M,(B, C). Therefore M, (5, C) and M;(B, C) 
cannot have other common points besides those common continuous com- 
ponents containing one of B,C. Hence it follows at once that there 
cannot be a third component having B, ©, as a pair of principal points. 
Thus in this case (5, C) is a pair of biprincipal points of the set. 

(b) When M,(A,C) does not contain B, M,(A, C) contains it, 
therefore in this case also we arrive at the required result by proceeding 
in the same manner as in the case (a). 

Theorem 184. When a simple continuous set M(A, B) is divided into 
three parts M,, Ms, and $M(A, B)-M,—-M,!=M,, where M,, My 
denote continuous components containing A and B respectively, there is 
always a point P in M,, such that M(A,P) contains no point of Mz, 
and W(B, P) no point of M.. 

Proof. Taking a point Y in My, let us first consider the case in 
which a component M(A, @) contains some points $B,} of My. In 
this case all points of {£,} are conjugate principal points of A with 
respect to M(A, Q), since, if otherwise, M(A, B,)+M(B, B,) would 
be a continuous component containing A, 6b, but not @. Denote the set 
of all conjugate principal points of A with respect to M(A,Q)by {@}, 
and any point of M(A, Y)—{Q,} by È; then M(A, が) does not con- 
tain @ and accordingly no point of My. 

Now in the component M(A, Y)—{Q,}, there are some points }S}, 
which are not contained in M,; for, if J, contained all points of 
M (A, の ーー! の so it would contain {@,}, and accordingly 4, which 
contradicts the hypothesis that our set is divided into three parts. Taking 
a point Sn from {S}, consider a component M(@, Sn); if this component 
M (9, Sn) contain no point of M,, then M(B, の ⑦) and accordingly 
M(B,8,) also contains no point of M,, and M(A,S,,) having no point 
of Mz, the point S,, has the said property. 

If M(Q, Sn») contain some points of M,, then they are conjugate 
principal points of の with respect to 2(Q,Sn) Denote all these 
conjugate principal points by {7}; then in M(A, Y)—{Q,} there must 
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be some points }P} which are not contained in M(A,Sn)+{T}. For, 
if M(A,Sn)+{T} contained all points of M(A, Y)—{Q,}, since it is 
continuous, it would contain } @}; and accordingly 


M(A, Sn)+{T}= M(A, Q)=M(9, 8,)+M(A, Sa). 


But since M (A, S5,„) does not contain Q, so {7} must contain it, namely 
the set of conjugate principal points of の must contain @, which is 
clearly impossible. ‘Thus there exists an aggregate {P}. di 

Now taking P, from {P} consider a component M(Q, P,), then 
it contains no point of M,, and since, of course, in this case M(B, Q) 
can contain no point of M,, so also their sum M (B, Q)+M(®, Pr) 
can not. Thus there tis a component J/(B, P,) which contains no point 
of M,, and as was already» proved, the component M(A, P,) contains 
no point of Mg. So the point P, has the said property. 

Next when M(A, Q) contains no point of Mg, if M(B, Q) Li 
contain none of M,,®@ is the point having the said property. If 
M(B,@) contain some points of M,, by proceeding as in the previous 
discussion, we shall also find a point having the said property. @.E.D. 

Remark. When M(A,B) is a singular set, this theorem is not 
true. 

Theorem 185. If a continuous set contains a system of three points, 
such that every two of them form a pair of biprincipal points of the set, 
then it has a system of four points having the same property. 

Proof. Denote by A, 5, C. the three points of the above system, 
and suppose that M,(A, B) contains C, then, by Theorem 181, the 
following relations hold 


M, (A, B)= M,(A, C)+M;(B, C), I. 

M,(A, C)=ZM,(A, B)+M,(B, ©). Di, 
Sımilarly we can prove that 

M,(B, 0)=M,(4A, B)+M;(A, CX). III. 


So the whole set may be considered to consist of the three com- 


ponents M(4,B), M.(A, C) and M;(b,C). Now denote by {C2} 





(1) Since M, (B,C) does not contain A, M,(B,C) must contain it and accordingly 
must contain M(A,B) and M(A,C). But M, (A,B) contains M, (B,C) by I, therefore 


M (A, B)=M, (A, B). 
Similarly M (A, C)=M, (A, C), 
whence follows that M, (B, C)=M, (A, B)+M, (A, C). 
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the set of common points of M,(A, C) and JL(B, C); and by § BOM} 
that of M,(B, C) and M,(A, B); and by $AP@®} that of M.(A, 0) and 
M,(A,B). Since $C®} is a set of common points of M,(A, C) and 
M,(B, C), the components of a simple set M,(A, B), it is a continuous 
set containing C; similarly {BOY is a continuous set containing B. 

Now it is clear that M,(B, C)' has other points than those of {C@} 
and {B%%}, since, if otherwise, AZ(B, C) would wholly be contained 
in M;(A, C)+M,(A, B)=M,(B, C) by III. Thus, by the previous 
theorem, M,(B, 0) has a point P having the property stated in the 
same theorem. ‘This point P forms a pair of biprincipal points with 
the point B. Its proof may be given as follows. 

In the first place, M,(B, C') has a component having (5, P) as a 
pair of principal points; denote it by Mı(B, P). Next, in the sum of 
M,(C,P), M,(A,C), and M,(A,B), which clearly does not contain 
certain points of M(B,P) (Theorem 184), consider any continuous 
component M containing B, P. Since M,(G,P) and M, (A, B) have no 
common point, this component M must contain a common point of 
M,(A, C) and M,(A, B), namely a point A, of {A}, and so it must 
contain M(A,,B) and M(4,,P). But M.(A,C) and M;(C, P) being 
the components of a simple set M,(A, B), and P being a non-conjugate 
principal point of B with respect to M;(B, C), the sum of M;(A, C) 
and M;(C, P) is identical with M,(A, P) by Theorem 104; and more- 
over M,(A,.B) and M,(A, P) have no other common point than those 
of { A©®}, which has the property stated in Theorem 180. Hence it 
follows that M (4,,P) is a component of M;(A, P), and M(A,, B) that 
of M,(A,B). But again since My(A,, P) must contain C, we have 


M;(Ax, P)= M(4x, C)+IL(P, 0), 
and also by the property of the simple set M,(B, C) and the relation 
III, we have 


M(Ax, C)+M, (Ax, B)=M; (B, C)=M (4, B)+M,(4, ©). 


Thus the component M contains all components A (4, 5), M, (4, C), 
M,(C, P); therefore (A, B) + (A, C)+M;(C, P) is a continuous 
component having (B,P) as a pair of principal points; denote this 
component by M,(B, P). 

The sum of M,(B,P) and M;(B,P) is clearly identical with the 
whole. set, and by what has just been proved, (用 C)+Z,(C, A) + 
MA, B) has only one component M;(B, P) having (5, P) as a pair of 
principal points; and also M;(B, C) has only one component 2 (B, P). 
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Therefore, if there were a third component M;(B, P), it would consist 
of a part of M,(B,P) and a part of JL(B,P). But their common 
points being contained in {BOM} and {P@®}, it is easily seen that 
the third component M;(B, P) containing some of these common points 
cannot be other than M(B,P) or M;(B, P) by the same reasoning as 
in Theorem 183. Thus (5, P) is ‘a pair of biprincipal points of 
the set. 

Similarly it may be proved that (C, P) is a pair of biprincipal 
points, and, by Theorem 181, (A,P) is also a pair of biprincipal points. 
Moreover, from the relations I, II, III, and the property of the simple 
set, it is easily seen that all constituent components M,(B, P), M,(B, P); 
M,(C, P), M,(C, P); and M;(A, P), M, (A, P) are also simple ones. So 
A, B, C, P form a system of four points having the said property. 

Theorem 186. If a continuous set contain a system of three points, 
such that every two of them form a pair of biprincipal points of the set, 
then it contains a system of n points having the same property, where n 
denotes any positive integer greater than 4. 

Proof. By the previous theorem, the set has a system of four 
points having the said property; denote the points by Aı, Ar, As, Ay. 
In the component M(A,, A,) not containing the other two points A,, 
A,, where p,q,7,s denote one of 1,2,3,4, each different from the 
other, (it is clear by the previous theorem that there exists such a com- 
ponent), take a point A, having the property stated in Theorem 184, 
then, by the same reasoning as in the previous theorem, it: may be 
proved that (A,,A;) and (A,, 4。) are pairs of biprincipal points of the 
set; and by Theorem 181 (A,,A;) and (A,,A;) are also pairs of 
biprincipal points of the set. Therefore the five points A,, A,, 43, Ay, A; 
form a system of points having the said property. 

By repeating this process, we can form a system of n points having 
the same property, where n is any positive integer greater than 4. 

This theorem corresponds to Theorem 12 of the continuous set with 
uniprincipal points. While it is very difficult to find such a continuous 
set in the case of uniprincipal points, it is very easy to have the sets of 
this kind in the case of biprincipal points, for example, any closed Jor- 
dan curve is one of this kind. There are also many continuous sets, 
which contain components of the third kind and yet haye the above 
property. 
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Comparison of properties of continuous set(') having a 
pair of biprincipal points with those of 
continuous set having a pair 
of uniprincipal points. 

When we compare the properties of the both sets, we find many 
interesting ‚relations between them. The following are principal ones 
of them. 

I. If, in an ordinary continuous set having two pairs of uniprincipal 
points (A, B), (A, C), B, C be not a pair of uniprincipal points of the 
set, then all points of M(B, C) are conjugate principal ones of A with 
‚respect to the set. 

But the corresponding theorem is not true in a continuous set having 
pairs of biprincipal points. Namely there is an ordinary continuous set 
which has (A, B) and (A, C), but not (B,C), as pairs of biprincipal 
points, and yet certain points (even all points except B,C’) of whose 
component M(B,C) are not conjugate biprincipal points of A. For 
example, consider two ordinary continuous sets which have only three 
common points A, B, C, and each of which has (A,B) and (4,0) as 
pairs of its principal points. In the sum of these sets, (A, B) and (A, の ) 
are clearly pairs of biprincipal points of it; but (B,C) is not so, 
since the sum of M,(B,C) and JZ(B,C) is a proper component of 
M,(A, B)+M,(A, B). Now take any non-principal point P of M,(B, C), 
or; M;(B, C), then the set has three different components having (A, P) 
as a pair of principal points, namely when P is a point of M, (5, C), 

M,(A, P)=M,(A, B), 
M,(A, P)=M,(A, B)+M,(B, P), 
M;(A, P)= M;(A, B)+M;(C, P); 
and when P is a point of M,(B, C), 
M (A, P)= M;(A, B), 
M,(A, P)=M (4, B)+M;(B, P), 
M;(A, P)=M,(A, B)+M,;(C, P). 
Thus (A, P) is not a pair of biprineipal points. 
On the contrary, if in a continuous set with pairs of biprincipal points, 
(+1) Here under a continuous set having a pair of biprincipal points is meant an 
_ ordinary simple one with respect to that pair of biprincipal points, of which we have 
exclusively discussed hitherto. 


86 KUNIZÒ YONEYAMA: 


it has a system of three points A,B, C, every two of which form a pair 
of biprincipal points, then any point of M(B, C) is a Con ae biprincipal 
point of A (Theorem 181). 

But the corresponding theorem is not necessarily true in the continuous 
set with pairs of uniprincipal points; namely there is a continuous set 
having a system of three points, every two of which form a pair of 
principal points, but some points of M(B, C) are not conjugate principal 
points of A with respect to the set. This set we have called a singular one. 

II. In continuous sets with pairs of biprincipal points, there is a set, 
any two points of which form always a pair of biprincipal points of the 
set (Theorem 159). 

But in continuous sets with pairs of uniprincipal points, this is never 
the case; namely there is no such set, that any two points of it form a 
pair of uniprincipal points. 

III. If a continuous set has three points, such that every two of them 
form a pair of biprincipal points, then the set has no non-biprincipal point 
(Theorem 182). 

This theorem is also true in the set with pairs of uniprincipal points; 
namely, if a continuous set has three points, such that every two of 
them form a pair of uniprincipal points, then the set has no non- 
principal point (Theorem 9). 

IV. If a continuous set has a system of three points, every two of which 
form a pair of biprincipal points, then the set has a system of n points 
having the same property, where n denotes any positive integer greater than 
3 (Theorem 186). The number of such systems of n points is infinite. 

This theorem has its correspondence in the continuous set with pairs 
of uniprincipal points (Theorem 12). 

V. In a continuous set with pairs of uniprincipal points, the number 
of these pairs is only one or infinite. The same is also true of the set with 
pairs of biprincipal points. 


Continuous set consisting of two constituent components 
M, (A, B) and M;(A, B) and yet having more 
than two components having (A, B) 
as a pair of principal points. 


We toni already FE the continuous set which consists of two 
components (A, B) and M;(A, B), and which has no other component 
having (A, B) as a pair of principal points. Here we shall consider 
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some other sets of this kind, namely those which have also components 
M;(A, B), M,(A, B),----- other than the constituent ones. As in the 
previous discussion, here we shall treat the continuous set whose con- 
stitutent components M,(A, B) and M;(A, B) are ordinary simple ones. 
But many theorems of this part are also true for any continuous set. 

Theorem 187. Jf, in a continuous set which consists of M,(A, B) and 
M,(A, B), the two constituent components have a finite or countably infinite 
number of common points, other than A,B, the set cannot have a third 
component D, (A, B), whose sum with M(A, B) or M,(A,B) forms the 
given set. 

Proof. Denote by }C'} the set of common points of M,(A,B) and 
M,(A, B), and suppose that there were a third component M;(A, B) 
which forms the whole set with M,(A, B), then M;(A, B) must contain 
all the points of M,(A, B) except {C}. But since the number of points 
of $C} is finite or countably infinite, any continuous component contain- 
ing M,(A,B)—{C} must also contain §C}; so (A,B) must contain 
W,(A, B), which is absurd. 

Theorem 188. If, in a continuous set consisting of M,(A,B) and 
M, (A, B), none of common points, other than A, B, be a conjugate prin- 
cipal point of A or B with respect to M,(A, B) or M;(A, B), and the 
number of the common points be finite or countably infinite, then the set has 
two or more components having (A, B) as a pair of principal points, each 
of which is different from the constituent components. 

Proof. Take any common point À, then, by hypothesis, M(4, が ) 
does not contain . B and accordingly its neighboring points. Thus 
M,(B, R) has a continuous component M containing B, but no point of 
M,(A, R) Further M,(B, R) cannot contain certain points of this com- 
ponent M, since ıthe number of common points of M,(B, R) and 
M,(B, R) is at most countably infinite; so M,(A, R)+M;(R, B) does not 
contain certain points of M,(B, R), and hence M;(A, B), contained in 
M, (A, R)+M;(R, B), is different from M,(A, B). Similarly M;(A, B) 
is different from (A, B), owing to the fact that M,(A-, R)+M;(R, B) 
does not contain certain points of M;(A, R). 

In exactly the same manner, we can prove that M,(A 5), contained 
in M;(A, R)+M;(B, R), is also different from M,(A,.B) and M.(A, B). 
Moreover M;(A, B) is different from M,(A,B). For, describe a suffi- 
ciently small sphere with A as centre, and consider a continuous com- 
ponent (A, 8), wholly contained in this sphere. This component is of 
course a component of 2.(A,), and therefore it cannot be wholly 
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contained in M,(A, R). Nor. it is: contained in M;(B, R), if we take 
the radius of the sphere sufficiently small... So M,(4A, B) contains certain 
points not contained in M;(A, B), and accordingly they are different 
from each other. ©. E. D. 

More generally we may establish the following theorem. In this 
theorem we shall denote the set of common points of M,(A,£,) and 
Mh, , Bs) by {CO}; and! that ef »M,(B, in) and M,(R,R.) by 
{CS}. (p,9=1,2, p+9) 

Theorem 189. If in a continuous set consisting of two components 
M,(A,B) and M,(A, B) having no common continuous component containing 
one of A, B(*), M (A,B) and M,(A, が) have two common points R,, Re, 
such that i) L,, I, are non-principal points of M (A,B) and M, (A, B) 
at the same time; ü) M,(A, R,) and M,(B, R,) have no common point ; 
iit) M (o CM )(? ) is a complementary set of na (A, CS?) and: 


My, (Ce 」 B) with respect to M, (A, R)+M(R,; Ry) on M, (B, Ry) + 


A (R,, R,) respectively ; then the set has the third and fourth components 
M, (A, B) and M,(A, B) whose sum is just the given set itself. 

Proof. (a) Hirst.consider the case in which AZ (R,, È.) and M;(R,, R,) 
are different from each other. In this case if we consider the sums 
of M;(A, E), M.(R, E), M(R,,B) and of M,(A, FK), (A, li), 
M;(R,, B), then, by Theorem 112, (A, B) is a pair of principal points 
of the first sum, and also of the second sum. Denote these sums by 
M;(A, B) and M,(A, B) respectively ; then the sum of these components 
is clearly the given set itself. 

Since R,, R, are non-principal points of M,(A, B), M,(R,, R,) does 
not contain at least one of A, B and accordingly the neighboring points 
of it. The same may be said of ZZ(R,,R,). Thus M;(A,B) is not 
identical either with M,(A, B) or with M,(A, B); and also it is different 
from M(A,b) since M(kR,R,) and M;(ki,R,) are so. Similarly 
M,(A, B) is not identical with any one of M;(A,B), M,(A, B) and 
M,(4, B). 

(b) Next consider the case in which M(R,, R,) and M;(R, , Ry) 
are identical with each other. In this case if we consider the sums of 
M, (4, RB), MR, BR), M(R:, B) and of M,(4, R), M (Mu, hi), 
M,(R,, B), then, by Theorem 112, these sums are also continuous com- 





(1) If M,(4,B) and M, (A,B) have no common continuous component containing 
one of A, B, they may have a finite or infinite number of common points. 
(?) Ma (CO), CO) denotes a component contained in My (Rj, Ro). 
Ri, Ra 3 af 
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ponents having (A, 5) as a pair of principal points. Denoting these sums 
by M;(A, B) and M,(A, BD), we see at once that the sum of these com- 
ponents forms the whole set. 

Since M,(A,B) and (A,B) have no common continuous com- 
ponent containing A, so M,(A, R,) and M.(A, R,) have different points 
from each other, in the neighborhood of A, and accordingly MV, (A, B) 
is different from M, (A, B) and M,(A, B). Further since M,(R,, B) and 
M;(R,, B) have different points, in the neighborhood of B, so M;(A, B) 
is different from M,(A,B) also. Similarly M,(A,B) is different from 
any one of M; (A, B), M.(A, B) and M;(A, B). Q.E.D. 

Considering the two points ,, R, to be coincident in the case (b) 
of the previous theorem, we have the following theorem. 

Theorem 190. If, in a continuous set whose constituent components 
M, (A, B) and M, (A, B) have no common continuous component containing 
one of A,B, the constituent components have a common point R, such that 
M, (A, Ca) is a complementary set of M, (C,,, B) with respect to 
M, (A, R)+M,(R,B), and R be a non-pr HR point. of M,(A, B) and 
M,(A, B), then the set has the third and fourth components M, (A, B) and 
M, (A, B), whose sum is just the given set itself. 

The proof may be established in a manner similar to the case (b) 
of the previous theorem. 

Theorems 189 and 190 give a sufficient condition that a set consisting 
of M,(A,B) and M;(A, B) may have two components M;(A4,B) and 
M,(A, B), whose sum is just the set itself; but to give its necessary and 
sufficient condition in general is difficult, since different cases occur accord- 
ing to the number of common points of IM; (A, B) and M;,(A, B). Here 
we shall give the necessary and sufficient conditions for the simple cases, 
in which the number of :common points, other than A, B, is only one 
or two. 

Theorem 191. The necessary and sufficient condition that a continuous 
set whose constituent components M,(A, B) and M,(A, B) have only one 
common point R, other than A, B, should have two components M, (A, B) 
and M,(A, B), such that the sum of them is just the original set itself, is 
that R should be a non-principal point of the both constituent components. 

Proof. I. The condition is sufficient. For, since M,(A, R) and 
M;(B, R) have only one common point AR, we have 


M;(A, R)+ M;(B, R)= M;(A, B), 


and similarly 
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M,(A, R)+M,(B, R)= M, (4, B). 
Now (A, R) and M,(B, R) have many non-common points since À is 
a non-principal point of M,(A, B); and also M;(A, R) and M;(B, À) 
have the same property. Therefore M;(A, B) and M.(A, B) are different 
from each other, and moreover they are also different from M,(A, B) 
and M,(A,.B); and clearly the sum of them forms the whole set. ‘Thus 
M, (4, B) and M,(A, B) have the required property. 

II. The condition is necessary. For, if À be a conjugate principal 

point of A with respect to M,(A, B), then 
W (A, R)= M, (A, B). 

Now, by hypothesis, the common point of M(4,B) and M,(4, B) is 
only one; so any component having (A,B) as a pair of principal points, 
which is different from M,(A, B) and M, (A, B), must consist of 

(i) (4, À) and M;(B, À), 
or (ii) M;(A,R) and M,(B,.R). 
But M, (A, R)+M;(B, R)=M, (A, B)+M,(B, R), 
thus the component of (i), which has (A, B) as a pair of principal points, 
js M,(A, B) itself. Hence there cannot be two components M;(A, B) and 
M,(4A, B) having the required property. ©. £. D. 

Let us now find the necessary and suflicient condition that a conti- 
nuous set, whose constituent components M,(A, B) and M;(A, 5) have 
only two common points £,, R,, other than A,B, should have two 
components M;(A, B) and M,;(A, B), whose sum is the original set itself. 
Here we have to distinguish three cases according as the two common 
points are principal ones of the constituent components or not. 

(A) The case in which the two common points £,, R, are principal 

points of M,(A, B). 

Let us first consider the case in which R,, R, form a pair of princi- 
pal points. In this case, one of R,, R, must be a conjugate principal 
point of A (say .R,), and the other that of B with respect to M,(A, B); 
and accordingly M,(A, R,) is a set of conjugate principal points of B, 
and M,(B, R,) that of A (Theorem 19). Now M3;(A, B) must consist of 

i) Mı(A, BR), M,(R,, R), and M,(R,,B), 
or li) M,(A,R,) and M;(R,, B), | 
or È ii) (A, È) and M(R,, B), 
since M,(A,R,), M,(R,,B) and M,(R,,R;) are all identical with M, (4A, B). 
But in every one of the above three cases, M,(A, B) must contain at 
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least [M,(A, B)-M;(A, R;)—M(B, R,)] in order that its sum with 
M;(A, B) should form the given set, and accordingly it must also con- 
tain M,(A, R,) and M,(B, R,) (Theorem 41). Namely M,(A, B) must 
contain M,(A, B) itself, and so cannot be other than M,(A, B). | Thus 
the set cannot have two components M;(A, B) and M,(A, B) having the 
said property. 

Next the case, in which both A, and R, are conjugate principal 
points of A (or B), may be similarly treated, and the same result may 
be obtained. Hence we have the theorem. 

Theorem 192. When two common points R,, R, are principal points 
of one of the two constituent components M (A, B) and ML (A, B) of the 
set, the continuous set cannot have two components M;(A,B) and M,(A, B) 
whose sum is identical with the original set itself. 

(B) The case in which one of the two common points £,, R, is a 

non-principal point, and the other a principal point of M,(A, B). 

Let R, be a non-principal point and R, be a conjugate principal 
point of A with respect to M}(A, B), then M,(A, R,) contains neither B 
nor À,; and moreover M,(B, R,) is of the third kind having (B, R,) as 
conjugate principal points of R, (Theorem 23). Now 
M,(A,B)=M,(A, R)+M, (R,, B)=M(A, R)+M (R,, R)+M (R,, B), 
in which M,(R,, 5) is contained in M(&,, À) ; and 

M, (4, B)=M;(A, R.)+M,(R,, R)+M;(R,, B). 
Therefore only possible ways in which -M;(A, 5) may be constructed are 
as follows: 
i) by the combination of M,(A, R,) and M,(£,, 5), 

ii) by the combination of M,(B, R,) and M;(R,, A), 

ii) by the combination of M,(B, R,) and M;(R,, A), 

iv) by the combination of M,(A, R,), M,(R,, R,) and M,(R,, B). 
Other combinations may be reduced to the above or are impossible ones. 

In order that i) M, (A, R,)+ M;(R,, B) may be a component M;(A, B) 
and be different from M,(A, B) and (A,B), it is necessary that 
M;(R,,.B) does not contain A. Further if, in this case, M,(A, R,) con- 
tain R,, then any component having (A, B) as a pair of principal points, 
contained in the sum of M;(A, R,) and M,(R,, 6), cannot contain 
M,(R,, R)—-M,(R,, B)—R;; and certain points of this latter component 
are not also contained in M;(A, B). ‘Thus there is no fourth component 
having the required property. Accordingly it is necessary that M,(A, R,) 
does not contain R,, and also of course B, in order that the set may have 
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the required component M,(A, B). Under these conditions it is clear that 
M, (A, R)+M;(R,, B)= M;(A, B), 
M,(A, R))+M,(R,, B)=M(4, B), 
and M,(4, B)+ M,(A, B)= M, (A, B)+M;(A, B). 
Thus in this case the required conditions are that R, is a non-principal 
point of M;,(A, B), and M;(A, R,) does not contain R,. | 

In the case ii) it is at once seen that there cannot be two compo- 
nents M;(A, B) and M,(A, B) having the required property. 

In order that ii) M.(A4, R)+M,.(R,,B) may be a component 
M;(A, B) and be different from M; (A, B) and M,(A, B), it is necessary 
that M.(A, R,) does not contain 5. In this case, (a) if AZ, (A, R,) does 
not contain /?,, then | 

M,( A, R)+Mı (BR, B)= 11 (4, B) ; 
and further M (A, R)+M;(R,, B)= M.(A, B), 
provided that M,(R,, B) does not contain A; and in this case these two 
components M,(A, B) and M, (4, B) have the required property. (b) If 
M.(A, R,) contain R,, then 

M,(A, R)+M (PR, B)= MG (A,B), | 人 
and it reduces to the case ii), which have not the required components. 
Thus in this case also, the required conditions are that R, is a non- 
principal point of 1,(A, B), and M;(A, R,) does not contain R,. It is 
exactly the same as in the case i). 

Lastly in the case iv), if M,;(R,, R,) contain A, but not B, then it 
reduces to the case ii); and if it contain D, but not A, then it reduces 
to the case i); and if it contain A and B, or both of È, A, be con- 
jugate principal points of one of A, B with respect to M;(A, B), then it 
reduces to the case stated in Theorem 192, in which the set has not the 
required components.. Hence we have only to examine the case in which 
M;(R,, R,) contains neither A nor 5, and at least one of À, À; is a 
non-principal point of .M,(A4, B). In this case we have | 

M (4, R,)+M;(R,, R)+M, (R,, B)=M;(A, B). prat. 
Now if there be a fourth component M,(A, B), complementary to M;(A, B), 
then it must consist of M,(A, R,), Mı(R,, E.) and M.(&,, 5). But 
since I, (R;, I) contains M, (Fu, B), so M:(A, R.)+M;(R,, E) contains 
a component having (A,B) as a pair of principal points, and if this 
component be complementary to -M;(A, B), it must contain that part of 
M,(f,,.6), which is not contained in M;(A, 5). Namely M;(4A, A) 
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must contain the neighboring points of B in M;(R,, B), and according- 
ly must contain the point B itself. Thus R, is a conjugate principal 
point of A with respect to M,(A, B), from which follows that 1,(R,, R;) 
also contains B, contrary to the hypothesis. Therefore in this case there 
cannot be the required components. Hence we have the theorem. 

Theorem 193. When one of the common points (say R,) is a non- 
principal point of M,(A, B), and the other a conjugate principal point of 
A with respect to the same component, the necessary and sufficient conditions 
are that R, is also a non-principal point of M.(A, B) and R, is not con- 
tained in M,(A, R;). 

When R, is a conjugate principal point of A with respect to M;(A, B), 
the above conditions are of course satisfied, and we have the corollary. 

Cor. If one of the two common points is a non-principal point of the 
both components M,(A,B), M.(A, B), and the other a conjugate principal 
point of A(or B) with respect to the both components above mentioned, then 
the set has two components M;(A, B) and M,(A, B) whose sum is just the 
original set itself. 

If one of the two common points is a principal point of the both 
components at the same time, we have a very beautiful theorem concerning 
the necessary and sufficient condition that the set may have two components 
M;(A, B) and M,(A,B), whose sum is identical with the given set. 

Theorem 194. When one of the two common points is a conjugate 
principal point of one of A, B with respect to the both components at the 
same time, the necessary and sufficient condition required is that the other 
of the common points is a non-principal point of the both components at 
the same time. 

Proof. Let R, be a conjugate principal point of A with respect to 
the both components, then AR, cannot be a conjugate principal point of 
B in order that the set may have two components M;(A, B) and M,(A, B) 
having the required property (Theorem 192). Moreover R, cannot be 
a conjugate principal point of A with respect to the both components at 
the same time; for, if R, were so, then any component having (A, B) 
as a pair of principal points would contain one of M,(A, Rı), M(A, R,), 
M,(A, R,), M;(A, R,), and accordingly M,(A, B) or M.(A, B). 

Further if R, were a conjugate principal point of A with respect to 
one of the two components, say (A, B), and a non-principal point of 
the other, then only possible ways in which M, (A, B) may be constructed 
would be as follows: 

i) by the combination of M;(A, R,), M(R,, R;) and M;(R,, b), 
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ii) by the combination of M;(A, R,), M(R,, R,) and M(R,, B). 
But in every one of these cases M,(A, B) must contain at least [M, (A, B) 
—{B}], where {B} is the aggregate of conjugate principal points of A 
with respect to -M;(A,-B), and accordingly must contain M,(A, B) itself, 
which is absurd. Thus in order that the set may have the third and 
fourth components whose sum is just the original set itself, it is necessary 
that R, is a non-principal point of the both components. 

Next the above condition is sufficient. For, since R, is a non- 
principal point and .R, is a conjugate principal point of A, we have 

M,(A, B)= M;(A, R)+M (BR, R)+M;(R;, B), 

M;(A, B)= ML (A, R)+M,(R,, R)+ MR; B), 
where M,(Rı, B) is contained in M,(R,, R,) [p=1,2] and is the set of 
conjugate principal points of A. ‘Therefore only possible ways in which 
77。( 4, B) may be constructed are as follows: | 

i) by the combination of M;(A, R,) and M;(R,, B), 

ii) by the combination of M;(A, R,) and M,(R,, B), 
other combinations being reduced to the above, or impossible ones. ; 

Now M,(A,R,) and M,(R,, B), and also M,(A, R,) and M(R, , B) 
have no common point other than £,, consequently in i) we have - 

M (A, R,)+ M;(R,, B)= M;(A, B), 
and M;(A, R))+M;(R,, B)= M,(A, B); : 
and in il) 
M, (À, R)+M, (R,, B)= M;(A, B), 
and M,(A, R)+M;(R,, B)= M;(A, B). 
The sum of these components M;(A, B) and M,(A, 5) is clearly identical 
with the original set itself, and they are different from each other and 
also from M,(A,'B) and M,(A, B). Thus the set has two components 
M;(A, B) and M,(A, B) having the required property. 
(C) The case in which the two common points it R, are non- 
principal points of M(A, B). 

The case in which £,, R, are principal points of M,(A, B) may her 
treated in the same manner as in the case (A); and the case in which 
one of A, R, is a non-principal point of 7,( 4, B) and.the other a con- 
jugate principal point of A or B with respect to the same component 
may be treated in the same manner as in the case (B), and the same 
result may be obtained. Thus we have only to consider the case in 
which £,, R, are non-principal points of the two components M,(4A, B) 
and M,(A, B) at the same time. 
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Let us divide the component M,(A, B) into parts as many as possible, 
such that every part is a continuous component having two of the four 
common points A, Au, &,, B as a pair of principal points, and it does 
not contain the common points other than its principal points. To 
obtain such a division, first consider the component M,(A, R,), which 
does not contain B by hypothesis. If it contain R,, then R, may or 
may not be a conjugate principal point of A with respect to Mı(A, A). 
Thus the three cases are to be distinguished : 

i) (4, R;) does not contain R,. 

ii) M,(A, R,) contains R,, but A, is not a conjugate principal 
‘ point of A. In this case 

 M(A,R)=M(A, R:)+ M (BR, R;), 
and here M,(R,, R,) does not contain A, for, if it contained it, M,(R,, £,) 
would be identical with 1, (4, R,), and accordingly A, R, be conjugate 
principal points of ‘è, with respect to M,(A, R,), whence: follows that 
they would also be conjugate principal points of B with respect to M;(A, B), 
contrary to the hypothesis. . Therefore A (/,, R,) contains neither A nor 
B. È | a 

ii) M,(A, À) contains £&,, and has it as conjugate principal point 
of A, namely M,(A, R,) is identical with IZ, (A, R,). 

In the case ili), (a) if the complementary component M,(B, R,) of 
M, (A, R,) with respect to M,(A, B) be of the third kind and has £, as 
a conjugate principal point of B, then 

M;(b, R,)= M;(5, R,). 
(b) But if M,(B, À) be of the second kind, one of M,(B, R,) and M (5, h;) 
cannot contain the common points(*) other than its principal points. 
Thus the case iii) may be again subdivided into three cases. 

ii), Hı(A, R)=M;(A, R,), and M(B, R)= M(B, R,). 

ili), IG(A, &)=M;(A, R,), and M,(B, R,) contains neither A nor 
R,. 

iii), M,(A, R)=M (À, R,), and M,(B, R,) contains neither A nor 
h,. 
Similarly the cases ii) and i) may be again subdivided as follows. 
In the case ii), (a) if the complementary component Mı(B, R,) of 
M,(A, R,) contain R,, then È, is a conjugate principal point of B with 
respect to M; (5, R,), for, since M(A, R,) does not contain £,, so M (B, R,) 


(1) Here and hereafter by the common points are understood the four common 
points A,R,,R,,B of M,(A, B) and M, (A, B). 
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contains it, and conversely, by hypothesis, M(B, R,) contains R,, so that 
M,(B, R,) is identical with M,(B, R,). Thus in this case we have 

1)。 M (A, B)= M,(A, R,)+M,(R,, B). 
(b) If M,(B, R,) do not contain R,, then 

il), M, (A, B)= M(A, R,)+M,(R;, R)+M, (Ri, B), 
each of the above components containing no common point other than:its 
principal points. | 

In the case i), since M,(A,.R,) does not contain R,, so M(B, R;) 
contains it. ‘Treating this case as in the cases ii) and iii), we have 

i)a M,(A, B)= (4, R)+M(R, B), 
where 2(£,,-B) is identical with M,(R,, B), and M,(A, R,) does not 
contain R,; and 

), = M(4,B)=M(4,R)+M(R, R)+M(R,, B), 
each of the above components containing no common point other than its 
principal points. 

Thus all possible cases which may occur in dividing the component 
M, (4, B) into the ones having the required property are as follows. 


[G2] | (UP (A, Ri), MR, Re), M (Rss お) (i), 
(II) 4, (A, R.), M(R,, È), M(R, 2). (ii), 
(ID® M,(4, R)=M(4, F;), M(B, R)=M(B,R). (Hill 
[GS KV) M(A4, R)=M;(A, BR), M (B, R;) or M,(B, R,). (ii),, (di), 
(V)® M,(A, R,) or Mı(A, R;), M.(B, R)=M,;,(B, R,). (is, a 
Treating the component M;(A, B) in a similar manner, we have 
[eo] (I)? M(A, R), M:(Rı, R.), M.(R., B). 
(II)? M(A, È.) IR, Rı), MR, 2). 
(QU)? M, (A, R)=M;(A,R,), M(B, R)=M;(B, R,). 
[GA V)® 22(4, R)=M;(A,R), M(B, È) or M;(5, R,). 
| (V)® M;(A,R,) or M;(A, È), M(B, R)=M(B, R,). 
Now combine all cases concerning M,(A, B) to any one concerning 
M, (A, B), and examine whether they give the components M;(A, B) and 
M;(A, B) having the required property. 
I. Combination of any one of the group [GS] with that of the 
group [GS]. 
In this case the set has two required components 7。(4, B) and 
M,(A, B). For, as example, take (I) and (1)®, then each of 
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(a) M,(A, R)+M;(R,, R)+M (R,, B), 
(b) M,(A, R)+M (BR, R:)+M.(R,, B). 


has (A, B) as a pair of principal points since every successive component 
of the sum has only one common point with its predecessor ; and the sum 
of them is clearly the original set itself. Also it is clear that they are 
different from each other and moreover from M,(A,B) and M;(A, B). 
Therefore taking (a) and (b) as M,(A, B) and M,(A, B), we have the 
required components. 

II. Combination of any one of the group [GS] with that of the 

group [GP]. 

In this case also the set has two required components J/;(A, B) and 
M,(A, B). For, as example, take (III) and (III)”; and consider two 
components consisting of 

(a) M,(A, &,) and M(&,, B), 
and (b) MW, (4, R,) and M;(R,, B), 
then they have the required property and may be taken as J4(A, 2) 
and M,(A, B). 

III. Combination of any one of the group [GS] with that of the 

group [GS]; and combination of any one of the group [ GS] 
with that of the group [ @5”]. 

In this case the set can not have two components M,(A, B) and 
M,(A, B) having the said property. For, as example, take (I) and 
(IIL), namely, 

aye M(A,R), M(R,R), M(R,,B), 

(III)? M,(A, R)=M;(A, R), M(B, R)=M;(B, R,), 

. then, as M;(A, B), we may only take 


(a) M,(A, R)+M;(R,, B) 
or (b) M;(B, R,)+M,(R,, A). 


But in the case (a), M,(A, お) must contain all the remaining points of 
the set, namely those of 


M, (A, R,), M,(R,, R,) and M,(R,,B); 


nevertheless the sum of these three components cannot have (A, B) as a 
pair of principal points, since the sum of M,(A, R,) and M.(£,, B) has 
it. ‘Thus in this case there cannot be the required components.  Similar- 
ly in the case (b) we cannot have M,(A, B) having the said property. 
Thus we have the theorem. 
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Theorem 195. When R, and R, are both non-principal points of 
M,(A, B) and M,(A, B), the necessary and sufficient condition required is 
that M,(A, B) and M,(A, B) have or have not, at the same time, the proper 
components having R, and R, as conjugate principal points of A or B or 
both. | 

Theorem 196. If two sets of the second kind M,(A, B) and M,(A, B) 
have an aggregate of common points in the neighborhood of A, such that 
it has A as its limiting point, but is nowhere continuous, then the sum of 
the two sets has an infinite number of components having (A, B) as a pair 
of prineipal points. | 

Proof. In the aggregate of common points {Æ}, consider a sequence 
diy, E, ...., En, -..., which has A as its limiting point and which has 
its element £, as an interior point of M,(A4, £,-1). Now taking a point 
En of it, consider the component 1,(B, En); if this component 1,(B, Em) 
be entirely contained in the sum of 2M;(5, En) and M;(E„, A), then 
again take a point L,,,, such that M;(D, Em+p) is not entirely contained 
in the sum of M,(B, Ens») and M;(Emzp, A). (It is iclear that such a 
point Em, exists in the set.) But if M;(DB, Em) be not entirely contained 
in the sum of M,(D, En) and M;(Em, A), then consider that sum itself. 
In both cases, the above sum contains a component having (4, B) as 
a pair of principal points; denote it by M;(A, B). This component 
M,(A, B) is different from I (A, B) and M;(A, B), since the above sum 
does not contain certain points of M;(A, Em») and also those of 
M;(B, Enz»). Thus we have a new component having (A, B) as a pair 
of prineipal points. 

Now it is clear that there are an infinite number of points having 
the same property as that of the point Em+p; denote them by (Em-+p, 
Em 20200 anorg eee oe ) (In<g9n+)., In this aggregate, take a 
point Em+p+g, such that M;(A, Em+p+%) and (BP, Em+p) have 
no common point(’), then the component M,(A, B), contained in 
M,(B, Em+p+9) + NM: (Em+p+g, A), is different from M;(A, 6). For, if 
they are identical with each other, they must consist of the points contained 
in the common parts of them and accordingly of the points contained in 
M;(B, En+p) + M:(Em+p+g, A) and of nowhere continuous aggregate 
}C} of common points of M(Em+p, Em+p+%) and M;(Em+p, Em+p+q)- 
But MB, Em+p) and M;(Em+p+g,, A) having no common point, the sum 


(1) This is always possible, since M, (A, B) is of the second kind and therefore we 
can describe a sufficiently small sphere with A as centre, such that it contains no point 
of M,(B, En+p), while it contains a component M, (A, E) (9>M+p). 
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of them and {C} cannot contain a continuous component containing A, 
B. Therefore M,(A, B) must be different from M;(A, B), and of course 
it is different from M(A,B) and (A,B). Thus again we have a 
new component having (A, B) as a pair of principal points. 

Further take a point Em+p+g,+r , such that M,(A, Em+p+9,+r) and 
M, (が, Emn+p +0) have no common point, then from this we may form 
a component 'M;(A, B), different from M (A, B), M.(A, B), M;(A, B) 
and M,(A, B) as before. Proceeding in this way indefinitely we get an 
infinite number of components M, (A, B), IL (A, B), ........ ort, (204 Ds) 


Part I. 


Continuous Set with a Pair of Triprincipal Points. 


Definition 17. When a continuous set has two distinct points A, B, 
such that there are three and only three components having A, B as @ pair 
of principal points, and the sum of them is just the set itself, these points 
A, B are called a pair of triprincipal points of the set. 

Theorem 197. A continuous set with a pair di triprincipal points 
cannot have a pair of uniprincipal points. 

Proof. Denote by M,(A, B), M.(A4, 5) and M;(A,B) the three 
constituent components of the set. It is clear that any pair of uniprincipal 
points (C, D) of the set, if it exist, cannot belong to one of the three 
constituent components. Assume that C belongs to (A, B) and D to 
M, (4, B), then M,(A, B)+M, (4, B) is a continuous set containing C, D, 
and so it contains a continuous component having (O, D) as a pair of prin- 
eipal points (Theorem 1). But this component does not contain some 
points of M;(A, B), thus (0 D) can not be a pair of uniprincipal points 
of the set. | 

In investigating the properties of continuous set with a pair of tri- 
principal points, we shall distinguish two cases, namely (I) the case in 
which the three constituent components have no common point other than 
the triprincipal points, and (II) the case in which the three constituent 
components have common points other than the triprincipal points. We 
shall first discuss the case (I). 


Case I. 


Theorem 198. A continuous set with a pair of triprincipal points 
cannot have a pair of biprincipal points. 
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Proof. Denote by M(A,B), 2M:(A4,.5) and M;(A, B) the three 
constituent components of the set. Taking any two points C, D of the set, 
we shall prove that CD cannot be a pair of biprincipal points of 
the set. 

I. The case in which both C and の belong to one of the constituent 

components, say to Mı(A, B). 

In this case M,(A, B) has a component having (C, D) as a pair of 
principal points ; denote it by M,(C, D). If(C, D) were a pair of biprincipal 
points, then there would be a second component M;(C, D) which is a 
complementary of M,(C, D) with respect to the whole set. Thus M;(C,.D) 
must contain at least M,(A, 5), M;(A,.B), C and D; but the three 
constituent components having no common point other than A, B with 
one another, 27(C D) must contain M,(A4, C) or M,(A,_D) beside the 
above components. Each of these components M,(A,C) and AZ (A, D) 
cannot contain で and の at the same time, since, if so, M;(C, D) would 
contain M,(C, D) as its proper component. Therefore, when M;(C, D) 
contains M,(A, C), it must also contain the component J(B, D), and 
when it contains M,(A, の ), it also contains the component AZ (DB, C). So 
M;(C, D) must contain 

(a) J£(A,B), M;(A, B), M,(A,C), and M(B, D), 
or (b) 27,(4, BD), M;(A, B), M;(A, D), and MW (B, C). 


But in the case (a), A (A, C)+M;(A, B)+M,(B,.D) is a component 
having (C, D) as a pair of principal points; and M;(4, C)+Ih(A, B) 
+M,(B,.D) is another component having the same property ; and each 
of them is a proper component of M;(C, D), which clearly contradicts the 
hypothesis that (C, D) is a pair of biprincipal points of the set. 

In the case (b) the same reasoning leads us to the same contradietion. 
Therefore (0 D) cannot be a pair of biprincipal points of the set. 

II. The case in which C belongs to one ot the three components, 

say M,(A, B), and D to another, say M.(4, B). i 

In this case, if AZ (A, B)+M;(4,.B) has two or more components 
having (C, D) as a pair of principal points, then clearly (C, の) cannot 
be a pair of biprincipal points. Thus we have only to examine the case 
in which the sum has only one component J/(C, D). 

In the first place, this component M(C, D) must be identical with 
the sum of M;(A,.B) and M;(A,B). For, if M(C, の ) were a proper 
component of the sum, then at least one of the two components AZ (A, C) 
and M,(A4, D) could not contain 2. And the one which does not con- 
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tain B (assume it to be (A, C)) could not contain the points {Q} of 
MN, (A, B) in the neighborhood of B, and so 


M,(4, C)+M;(A4, D)= M(C, D) 


would not contain {@}. Thus (の D) is different from J4(B, C) 
+M;(B, D), which surely forms another component having ( 〇 D) as a 
pair of principal points. Therefore there are two different components 
having (C, D) as a pair of principal points in the sum of M,(A, B) and 
M,(A, B), contrary to the hypothesis. Accordingly M(C, D) is identical 
with the sum of J1/,(A, B) and M;(A, B). | 

Next let us see what result will follow from the identity of M(C, の) 
with the above sum. In this case 

M, (4, C)+M;(A, D)= MU, (A, B)+ M,(A, B)= M(B, C)+ M,(B, D). 
But since 24, (A, B) and M,(A,.B) have only two common points A, B, 
it follows 
M, (A, C)= M (À, B)=M;(B, C), 

and VW, (4, D)= M, (A, B)= M;(b, D), 
which shows that 34 (A,B) and AZ (A,B) are singular. From these 
results we may deduce that there cannot be a second component M;(C, D), 
complementary of 7(C,.D) with respect to the whole set. For, if there 
were M;(C, D), then it would contain M;(A, B), IM (4, C)= I; (5, C) 
and 2Z,(B, D)=M;(A,.D); but since | 


M,(A, C)= M;(A, B) 

and M;(B, D)= MA, B), 
M,(C, D) would contain M(C, D) which is impossible. "Therefore in this 
case also (0; D) cannot be a pair of biprincipal points of the set. 

Theorem 199. In a set with a pair of triprincipal points (A, B), the 
necessary and sufficient conditions that two interior points C, D of one con- 
stituent component M,(A, B) (r=1,2,3) should be a pair of triprincipal 
points are that M,(A, B) should have only one component having (C, D) as 
a pair of principal points, and M,(A, C) and M,(B, D) have no common 
point, where Cis an interior point of M,(A, D). 

Proof. I. The conditions are sufficient. | 

By hypothesis, M,(4, B) has one and, only one component M,(C, D), 
and since M,(4,C) and M,(B,D) have no common point, M,(A, C) 
+ M,(B, D) does not contain certain points of M,(C, D). ‘Therefore 


M,(C, 4)+M;(A4, B)+U,(B,D) (s=1, 2,3; sr) 
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is a component having ( 〇 D) as a pair of principal points and is different 
from M,(C, D). Thus there are three and only three components having 
(CD) as a pair of principal points, and the sum of them is clearly the 
given set itself. | 

II. The conditions are necessary. 

If M,(A,C) and M,(B, D) bave common points, then the sum of 
them is identical with M,.(A, B), and therefore contain M,(C, D). Now 
suppose that (の D) is a pair of triprincipal points, then there must be a 
component M(C, D) containing M,(A, B). Since M,(A, 6) and M,(A, B) 
have no common point other than A, B, ‘the component M7(C,.D) must 
contain at least‘ 


M,(A,B), M,(4, 0), | MB, D) 
or M,(A, B), M(A, D), M,(B,C); 


but this is absurd owing to the fact that I, (A, C)+M,(B, D) contains 
M,(C, D), and J1,(4, D) also contains (CO の), C being an interior 
point of M,(4A,.D). Thus if the set has (C, D) as a pair of triprincipal 
points, M.(A, C) and M,(5, D) can have no common point. | 
Next M,(A, B) must have only one component M,(C, D). For, if 


it had two or more of them, then since 
Ms (A, B)+M;(A, C)+M,(B, D) 
and Ms, (A, B)+M,(A, C)+M,.(B, D) 


are components having (C, D) as a pair of principal points, and different 
from each other and also from M,(C, D), the set would have four or 
more components having (C, D) as a pair of principal points, so that 
(C, D) can not be a pair of triprincipal points. 

Cor. In a simple continuous set with respect to a pair of tr pinot 
points (A, B), the necessary and sufficient condition that two interior points 
C, D of one constituent component M,(A, B) should be a pair of triprincipal 
points is that M,(A, C) and M,(B, D) should have no common point, where 
C is an interior point of M,(A, D). 

Remark. Two conditions stated in Theorem 199 are independent 
of each other. For, there is a set M(A, B) whose components M(A, C) 
and M(B,D) have no common point, while it has two components 
M,(C, D) and M.(C, D). For example, take a set defined by the equations 

140 
Uso (0=9=27) 
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iii) 1Sp=2 (0-9), 


and the four points 
A(p=2, 8=0); B(o=0, 9=0), C(0=3, 9=0 ) , D(p=1, en) 


of the set, then it is easily seen that the set has the said property. 
Moreover there is a set M(A, B) which contains only one component 
M(C, D), and yet whose components M(A, C) and M(B, D) have common 
points, where C is an interior point of M(A, の ). For example, take a 
set defined by the equations 





i) y=sin 7 (0Za<1) 
1 一 
ii) y=(+1, 一 1) (x=1) 


and the four points 

Brendel), BD yee 0)- Cla, 4 1), Voss y= 一 1) 
of the set, then the set has the said property. 

Theorem 200. If, in a continuous set with a pair of triprincipal points, 
any two points of constituent component be a pair of triprincipal points, 
then the component is a Jordan curve. 

Proof. By the previous theorem, in order that any two points 
C, D of a constituent component M,(A, B) may be a pair of triprincipal 
points, it is necessary that M,(A,B) has only one component having 
(C.D) as a pair of principal points, namely the component is simple. 
Further M,(A,C') and M,(B, D) can have no common point when C' is 
an interior point of 7.(4, D), so that the simple component J/.(A, P) 
can contain no component of the third kind. Accordingly (A, 5) is 
a Jordan curve (Theorem 132). | 

| Theorem 201. There is no set with a pair of triprineipal points, such 
that any two points of the set form a pair of triprincipal points. 

Proof. By the previous theorem, in order that any two points of 
a constituent component may be a pair of triprincipal points, the com- 
ponent must be a Jordan curve. Thus if there were a continous set 
having the said property, its three constituent components would be all 
Jordan curves. But in such a set, if we take a point C'in one constituent 
component JZ(4,B) and another {point の in the second component 
M;,(A, B), then we have the following distinct four components, each of 
which has (C, D) as a pair of principal points : 


104 KUNIZO YONEYAMA: 


M,(C, 4)+M;(A4, D)= M;(C, D), 
M(C, B) + M;(B, D)= M;(C, D), 
M;(C, B)+.M;(B, A)+M;(A4, D)= M;(C, D), 
M;(C, A) + M;(A, B)+M;(B, D)= M;(C D). 


Thus (C, D) is not a pair of triprincipal points. 

In a set with a pair of biprincipal points (A, B), it has been proved 
that if any two points of its constituent component form a pair of bi- 
principal points, then the component is a Jordan curve; and also it has 
been proved that conversely, a set whose constituent components are all 
Jordan curves, having no common point other than its biprincipal points, 
has such a property that any two points of it form a pair of biprincipal 
points of the set. 

In a set with a pair of triprincipal points, the former part of the 
above proposition is also true as was proved in Theorem 200, but the 
latter part is not true (Theorem 201). Namely in such a set with tri- 
principal points, pairs of points may be divided into two kinds, i.e., 

(i) pairs of triprincipal points when the points belong to one con- 

stituent component ; 

(ii) pairs of quadriprincipal points, when the points belong to different 

constituent components. | 

Theorem 202. In a set with a pair of triprincipal points (A, B), any 
non-principal point of «a constituent component is a conjugate triprincipal 
point of A and B at the same time. Thus the set has an infinite number 
of systems of three points, every two of which form a pair of triprincipal 
points. 

Proof. Let R be a non-principal point of M,(4A, B), then M(A, B) 
has one and only one component M,(B, R). Next since M(R,A) is a 
proper component of M,(A, B) and so does not contain B, M,(R, A) and 
M;(A, B) have only one common point A, and therefore the sum of them 
has (B, R) as a pair of principal points; denote this sum by ZZ(B, KR). 
Similarly the sum of (2, A) and M,(A, B) has (B,R) as a pair of 
principal points and so may be denoted by J4(B, R). It is clear that 
there is no other component having (5, À) as a pair of principal points, 
and moreover the sum of the above three components is identical with the 
whole set. So (B, À) is a pair of triprincipal points of the set. Similarly 
it can be proved that (A, /?) is also a pair of triprincipal points of the set. 

Further from the fact that a set having a non-principal point has 
an infinite number of them, the latter part of the theorem follows. 
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Theorem 203. If, in an ordinary set with a pair of triprincipal points 
(A, B), one of its constituent components be of the third kind, then any 
conjugate principal point of A (or B) is also a conjugate triprincipal 
point of A (or B), but not of both at the same time. 

Proof. Denote by M,(A, B) the constituent component of the third 
kind, and by P a conjugate principal point of A with respect to that 
component ; then, since M;(A, B) is ordinary, M,(B, P) does not contain 
A. Thus M,(A, B)+M(B, P) is a continuous set having (A, P) as a 
pair of principal points; denote it by 2M.(A,P). Similarly M;(A, B) 
+ M,(B, P) is a continuous set having the same property ; denote it by 
M;(A, P). These two components and M (A, P)= I, (A, B) are different 
from one another, and sum of them is clearly identical with the whole 
set. Moreover it is obvious that there is no other component having 
(A, P) as a pair of principal points. Thus P is a conjugate triprincipal 
point of A. 

On the contrary, the set has only one component having (5, の ) as a 
pair of principal points, namely that belonging to (A, B). For, P being 
a point belonging to M,(A, B) only, any component .1/(B, P) must con- 
tain 1,(B, P) or M (A, P)=M,(A, BD) and accordingly always M (B, P). 
Thus P eanno: be a conjugate triprineipal point of PB. QA. 

From Theorems 202 and 203, we have the following theore 5. 

Theorem 204. In an ordinary set with a pair of triprincipal points (A, 
B), any point of it is a conjugate triprincipal point of at least one of A, B. 

Definition 18. By Theorem 12, any point P of a singular set 
M(A, B) is a conjugate principal point of one of A, B, or of both. In 
the former case, the point P is called a semi-principal point of the singular 
set M(A, B), and in the latter case a perfect principal point of the singular 
set. If we apply this definition to an ordinary set, then any principal 
point of the set is a semi-principal one. 

Theorem 205. If in a set with a pair of triprincipal points (A, B), 
its constituent component M,(A,B) be singular, then any semi-principal 
point of it is a conjugate triprincipal point of one and only one of A, お: 
but any perfect principal point of it, none of A, B. 

Proof. ‘This theorem may be proved in exactly the same manner 
as in Theorem 204. 

From Theorems 203, 204 and 205, we have the following important 
relations in a continuous set with a pair of triprincipal points (A, B). 

(i) If P be a non-principal point of constituent components, then 
it is a conjugate triprincipal point of A and B at the same time. 
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(ii) If P be a semi-principal point of constituent. components, then 
it is conjugate triprincipal point of one and only one of A, B. 

(ii) If P be a perfect principal point of constituent components, 
then it is a conjugate triprincipal point of none of A, B. 

Further we may prove the following theorem. 

Theorem 206. When P is a perfect principal point of a constituent 
component, it cannot be a conjugate triprineipal point of any other point of 
the set; in other words, P is a non-triprincipal point of the set. 

Proof. Since P is a perfect principal point of a constituent com- 
ponent M,(A, B), the component M,(A,.B) must be singular, having 
(A, B, P) as a singular system of three points. Therefore the set cannot 
contain more than two components having (の, の) as a pair of principal 
points, where @ denotes any point of the set. So the point P cannot be 
a conjugate triprincipal point of any point of the set. Q.D.E. 

If we extend Definition 18 to the set with a pair of triprineipal 
points (A, B), namely if we call a point P, which is a conjugate triprin- 
cipal point of both A and B, a perfect triprineipal point; and that 
which is a conjugate triprincipal point of one and only one of A,B, a 
semi-triprincipal point, then we may state the result obtained above as 
follows. 

Theorem. In a set with a pair of triprincipal points, (i) if P be a 
perfect principal point of a constituent component, then it is a non-triprin- 
cipal point of the set; (ti) if P be a non-principal point of a constituent 
component, then it is a perfect triprincipal point of the set; (iti) if P be 
a semi-principal point of a constituent component, then it is also a semi- 
triprincipal point of the set. 

From Theorems 202, 203 and 205, we have the following theorem. 

Theorem. If a continuous set has a pair of triprincipal points, (its 
constituent components may be singular or ordinari Ys simple or non-simple), 
then it has an infinite number of them. 

Theorem 207. Ina set with a pair of triprincipal points (A, B), if 
two points C,D be interior points of different constituent components, the 
necessary and sufficient condition that C, D should be a pair of triprincipal 
points of the set is that one and only one of C, D should be a conjugate 
principal point of one and only one of A,B; or one of .C,D is a con- 
jugate principal point of one of A, B, and the other that of the other with 
respect to that constituent component to which C or D belongs. 

Proof. To discuss the nature of a pair of points (C, D), we shall 
distinguish the following cases. 
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(i) The points Cand D are non-principal points of M,(A, B) and 
7, (A, B) respectively. 
In this case the four components 
(a) D(A, C)+M;(4;.B)+ M;(B, D) 
(b) M;(B, C)+M;(A, B)+M;(A4,D), 
(ce) M(A, C)+12 (4, D), 
(d) M(B, C)+M;(B, D) | 
are distinct continuous ones having (C.D) as a pair of principal points, 
and sum of them is the original set itself. Moreover it is clear that 
there is no other component having (C,) as a pair of principal points, 
so (C, D) is a pair of quadriprincipal points of the set. 

(ii) One of の の is a semi-prineipal point and the other a non- 

principal point of the constituent components. — 

Suppose that C is a conjugate principal point of A, then AZ (A, C) 
is identical with IM, (A, B), and accordingly (a) contains (d). Thus there 
are only three components having (C, の) as a pair of principal points, 
and sum of them is identical with the original set itself. So in this case, 
(C, D) is a pair of triprincipal points of the set. 

(iii) The points C and の are semi-principal points of M,(A, B) 

and M;(A, B) respectively. 

This case may be again subdivided into two cases. 

First case. C and D are conjugate principal points of A and B (or 

B and A) respectively. 
In this case 

M,(A, C)=M,(4, Bb), 

M,(B, D)= M.(A, D), 
and stor (a) is the whole set, but (b), (c), (d) are distinct components 
having (C, D) as a pair of eae points, and sum of them is identical 
with the whole set. So in this case, (C, D) is a pair of triprincipal 
points of the set. | 

Second case. Cand J are conjugate principal points of one of A, B. 

Suppose that C, D are conjugate principal points of A, then (a), (b) 
and (c) contain (d), so in this case there are only one component having 
(C, D) as a pair of principal points, and of course (C; D) cannot be a 
pair of triprincipal points of the set. 

(iv) At least one of C, Disa perfect principal point of a constituent 

component. | 

Suppose that C is a perfect principal point of M,(A,.B) with respect 
to A, B, then 
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M,(A, C)=M;(A, B), 
| M,(B, C)= M;(A, B). 
In this case, (a) contains (d), and (b) contains (c); accordingly there are 
at most two distinct components having (0, D) as a pair of principal 
points, and sum of them is less than the whole set. So in this case, 
(C, D) is not a pair of triprincipal points. 

Thus, of all possible cases, only in the case (ii) and the first of the 
case (iii), (C, D) is a pair of triprincipal points. Hence the validity of 
our theorem follows. 

Theorem 208. If, in a set with a pair of triprincipal points (A, B), 
a point C of M,(A, B) be a conjugate triprincipal point of A, then all 
points of M,(B, C) are conjugate triprincipal points of A. 

Proof. Take any point P of M,(B,C), then (5, P) cannot be a 
pair of principal point ot M,(A, B). For, if so, then 

M,(B, P)=M,(B, À), 

and also since M7,.(B, C') contains M,(B, P), we have 

M,(B, C)=M,(B, P,=M,(B, A). 
Therefore J[,.(A, ©) is a set of conjugate principal points of B with re- 
spect to M,(A, B), or is identical with M,(A, B), and thus the set has 
only one component M,.(A, C') having (A, C’) as a pair of principal points, 
which contradicts the hypothesis that (A, C') is a pair of triprincipal 
points. Consequently / is either non or semi-prineipal point of (A, B). 
So, by Theorems 202, 203 and 205, / is a conjugate triprincipal point 
of A. 

This theorem is true for a singular set as well as an ordinary one. 

| Case IL 

Now we proceed to consider the case, in which constituent components 
of a set have common points other than its triprincipal points, and to study 
its fundamental properties, which may be extended to the general theory 
of continuous set with a pair of n-ple principal points in the next Part. 

The set discussed here is an ordinary simple continuous set with 
respect to a pair of triprincipal points, unless the contrary is stated. 

Theorem 209. If, in a set with a pair of :triprincipal points (A, B), 
its constituent components have a common point C, which is a conjugate 
principal point of A with respect to all constituent components, then (A, C) 
is a pair of triprincipal points of the set. In this case, the three constituent 
components may have an infinite number of common points. 
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Proof. By hypothesis, we have 
M, (A, C)= M(A, B), 
M, (4, C)= M.(A, B), 
and M,(4, C)= M;(4, B). 


Now it is clear that there is no other component having (A, C) as a pair 
of principal points, than those mentioned above, when there is no other 
common point than €. So in this case, (A, C) is a pair of triprincipal 
points. But when there are other common points, we must proceed as 
follows to prove the theorem. 

Suppose that there were a fourth component having (A, C) as a pair 
of principal points, and denote it by 27,(A4, C). Also denote by S,(r=1, 
2, 3, 4) the aggregate of conjugate principal points of A with respect to 
M,(A, C), then M,(A, C') does not contain certain points of M,(A, の 一 
S,(s=1, 2,3), since, if it contained all points of M,(A, C)—S,, it would 
also contain J/,(A, C). itself (Theorem 39). By Theorem 36, S, is a con- 
tinuous set and contains 2 and €, and accordingly a continuous component 
M,(B, C); This component 24,(B, C) ‘having :contained no point of 
M;(A, C)—S,, and also of M,(A, C)-S.(!) (t=1, 2,3, t+s), the sum of 
MA, C) and M(B, C) does not contain certain points of M;(A, C) 
(=1,2,3); and so a component IM(A, B), contained in IM(A, C)+ 
M;(B, C), is different from any one of M,(A, C)= M;(A, B), M(A4,C)= 
M(A, B), and M;(A, C)=M;(A, B), but this contradicts the hypothesis 
that (A, B) is a pair of triprincipal points of the set. 

Cor. In the set of the previous theorem, (B, C) cannot be « pair of 
triprincipal points of the set. 

Proof. Any continuous component M,(B,C) having (5, C) as a 
pair of principal points cannot contain A. For, if it contained it, then 
it would contain a component M,(A, BD), but as the set has only three 
components AZ, (A, B), M;(A, B) and M;(A, B) having (A, £) as a pair 
of principal points, M7,(A, B) must be identical with one of them, say 





(1) For, if I (A,C)—S had a common point ? with M;(5, C), the sum of M;(A, の ) 
and M;(B, P) would contain a component having (A,B) as a pair of principal points, 
denote it by M,(4, B). This component M,(4A, 万) is different from M,(A, B) and M,(A, B), 
since M;(A, P)+s(B, 7) does not contain certain points of 1/:(4,B) and also those of 
Ms(A, B).And of course it is different from the third component M,(A, B), since Mı(A, P)+ 
Ms(B, P) consists only of the elements of Mr: (A, B) and Ms(A,B). Thus the set has 
the four different components having (A, B) as a pair of principal points, contrary to the 
hypothesis. 
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M,(A,B). So M;(B, の) will contain M,(B,C) and accordingly be 
identical with it, from which follows that 


M,(B, C)= M;(b, C)=M, (A, B)=M,(A, ©, 
contrary to the hypothesis that the set is ordinary. Thus the sum of any 
components having (5, C) as a pair of principal points cannot contain A 
and so cannot be identical with the given set. | 

Theorem 210. In a set with a pair of triprincipal points (A, B), any 
common point of the three constituent components is a conjugate principal — 
point of A (or B), but not of B (or A) with respect to all the constituent 
components at the same time, provided that any two of the constituent com- 
ponents do not contain a common continuous component containing one of 
A, B. 

Proof. In the first place, the common point C must be a conjugate 
principal point of A or B with respect to M,(A, DB). For, if not so» 
first suppose that C is also not a conjugate principal point of A with 
respect to M;(A, B), then since M,(A, C)+M;(C, B) does not contain the 
points of 34 (A, B) in the neighborhood of A, and the points of M,(A, B) 
in the neighborhood of B, M(A, B), contained in M(A, C)+M(C, B), 
is different from M,(A, B) and M;(A, B). So the set will have the-four 
different components M,(A, B), M.(A, B), M,(A,B) and M,(A, B) hav- 
ing (A, B) as a pair of principal points, contrary to the hypothesis, 

Next suppose that C isa conjugate principal point of A with respect 
to M,(A, B), then, since M;(A, B) is ordinary, (5, C) is not a pair of 
principal points of M;(A, B), and accordingly M;(B, C)+M;(C, A) con- 
tains a component having (A, B) as a pair of principal points, which is 
different from M,(A, B) and M,(A,B). Thus in this case also it leads 
us to a contradiction as before. Consequently C must be a conjugate 
principal point of A or B with respect to M,(A, B). Similarly it must 
be so with respect to M,(A, B). 

Now the point C must be a conjugate principal point of A (or B) 
with respect to the both components M,(A, B) and M;(A, 6), since, if 
otherwise and it be a conjugate of A with respect to (A, B) and of B 
with respect to J,(A,B), then I14(B, C)+M;(C, A) would contain a 
component M(A, B), different from M,(A, B) and M.(A, 6), contrary to 
the hypothesis. 

Let C be a conjugate principal point of A with respect to the both 
components, then C cannot be a conjugate principal point of B with 
respect to the same components since the set is ordinary. 
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Now by the same reasoning as before, we can prove that C is a 
conjugate principal point of A or B with respect to M,(A, B) and 
M;(A, B) at the same time. But C being a conjugate of A, but not of 
B with respect to AZ, (A, B), it must be so with respect to M,(A, B). Thus 
C is a conjugate principal point of A with respect to the three con- 
stituent components at the same time. Q.E.D. 

Cor. In a set with a pair of triprincipal points (A, B), any common 
point of the three constituent components is a conjugate triprincipal point of one 
and only one of A, B, provided that any two of the constituent components 
have no common continuous component containing one of A, B. 

Theoren 211. If three constituent components of a set with a pair of 
triprincipal points (A, B) contain two common points C' and C' having the 
following properties : 

i) Cand C' do not belong to a common continuous component con- 

taining one of A, B; 
i) Cand C' form a pair of principal points of all the constituent 
components, 
then all the common points of the three constituent components are conjugate 
principal points of one and only one of A,B with respect to all the con- 
stituent components. 

Proof. Since C and C’ form a pair of principal points of a con- 
stituent component, one of them, say C, is a conjugate principal point of 
A, and the other C’ that of B with respect to the above component, 
therefore, by the same reasoning as in the previous theorem, we know 
that C is a conjugate principal point of 4A, and (” that of B with re- 
spect to the three constituent components at the’ same time. Hence all 
the points of MB, C) (r=1, 2, 3) are conjugate principal ones of A with 
respect to M,(A, B), and since C' does not belong to a common continuous 
component containing B, so all common points of the three constituent 
components contained in the common continuous component containing BD 
Gf there be any) must be conjugate principal ones of A with respect to 
the three constituent components(*). Similarly all common points con- 
tained in the common continuous component containing A are also con- 
jugate principal ones of B with respect to the three constituent components. 


(1) If a point P of the common continuous component Mg were a non-conjugate 
principal point of A with respect to M, (A, B), then M, (B, P) would contain all conjugate 
principal points of A and so also would contain the point ©. But since the component 
My (A, B) is a simple set and Mg is a continuous component, .M, (.B, P) is contained in 
Mp, and so ( would be contained in Mg, contrary to the hypothesis. Therefore all points 
of Mz are conjugate principal points of A with respect to Mr (A, B). 
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The remaining common points of the three constituent components have 
also the same property by the previous theorem and Theorem 169. Thus 
our theorem is established. 

© From Theorems 209 and 211, we have the following theorem. 

Theorem 212. When a set with a pair of triprincipal points (A, B) 
contains two points (' and C’ having the properties stated in Theorem 211, 
all common points of the three constituent components form a pair of triprin- 
cipal points of the set with A or B. 

Cor. 1. In a set with a pair of triprincipal points (A, B), when any 
two of its three constituent components have neither a common continuous com- 
ponent containing A nor that containing B, all the points which are common 
to the three constituent components may be divided into two aggregates, such 
that all elements of one aggregate are conjugate principal points of A with 
respect to the three constituent components at the same time, while all ele- 
ments of the other are those of B with respect to the sume components. 

Cor. 2. In the above set, any non-principal point of the constituent 
components cannot be a common point of the three constituent components, 
nor that of any two of them. 

The first part fallows at once from Cor. 1, and the latter part from 
Theorem 160, Cor. 2. 

The two aggregates stated in Cor. 1 have the following interesting 
property. 

Theorem 213. Any element of the one aggregate forms a pair of 
triprincipal points of the set with any element of the other, while any two 
elements of the same aggregate always do not form it. 

Proof. Denote the two aggregates by {A} and {Bj}, and take any 
elements 4,,, 2, from them. By the previous theorem, B, is a conjugate 
triprincipal point of A, but not of D; and A,, that of 5, but not of A. 
Now take (A, B,) as a new pair of triprincipal points, then, since B, is 
a conjugate principal point of A with respect to the three constituent 
components (Theorem 212 Cor.), the new constituent components are the 
same as old, that is, 


M,(A, B,)=M, (4, B), 
M, (4, B,)=M;(A, B), 
M;(A, B,)=M,(A, B). 


Therefore the new aggregates of common points of the three constituent 


components are also $A} and {Bj}, and since all points of {B} are con- 


Jugate triprincipal points of A, and none of {A} is so, all points of {A} 
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are conjugate triprincipal points of B,, and none of {B} is so by the 
previous theorem. Accordingly A, is a conjugate triprincipal point of 
B, while any element B;, taken from { Bj, is not so. The theorem is 
thus proved. 

Theorem 214. In the above set, any non-prineipal point of a con- 
stituent component is a conjugate triprineipal point of A and B at the 
same time. 

Proof. Take any non-principal point P of a constituent component 
M,(A, B), then M,(A, B) has one and only one component having (A, P) 
as a pair of principal points; denote it by M;(A, P). 

The sum of M;(A, B) and M,(B,P) has also (A, P) as a pair of 
principal points. For, any continuous component containing A, P in the 
set M,(A, B)+ M(B, P) must contain at least one (say Bn) of the com- 
mon points of M,(A, B) and M,(B, P), and accordingly must contain 
M(A,b,) and M(B„,P). But by the property of these common 
points, 


M(A, B,)=M,(4, B), 
and M(B,, P)= M,;(&, P). 


That is, any continuous component containing A, P is always identical 
with the whole set M,(A, B)+1 (5, P), so (A, P) is a pair of principal 
points of the set; denote this component by M.(A, P). 

Similarly 24(A4, B)+M,(B, P) has (A, P) as a pair of principal 
points; denote it by M;(A4, P). Now by the property of the common 
points that all of them are principal points of the constituent components, 
it is clear that there is no other component having (A, P) as a pair of 
principal points. Thus (A, P) is a pair of triprincipal points of the set. 
The same is true of another pair (5, P). Q. E. D. 

In the above set, if we denote by 7,, Yz the two aggregates of 
common points of the three constituent components, and by that of 
non-principal points of them, then from Theorems 213 and 214, we 
have the following important theorem. 

Theorem 215. In a continuous set with a pair of triprincipal points 
(A, B), any two of whose constituent components have neither a common 
continuous component containing A nor that containing B, the three ag- 
gregates Ÿ,, Yz, の have such a property that any two points, taken from 
the different aggregates, form always a pair of triprincipal points. 

Theorem 216. If, in a continuous set with a pair of triprincipal 
points (A, B), whose constituent components have a common continuous com- 
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ponent containing A and also that: containing B, every one of the constituent 
components has these two common components as the aggregates of all the 
principal points of it, then the constituent components cannot have other 
common points. 

Proof. Denote by M, and M, the two common continuous com- 
ponents in question; then, since, by hypothesis, the three constituent 
components have M, and not more than M, as a common continuous 
component containing A, so at least one of the constituent components 
must have M, and not more than M, as a common continuous com- 
ponent containing A with any one of the other constituent components. 
Denote it by M,(4A, 6). Similarly there is at least one of the constituent 
components having M, and not more than M, as a common continuous 
component containing 6. Denote it by M,(A, B). 

i) When M,(4A,B) and M,(A, B) are different from each other, 
by Theorem 170, Cor., they have no common point other than M, and 
Mg, and accordingly the common points of the three constituent com- 
ponents cannot be more than those of JZ, and Ma. 

ii. When M,„(A, B) is identical with M,(A, B), by the same Cor., 
M,(4, B) and M,(A, B)(t=#r) have no common point other than IM, 
and Mz, and accordingly in this case also the same conclusion as above 
is obtained. ©. E. D. 

Cor. In the above set, if any two of the constituent components 
have M, and M, and not more than them as common continuous com- 
ponents containing one of A,B, then any two of the constituent com- 
ponents have no common point other than those of MW, and My. 

From this Cor., we may deduce the following in the same manner 
as in the case of the set having a pair of biprincipal points. 

Theorem 217. The set defined in the above Cor. may be divided into 
three aggregates Ÿ,, Lz, and の having the following properties : 

i) all points of Fy are conjugate principal points of any point in 
V,, and vice versa with respect to every one of the three constituent com- 
ponents ; 

ii) all points of の are non-principal points of the constituent com- 
ponents ; | | 

ui) 7, and Yz are both continuous, while の is connected and has 
の 7, as the aggregates of its limiting points ; 

iv) the three aggregates T,, Ÿ,, ® have such a property that any 
two points, taken from their different aggregates, always form a pair of tri- 
principal points of the set. 
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Theorem 218.. If, in a set with a pair of triprincipal points (A, B), 
its constituent components be of the second kind, and have a common con- 
tinuous component containing A and also that containing B, then the set 
has only oné pair of triprincipal points. 

Proof. Taking any two points €, D of the set, at least one of 
which is different from A,B, we shall prove that C, D cannot be a pair 
of triprincipal points. In・the case when A is different from CED, 
determine a point P in a common continuous component containing A, 
such that M,(B, P) (r=1, 2,8) contains C or D or both when M,(A, B) 
contains .C or D or both. Such a point P surely exists, for, describe a 
sphere with A as centre and with a radius less than d, where d denotes 
the smaller one of the two distances AC and AD, and consider a com- 
mon continuous. component M,(A, P) wholly contained in the above 
sphere, then M,(A, P) contains neither C nor J, so M,(B, P) must 
contain them. 

Therefore any continuous component having ( ら D) as a pair of 
principal points, contained in 


M, (4, B)+ M;(A, B)+M;(A, B), 
18 also contained in 
M,(B, P)+M,(B, P)+ M;(B, P), 


as M,(A, P), M;(A,P) and M;(A,P) are identical with one another 
and they contain neither C nor D. Now M,(b, P) does not contain A 
since M,(A, B) is of the second kind. Thus the sum of any components 
having (C.D) as a pair of principal points does not contain A, from 
which follows that (C, D) cannot be a pair of triprincipal points of the 
given set. 

In the case where A coincides with one of C, D, B must be different 
from C,D. ‘Thus, taking B instead of A, we arrive at the same con- 
clusion by proceeding in a similar manner to the above. Q. E. D. 

Theorem 219. If, in a set with a pair of triprincipal points CAB} 
its constituent components be of the second kind, having a common continuous 
component containing A, but no other common points except DB, then the set 
has an infinite number of pairs of triprincipal points, one element of every 
pair always being A. | 

Proof. First, that there cannot be a pair of triprineipal points, 
which has not A as one of its elements, is proved in a similar manner 
to the previous theorem. Next, that there is an infinite number of pairs 
of triprineipal points is proved as follows. | 
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In M,(A, B), take a point P, such that M,(B, P) contains no point 
of the common continuous component ; then (A, P) is a pair of triprineipal 
points. For, since M,(A, 5) and M(B, P) have common point other 
than 5, its sum has (A, P) as a pair of principal points. The same is 
true of the sum of M;,(A, B) and M,(B, P). Thus there are three com- 
ponents having (A, P) as a pair of principal points, namely the previous 
two and the one contained in M(A,B). It is clear that the sum of 
these components is identical with the whole set, and also that there is no 
other component having (A, P) as a pair of principal points. So (A, P) 
is a pair of triprincipal points of the set. It is also clear that there is 
an infinite number of such points as P. 

This theorem may be extended as follows. 

If, in a set with a pair of triprineipal points (A, B), its constituent 
components be of the second kind, having a common continuous compo- 
nent containing A, but not that containing BD, then the theorem still 
holds. ‘This may be proved by using the property of a set proved in 
Theorem 148. 

Theorem 220. If, in a set with a pair of triprineipal points (A, B), 
its constituent components have a common continuous component containing 
B, and at least one of them is of the third kind having A as its com- 
pound principal point, then this common continuous component contains a 
continuous part, every point of which is a conjugate triprincipal point of A. 

Proof. Let M;(A4,B) be of the third kind, then it has a continuous 
component consisting of conjugate principal points of A in the common 
component containing B. Taking any one point P of it, we shall prove 
that P is a conjugate triprincipal point of A. 

Now the three components M,(A,P)=M,(A, B), (A, P) and 
M;(A, P) are different from one another, since 

M, (A, P)+M;(P, B)= M,(A, B), 

M,(A, P)+ MU, (P, bB)=M.(A, B), 

M, (A, P)+M;(P, B)= M;(A, B), 
and | M,(P, B)=M,(P, B)=M;(P, B). 
Moreover the sum of these three components is clearly identical with the 
whole set. Thus to prove the theorem we have only to prove that 
there is no other component having (A, P) as a pair of principal points. 

Assume that there were a fourth component M,(A, P) having (A, P) 
as a pair of principal points. The sum of M,(A,P) and M;(P, B) has 
a component having (A,B) as a pair of principal points, denote it by 
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M(A, B). Since the set has only three components 2, (A, B), M.(A, B) 
and M;(A, B) having (A, B) as a pair of principal points, I (A, B) must 
be identical with one of them. 

First suppose that 7 (A, B) is identical with M; (A, B); then M,(4A, P) 
+M;(P, B) contains M,(A, P)+.M.(P, B), and accordingly M,(A, P) 
contains at least M,(A, P)— {GC}, where }C,{ denotes the aggregate of 
common points of AL(A,P) and M,(P, BD). But since M(A,P) is of 
the third kind and all points of M,(P, B) are its conjugate principal 
points of A, M,(A,P) must contain M,(A,P), contrary to the 
hypothesis. 

Next suppose that M(A, B) is identical with M,(A, B), then by 
the same reasoning as above, M,(A, P) must contain at least M.(A,P)— 
{C,}. © But since }C,{ is a continuous set (Theorem 89), M.(A4, P)— 
$C} is not clcsed and so has its limiting points in {C.}. By Theorem 
129, the sum of M;(A, P)—{C} and its limiting points is a continuous 
set having (A, C2,) as ‘a pair of principal points, where C2, is one of 
limiting points contained in {C3}. Thus M,(A, P) contains at, least 
M,(A, Ci) and M,(C2,,P). But Cx, P being points of M;(P, B)= 
M,(P, B)=M;(P, B), and the constituent components being simple sets, 
M,(C2,, P) must be a component of 1(P, B), so we have 


M,,(Cx, P) = M,( Cy, P). 


That is, M,(A,P) contains V,(A, C,)+2,(C2, P) and accordingly 
M, (A, P), contrary to the hypothesis. 

Similarly the supposition that M(A, B) is identical with M;(4A, B) 
leads to a contradiction. Thus there cannot be a fourth component 
M,( A, P). 

Cor. If, in a set with a pair of triprincipal points (A, BD), its con- 
stituent components have a common continuous component containing A and 
also that containing B, and at least one of them be of the third kind, then the 
set has a continuous component whose points are all conjugate triprincipal 
points of A or B. 

Theorem 221. (i) If, ina set with a pair of triprincipal points (A, B), 
whose constituent components are all Jordan curves, the three constituent 
components have a third common point C, then they have a common con- 
tinuous component containing C and one of A, B. | 

(ii) The constituent components of the above set cannot have common 
points other than those belonging to a common continuous component con- 
taining one of A, B. 
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The validity of this theorem follows at once from Theorem 146 and 
the property of the Jordan curve. 0 っ 


Part, mie 


Continuous Set with Frincipal Points of the mth Order. 


Definition 19. When a continuous set has two distinct points A, B, 
such that there are n and only n components having A, B as a pair of 
principal points, and the sum of them is identical with the set. itself, these 
points A, B are called a pair of principal points of the n!" order or a pair 
of n-ple principal points of the set. 

Theorem 222. A continuous set with a pair of n-ple principal points 
(n=8) cannot have a pair of uniprineipal points. 

The proof may be established in exactly the same manner as in the 
set with a pair of triprincipal points. 

Here we shall discuss the properties of an ordinary simple continu- 
ous set with respect to a pair of n-ple principal points; so under a con- 
tinuous set an ordinary simple one is always understood unless specially is 
stated otherwise. But many of them are common to all ‘continuous sets 
(ordinary or singular, simple or non-simple) having a pair of n-ple 


prineipal points. 
Case I 


First we consider the case in which the constituent components have 
no common point other than the n-ple principal points. 

Theorem 223. A continuous set with a pair of n-ple principal points 
cannot have a pair of principal points of the lower order (nZ3). 

Proof. This theorem is proved by mathematical induction. Assum- 
ing that the theorem is true for a continuous set with (n—1)-ple prin- 
cipal points, we. shall prove that it is also true for a continuous set 
with n-ple principal points (A,B) = M,(A, B)+M;(A, B)+.....: 
+M,.(A, B)+M, (4, B). | | 

First take any two points C, D on M,(A, B)(r=1, 2,------,n), then 
there may occur two cases, i) (C, D) is not a pair of principal points of 
any order whatever with respect to M°®"0(A, B), or ii) if it be a pair 
of principal points of certain order, its order is at least (n—1)('). In 
the former case, (C, D) is not also a pair of principal points of any 


(1) By assumption. 
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order whatever with respect to 17‘ (A, B), since the sum of the com- 
ponents having (C, D) as a pair of principel points in MM "-? (A, B) 
does not contain certain points of 2M°7>(A,.B), and so also the same 
must be true for M“®(A, B). In the latter case, (A, C) and M(B, D), 
where C is an interior point of M,(A,D), cannot have a common 
point. Therefore M,(A, C)+M,(A, B)+M,(B, D), where M,(A, B) 
denotes the component not contained in MU» (A, B), is a component 
having (C, D) as a pair of principal points. Now MC» (A, B) having 
at least (n—1) components having ( ら の) as a pair of principal points, 
so M°(A, B) has at least n of them, and the sum of them is identical 
with the cet itself. Thus (C, D) cannot be a pair of principal points of 
an order lower than n. 

Next take a point C on M,(A,B) and D on M,(A,B). If (C, D) 
be not a pair of principal points of any order whatever with respect to 
M“-»(A, B), then the same is true for M (A, B). If (C,D) be a pair 
of principal points of certain order with respect to MU» (A,B), 
then at least one of the pairs of components [M,.(A, C), M;(5, D)], 
[ M.(B, C), M,(A, D)] has no common points between its elements. For, 
if they have, it must be A or £, and therefore 

i) ‘-M.(A, C)=M,(A, B), or M;(B,D)=M,(A, B) 
li) M.(B, C)=M;(A,.b), or M,(A, D)=M,(A, B). 
In the case i) M,(A, C)+M;(5, D) has a component having (C, D) as 
a pair of principal points, denote it by M7’(C, D); then 
M,(A, C)+M,(4, B)+M,(B, D) 
contains always the same component M’(C,D) for any value of t. Simi- 
larly from the case ii) it results that 
M(B, C) + M,(A, B)+M;(A, D) 
contains always the same component M’(C,D) for any value of t. 
Thus (C, D) cannot be a pair of principal points of any order whatever 
for the set 3%" (A, B), contrary to the hypothesis. ‘Therefore at least 
one of the above two pairs has no common point between its elements. 
Now suppose that the one which has no common point to be [M,(A, C), 
MB, D)], then 
(A, C)+M,(A, B)+M,(B, D) 


has (C, D) as a pair of principal points, and hence M°(A,B) has at 
least n components having (C, D) as a pair of principal points, whose 
sum is identical with the whole set. 
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Thus the theorem is true for the set with n-ple principal points, 
provided that the theorem is true for the set with (n—1)-ple principal 
points. But it was proved that the theorem is true for the set with 
triprincipal points, as it is true for the set with n-ple principal points, 
where n denotes «ny integer greater than 3. 

Theorem 224. A set with a pair of n-ple principal points cannot 
have a pair of principal points of an order higher than 2 (n—1). 

Proof. It is clear that, when any two interior points are taken in 
a constituent component, they cannot be a pair of principal points of 
an order higher than n. 

Further take a point C in M,(A, 5), and another point D in 
M,(A, B), then since M,(A,B) and M,(4A, B) have only two common 
points A, B, M,(A, B)+M,(A, B) cannot have more than two com- 
ponents having (C, D) as a pair of principal points. Also there cannot 
be more than two components having (C,) as a pair of principal points, 
which contain the points of M,(A, 5), namely 


M.(C, A)+M,(A, B)+M,(B, D)=M, (C.D), 
M.(C, B)+M;(3, A)+M,(4, D)=M, 2(C, D). 


Thus, on the whole, there cannot be more than 2(n—1) components 
having the said property. — 

The following nine theorems may be proved in a similar manner to 
the case of the set with triprincipal points. 

Theorem 225. In a set (ordinary or singular) with a pair of n-ple 
principal points (A, B), the necessary and sufficient condition that any two 
interior points C, D of a constituent component M,(A, B) should be a pair 
of n- ple principal points of the set is that M,(A, C) and M,(B, D) should 
have no common point, where C is an interior point of M,(A, D). 

Theorem 226. If, in a set (ordinary or singular) with a pair of n- 
ple principal points (A, B), two points C, D be interior points of different 
constituent components, the necessary and sufficient condition that C, D 
should be a pair of n-ple principal points of the set îs that one and only one 
of C, D should be a conjugate principal point of one and only one of A, B; 
or one of C, D should be a conjugate principal point of one of A,B and 
the other that of the other. 

Theorem 227. In a set with a pair of n-ple principal points, if any 
two points of its constituent component form always a pair of n-ple principa) 
points, then the component is a Jordan curve. 

Theorem 228. There is no set with a pair of n-ple principal Do 
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(n>2), such that any two points of it form a pair of n-ple principal 
points. 

Theorem 229. A set (ordinary or singular) with a pair of n-ple 
principal points has an infinite number of pairs of them. 

Theorem 230. In a set with a pair of n-ple principal points (A, B), 
any non-principal point of a constituent component is a conjugate n—ple 
principal point of A and B at the same time. 

Theorem 231. If, ina set with a pair of n-ple principal points (A, B), 
one of its constituent components be of the third kind, then any conjugate 
principal point of A (or B) is also a conjugate n-ple principal point of A 
(or B), but not of both at the same time. 

Theorem 232. If, in a set with a pair of n-ple principal points (A, B), 
one of its constituent components be singular, then any semi-principal point 
of it is a conjugate n-ple principal point of one and only one of A, B ; 
and any perfect principal point, none of A, B. 

Theorem 233. If, in a set (ordinary or singular) with a pair of n- 
ple principal points (A, B), a point C of M,(A, B) is a conjugate n-ple 
principal point of A, then all points of M,(B,C) are the conjugate n-ple 
principal points of A. 


Case II. 


Now we proceed to consider the case, in which the constituent com- 
ponents have common points other than its n-ple principal points. The 
following ten theorems concerning this case may be proved in a similar 
manner to the case of the set with triprincipal points. 

Theorem 234. If, in a set with a pair of n-ple principal points (A, B), 
ats constituent components have a common point C, which is a conjugate 
principal point of A with respect to all the constituent components, then 
(A, C) is a pair of n-ple principal points of the set. 

Theorem 235. In a set with a pair of n-ple principal points (A, B), 
any common point of the n constituent components is a conjugate principal 
point of A (or B), but not of B (or A), with respect to all the constituent com- 
ponents at the same time, provided that any two of the constituent components 
do not contain a common continuous components containing one of A, B. 

Theorem 236. If all constituent components of a set with a pair of 
n-ple principal points (A,B) contain two common points C and C' having 
‘the properties : 

i) Cand C' form a pair of principal points of all constituent com- 

ponents ; 3 


122 KUNIZÔ YONEYAMA: 


ii) Cand C' do not belong to a common continuous component con- 
taining one of A, B ;. 
then all common points are conjugate principal points of one and only one 
of A, B with respect to all the constituent components. 

Theorem 237. When a set with a pair of n-ple principal points 
contains the two points C and C" having the properties stated in the above 
theorem, all common points of all constituent components form a pair of 
n-ple principal points of the set with A or B. 

Cor. 1. In a continuous set with a pair of n-ple principal points 
(A, B), when any two of its constituent components have neither a common 
continuous component containing A nor that containing B, all points which 
are common to n constituent components, are divided ‘into two aggregates, 
such that all elements of one aggregate are conjugate principal points of 
any one element of the other with respect to every one of n constituent com- 
ponents, while any two elements of the same aggregate do not form a pair 
of principal points of any constituent component. 

Cor. 2. In the above set, any non-principal point of the constituent 
components cannot be a common point of them. 

In the above set, if we denote by Ÿ,, Ÿ,, the two aggregates of 
common points of the n constituent components, and by @ that of non- 
principle points of them, we have the following theorem. 

Theorem 238. In a continuous set with a pair of n-ple principal 
points (A,B), any two of whose constituent components have neither a 
common continuous component containing A nor that containing B, the 
three aggregates V,, Vz, ® have such a property that any two points, taken 
from different aggregates, form always a pair of n-ple principal points. 

Theorem 239. A continuous set with a pair of n-ple principal points 
(A, B), whose constituent components have the same aggregate of principal 
points, and no more common continuous components containing one of A, B, 
may be divided into three parts V,, Vs and の having the following 
properties : 

i) all points of Ÿ, are conjugate principal points of any point in 
V, and vice verso with respect to every one of the n constituent 
components ; 

ii) any point of の is a non-principal point of the constituent com- 

ponents 5 | 

ill) VY, and Ys are both continuous, while の is connected and has 

WY, and Ÿ, as the aggregates of its limiting points ; 
iv) the three aggregates have such a property that any two points, 
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taken from their different aggregates, always form a pair of n-ple 
principal points of the set. | 

Theorem 240. If, in a set with a pair of n-ple principal points (A, B), 
its n constituent components be of the second kind, and have a common 
continuous component containing A and also that containing B, then the set 
has only one pair of n-ple prineipal points. 

Theorem 241. If, in a set with a pair of n-ple principal points (A, B), 
its n constituent components are all of the second kind, having a common 
continuous component containing A, but no other common point except B, 
then the set has an infinite number of pairs of n-ple principal points, one 
element of every pair being always A. 

Theorem 242. If, in a set with a pair of n-ple principal points (A, B), 
its n constituent components have a common continuous component containing 
B, and at least one of them is of the third kind having A as its compound 
principal point, then this common continuous component has a continuous 
part, every point of which is a conjugate n-ple principal point of A. 

Theorem 243. i) If, in a set with a pair of n-ple principal points 
(A, B), whose constituent components are all Jordan curves, the n constituent 
components have a third common point し, then they have a common con- 
tinuous component containing C' and one of A, B. 

ii) The constituent components of the above set cannot have common 
points other than those belonging to a common continuous component contain- 


ing one of A, B. 


Principal Points of an Infinite Order. 


We have discussed the property of a continuous set with principal 
points of a finite order, but we may consider a set with principal points 
of an infinite order. | 

Describe a semi-circle AB with unit radius, and join the centre O 
and the middle point C of the are AB. On the straight line OC, 
determine a set of points {C,}, such that \ 


00,-1- = OL SA PA ASE IN) 


and describe a circular are through AC; B. Then the set of these circular 
ares is clearly a continuous set of points, and the number of components 
having (A, B) as a pair of principal points is countably infinite, and the 
sum of them is the set itself. This set is an example of a continuous set 
with a pair of principal points of a countably infinite order. | 
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Similarly we can construct a continuous set with a pair of principal 
points of a non-countably infinite order. For example, construct a perfect 
set of points dense nowhere on the line OC, and through these points and 
A, B, draw circular ares as before. ‘Then the set of all these circular arcs 
is.the required one, having (A, B) as a pair of principal points of a non- 
countably infinite order. 

From this point of view, many ordinary surfaces and solids may be 
considered as a continuous set of points having a pair of principal points 
of a non-countably infinite order. But there are also surfaces and solids 
(somewhat different from the ordinary ones) having no pair of points of 
any order whatever. For example, the set of points defined by the 


equations, 
i) —1Sy=+1, —lSeS+l], 
ii) +1=ÿ=+7?, a=0, 
ii) y=, ee 


Classification of Continuous Sets. 


We have already classified the continuous sets into three kinds ac- 
cording to the number of pairs of principal points. The sets of the first 
kind, which have no pair of principal points, may again be subdivided 
into two classes according as they have or have not a pair of principal 
points of a certain order. 


When a set has a pair of principal points of the n!" 


order, and its 
constituent components have no common point other than the pair of 
principal points, the set has no pair of principal points of an order lower 
than n (n>2) (Theorem 223). But when the constituent components 
have other common points than the pair of principal points, this is never 
the case as may easily be seen from Theorem 224('). Indeed many sets 
may have pairs of principal points of different orders. 

Definition 20. If the lowest order of the pairs of principal points in 
such a set be m, we shall call this set « continuous set of the m" order, and 
a set having no pair of principal points of any order whatever that of zero 
order. The continuous set of zero order may be again subdivided by the 
following characteristics. 





(1) When n constituent components of the set 7 の (4, B) stated in Theorem 224 
are Jordan curves, then (C, D) is a pair of principal points of the 2(7—1)th order. Thus 
if we consider this set as one having (C, D) as a pair of 2(n—1)-ple principal points, 
then this set has a pair of principal points (A,B) whose order is lower than 2 (n—1). 
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Theorem 244. Among the ordinary continuous set having no pair of 
principal points of any order whatever, there is such a set, that it contains 
proper components having pairs of principal points of the first, the second, 


the third,...... , the 2n order, but not that of the (2n+ 1)" order. 
Proof. Consider 2» Jordan curves having (A, B) as a pair of prin- 
cipal points, and denote them by JI (A, B), M;(A, B), ...... » Mi, (A, B). 


Suppose that these sets have two common continuous components having 
A,B as one of its principal points, namely that the sets have two 
common points C, D such that 


M,(A, C)=M;(A,C)=...... =M„(4, ©), 
M,(B,D)=M,;,(B,D)=...... = M,,(B, D); 


and also suppose that they have no other common point. Then clearly 
the set of points consisting of the sum of these 2n curves has (A, B) as 
a pair of its principal points of 2n™ order. This set contains proper 
components having a pair of principal points of any order less than 2n, 
since M,(A, B)+M;(A, B)+...... +M>,_,(A, B) is a component having 
(A, B) as a pair of principal points of (2n—r)'" order. 

Now taking a point P (other than A) in M,(A, C), construct a 
Jordan curve M(P, Q), which has no common point other than P with 
the set above mentioned, then the sum of M(P, Q), M(A, B), ...... ’ 
M, (4, B) is the set having the required property. 

In the first place, this set has no pair of principal points of any 
order whatever. For, take a point E of M(P, @), and any other point 
F of the set except @, then any component having £, as a pair of 
principal points cannot contain @, so the sum of these components is not 
identical with the whole set, and therefore (E, ア ) is not a pair of prin- 
cipal points of any order whatever. Thus it follows that one element of 
principal points of a certain order (if it exist) must be Q. Now take any 
point G of M,(A, P), then there is only one component having (G, Q) 
as a pair of principal points, and clearly it does not contain certain 
points of the set, so that (G, Q) is not a pair of principal points of the 
set. Next if we take any point H other than those of JZ, (A, P), then 
any component having (H, Q) as a pair of principal points does not 
contain M,(A, P)—P. Thus there cannot be a pair of principal points 
of any order whatever. 

Secondly, the set has proper components having pairs of principal 
points of the first, the second, ........ , the 2n'" order as was already 
seen. 
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Lastly, the set cannot contain a proper component having a pair 
of principal points of the (2n +1)" order. If, in the proper component 
M,(C, D)+M;(G,.D)+...... +Man(0, D), we take E on M.(C, D) and 
F on M;(C,.D) then (E F) is a pair of principal points of the 
2(2n—1)" order, and, omitting one constituent component or its proper 
part, we obtain a proper component having a pair of principal points of 
the 2(2n—1)" order diminished by 2. Thus there is no proper com- 
ponent having a pair of principal points of an odd degree. When we 
omit one or two of M,(C, E), M.(D, E), M,(C,F) and M,(D, F), or 
its proper part, we obtain a component having a pair of principal points 
of an order lower than 2n. If we take E, F on one component M,(C, D), 
then (E, F) is a pair of principal points of 2n™ order. Similarly it may 
easily be seen that any other proper component cannot have a pair of 
principal points of the (2n+1)™ order. 

Theorem 245. Among the singular continuous sets having no pair of 
principal points of any order whatever, there is such a set, that it contains 
proper CO having pairs of 2 の points of the first, the second, 


Se > the n°" order, but not that of the (n+1)" order. 
Proof. Consider a continuous set of points, consisting of M;(A, B) 
IT; (AED) STE , Mn(4A, B), each of which is singular and has no 


common point other than A, B with any other, then this set has a pair 
of n-ple principal points (4,B); and omitting M,(A, B), M,(A, B), 
RA , M,(A, B), we get a proper component having (A, B) as a pair 
of principal points of (n—r)" order. 

We shall prove that this set cannot have a pair of principal points 
of order higher than n. Take first any two points C, D on M,(A, B), 
then A, (A, B)+M,.(A, B) has at most two components having (C, D) as 
a pair of principal points, namely one in M,(A, B), and, if possible, one 
in M.(A, C)+M, (A, B)+M,(B, D) or M.(A, D)+M,(A, B)+M,(B, C). 
Thus there cannot be more than n components having (C, D) as a pair 
of principal points. 

Next take C on M,(A,B) and D on M,(A4,5), then M,(A, B) 
+M,(A,B) has at most two components having (C, D) as a pair of 
principal points. Further in the sum of M,(A, B), M,(A, B) and 
M,(A, B), consider two components 


(i) M.(A, C)+M,(A, B)+M;(B, D), 
(i) M,(B, C)+M,(A, B)+M,(A, D) 
If at least one pair of (A, C) and (B,D) be that of principal points 
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with respect to M,(A,b) and M,(A, B), then (i) contains M,(B, C) 
+M,(B,D) or M.(A, C)+M,(A, D), and accordingly the component 
having (C, D) as a pair of principal points, contained in (i), will be the 
same as that contained in M,(A, B)+M,(A, B). If both pairs (A, ©) 
and (B,D) be not the pairs of' principal points, then (i) has a new 
component having (C, D) as a pair of principal points, but, in this 
case, (B, ぴ ) and (A, D) being pairs of principal points with respect to 
M,(A, B) and M,(A,B) respectively, a component contained in (ii), 
which has (C, D) as a pair of principal points, will be the same as that 
contained in M,(A, B)+M,(A, B). So (i) and (ii) contain at most one 
component having the said property, except those contained in M,(A, B) 
+M,(A,B). Accordingly the set has at most n of these compononts, 
and therefore the order of principal points is at most 7. 

Now consider two Jordan curves M(A, P) and M(Q, Rk), i that 
they have only one common point J?, and that M(A4,.P)+M(0Q, R) and 
M,(A, B)+M,(4, B)+...... +M,(A, B) have only one common point 
4. Then the sum of M(A, P), M(Q,R), M (A, B), M,(4,B), ...... 8 
M, (A, B) is a continuous set having the property stated in the theorem. 

Definition 21. If a continuous set having no pair of principal points 
of any order whatever contains proper components having pair of principal 
points of every order less than or equal to n, but never that of (n+1)" 
order, then the set. is called a continuous one of the n degree and zero 
order. 

Thus continuous sets having no pair of principal points of any order 
whatever may be classified by the degree of them. If we admit the 
continuous set of an infinite degree, then it is clear that any continuous 
set of zero order belongs to a set of a certain degree. 

。 Hence we have the following table of classification of continuous sets 
of fate 
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Or from another point of view, namely from the singularity or 
non-singularity of the sets, they may be classified into three kinds as 
follows. 


(II) 
Ordinary set. 
Continuous sets {Semi-singular set. 


Singular set. 


Classification of Points of a Continuous Set. 


The points of a continuous set may be classified into the three kinds 
from the two points of view, as was already seen. 
Non-principal point. 
(1) Simple principal point. 
‚Compound principal point. - 
And 
Non-separating point. 


II Perfectly separatine point. 
À ea rane ] TOA 


Imperfectly separatine point. | 
| PS ye SI The second kind. 


And their relation may be expressed as follows : 


Simple principal point. 
Points of SIA ; ....Non separating point. 
er Compound principal point.’ 
continuous set 


Non-principal point .... | a DL 


Imperfectly separating point. 


When a continuous set of points has a pair of principal points, the 
points of the set may be classified into another three kinds with respect 
to that pair. 

Perfect principal point. 
© (III) +Semi-principal point. 
| Non-prineipal points. 

Now a simple principal point is always a semi-principal point, and 
a perfect principal point is always a compound principal point; but the 
converse of the above two propositions are not necessarily true. ‘Thus, in 
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compound principal points, there are two kinds of points, namely, perfect 
principal point and semi-principal point. ‘Therefore we have the follow- 
ing table of classification of the points of a continuous set. 


Table of Classification. 


Perfectly separating points. 
Non-principal points..... Separating points.... Imperfectly separating 


points, aaa n 
Points of : The first kind. 
Continuous rie ] 
Set. The second kind. 
Principal points..... Non-separating points. 


Simple principal points. 


‘| Compound principal Perfect principal points. 
points ins see eee | 
| Semi-principal points. 


Parteuve 


End Point Defined. 
Its Relation to Principal Points. 


In this part, we shall define the end point of a continuous set by 
means of principal points, and investigate the properties of the end point 
thus defined and its relation to principal points. 

Definition 22. If a continuous set of points has a point, such that it 
is not an interior point of any continuous component having any two points 
of the set as a pair of principal points, then this point is called an end 
point of the set. 

All the points other than the end point are called inner points of the 
set. 

Theorem 246. When a continuous set has only one pair of principal 
points (A, B), its principal points are end points, and the set has no other 
end point. | 

Proof. Suppose that one of the principal points (say À) were not an 
end point, then there would be a component M,(C, D) containing A as its 
interior point. But, since any components having (B, C’) as well as (B, D) 
as a pair of principal points cannot contain A by hypothesis, the two 
components M,(C, A) and M,(.D, A), contained in M,(C, D), must contain 
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a common continuous part M, containing A(!). Now take a point P 
in this part M,; then M,(C, P), a component of 17,(C, A), cannot con- 
tain A; for, if so, M,(C, A) would have A and Pas conjugate principal 
points of C with respect to M,(C, A), and accordingly M(A, 5) would 
be a set of the third kind (Theorem 55, Cor.), which contradicts the 
hypothesis that M(A, B) is a set of the second kind. Similarly M,.(D, P), 
a component of M,(D, A), cannot contain A. Thus there arises a con- 
tradiction that the sum of M,(D, P) and M,(C, P), which must be identical 
with ZZ,(C; D), does not contain A. Therefore the principal point is an 
end point. Further, since any non-principal point is an interior point 
of M(A, B), so it cannot be an end point. Q.E.D. 

Cor. If a set has a principal point which is not an end point, then 
the set is of the third kind. | 

Theorem 247. If, in a continuous set having an infinite number of 
pairs of principal points, the number of compound principal points be only 
one, then it is an end point. 

This is proved in a manner similar to the previous theorem. 

Cor. If a set has a compound principal point, which is not an end 
point, then the set is of the third kind and second class. 

Theorem 248. A continuous set having more than one compound prin- 
cipal points can have no end point. 

Proof. Since the set has more than one compound principal points, 
the principal points of the set can be divided into two aggregates, such 
that any element of one aggregate is a conjugate principal point of any 
one of the other aggregate with respect to the set, and the number of 
elements of each aggregate is more tkan one. Thus, when any point 
P be taken in the set, we can always find a pair of principal 
points (4,,B,), each of which is different from P. So P is an interior 
point of M(A,,Bn) and accordingly cannot be an end point of the 
Set. 

Theorem 249. Any continuous set having more than two end points 
cannot have a pair of principal points. 

This theorem follows from Theorems 246,247,248, or may be proved 
directly as follows. 


(1) For, since M(B,C) and M(B, D) does not contain A, so each of them can con- 
tain no point in a certain neighborhood of A; denote by M4 a continuous set containing 
A in this neighborhood. Then M4 must belong to M(C, A), since the sum of M(C, A) and 
M(B, の ) is identical with the whole set. Similarly it belongs to M(D, A). Therefore M4 
is a common continuous part of M(C, A) and M(D, A). 
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Proof. Denote by £,, E., £; the three end points of a continuous 
_ set M, and suppose that the set has a pair of principal points (A, B); 
then these points A, B must be end points of the sets, for, if otherwise, 
the end points £,, E, would be interior points of M(A, B), contrary to 
the definition of end point. Thus A, are identical with two of the end 
points, say £,, £.. But then the third point £; will be an interior point 
of M(A, B)=M(E,, E), which is again contrary to the hypothesis that .E; 
is an end point. ‘Therefore the set cannot have a pair of principal points. 

Theorem 250. If a continuous set having only two end points has a 
pair of principal points, then these end points are so, and the set has no 
other pair of principal points. 

Proof. That these two end points A, B are a pair of principal points 
may be proved in the same way as in the previous theorem. Further, 
if there were another pair of principal points (say C, D), A, B would be 
interior points of M(C,.D), which contradicts the hypothesis that A, B 
are end points. ©. E. D. 

It is to be noted that there is a continuous set having only two end 
points, but no pair of principal points. For example, the set defined by 
the equations 


UE CN me 
ll) a=0, +1=>y=+2; 
ill) sn WP —9=y=—1, 


is one having the said property. 

Theorem 251. If a continuous set having only one end point has a 
pair of principal points, then the set has an infinite number of pairs of 
principal points, and has the end point as only one compound principal 
point of the set. 

Proof. ‘The end point A must be an element of a pair of principal 
points, since, if otherwise, it would be an interior point of the sete 
Denote by B a conjugate principal point of A. If the set had only one 
pair of principal points, then both of A,B would be end points of the 
set (Theorem 246), which contradicts the hypothesis that the number of 
end points is only one. ‘Thus the set has other pairs of principal points, 
and consequently an infinite number of them. 

In this case, the point A is always one clement of all thess pairs of 
principal points, since, if otherwise, A would be an interior point of 
M(C, D), where each of C,D is different from A, and so A could not 
be an end point of the set, contrary to the hypothesis. Hence A is only 
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one compound principal point of the set. 

Theorem 252. If a continuous set having no end point has a pair of 
principal points, then the set has an infinite number of them, and all these 
principal points are compound. 

Proof. Denote by (A, B) one pair of principal points of the set. 
Since neither A nor B is an end point, there is another pair of principal 
points (Theorem 246, Cor.), and accordingly an infinite number of them. 
Thus at least one of A, B is a compound principal point. But since the 
set has no end point, the number of compound principal points must be 
more than one (Theorem 247). Hence it follows from Theorem 25 and 
27 that all principal points are compound. 

From the above investigations, we find that there exists a very 
interesting relation between the number of end points and that of com- 
pound principal points. It is exhibited in the following table. 








number of compound number of end 
principal points points. 
none two 
one one 
two (infinite) none 








When a continuous set has more than two end points, the set has 
no pair of principal points. 

When a continuous set has more than one compound principal points, 
the set has no end point. 

Moreover from Theorem 28 and the above table, we have the fol- 
lowing theorem. 

If all the principal points of a set be simple, then the set has two and 
only two end points ; if they be all compound, no end point; if they con- 
sist of the both kinds, one and only one end point. 

Theorem 253. If two points A, B, forming a pair of n-ple(!) prin- 
cipal points of a set, be end points of the set, then all of its constituent 
components are of the second kind, and have common continuous components 
containing one of the n-ple principal points as its end point. 


(1) n denotes a finite number. 
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Proof. Consider any constituent component M,(A, B). Since all of 
its components, having any two points other than A (B) as a pair of 
principal points, cannot contain A (BD), so the component M,(A, B) must 
be of the second kind. 

Further taking any two constituent components M,(A, B) and 
M, (A, B), consider a point C on M,(A, B) and a point D on M,(A, B). 
As the component M(C, D) of the set M.(4, C)+M,(A, D) does not con- 
tain A, so M,(4A, C) and M,(A,.D) must have a common point Æ other 
than A and therefore must contain the components M,(A, E) and M(A, E) 
respectively. If M,(A,.E) be identical with M,(A, E), then the con- 
stituent components M,(A,.B) and M;(A, B) have a common continuous 
component containing A, and the theorem is thus proved. 

But if M,(4A, E) be not identical with M,(A, E), then again take a 
point C on M,„(A,E) and a point D, on M;(A4, E). By the same 
reasoning as above, it follows that M,(A, C) and M,(A, D,) must have 
a common point £, other than A. Further if M,(A, E;) be not identical 
with M,(A, E), then there exists a third common point E, and so on. 
Thus we have a sequence of common points 

HE Lose TOTO 
whose limiting point is A. 

Now by the previous proof, M,(A, B) and M,(A, B) are both of the 
second kind. If these sets would have a sequence of common points {E}, 
not continuous, in the neighborhood of A, then they would contain an 
infinite number of components having (A, B) as a pair of principal points 
(Theorem 196)(!). So (A,B) would be a pair of principal points of an 
order higher than n, contrary to the hypothesis. Therefore M,(A, B) and 
M,(A, BD) have a common continuous component containing A. Since they 
are any two constituent components, it follows at once that all the con- 
stituent components have a common continuous component containing A. 
The same is true of another n-ple principal point £. | 

It is clear that A and PB are end points of the common continuous 
components, since, if otherwise, they would also be not the end points 
of the given set. 

Cor. If one and only one of two points A, B, forming a pair of 
n-ple principal points, be an end point of the set, then the set has a com- 
mon continuous component containing the end point (say A); and the other 
point B is a simple principal point of each of the constituent components. . 


(1) Theorem 196 is true for any continuous set, ramely constituent components of 
the set may be simple or non-simple, ordinary or semi-singular. 
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Theorem 254. If, in a continuous set with a pair of n-ple principal 
points, all of its constituent components be of the second kind, and have two 
common continuous components, each containing one of the n-ple principal 
points, then the n-ple principal points are end points of the set. 

Proof. Denote by (A, B) the pair of n-ple principal points, and 
take any two points C, of the set other than A; then, since the con- 
stituent components are all of the second kind, every one of Mt, (C, P), 
eee MPa: 3 Miy-1(P°9, D) does not contain A, where 
アア リア リー ーー P° are any common points of the constituent com- 
ponents, other than A. Accordingly any component having any two 
points C, D as a pair of principal points does not contain A, and so, by 
definition, A is an end point of the set. Similarly it may be proved 
that B is also an end point of the set. 

Theorem 255. If a set with a pair of n-ple principal points has two 
end points, then the points form a pair of n-ple principal points, and the 
set has no other pair of principal points of any order whatever. 

Proof. Denote by P, Q the two end points of the set, and by 
(A, B) a pair of n-ple principal points ; then P, @ must be identical with 
A, B. For, if each of P, Q were different from either of A,B, then it 
would be an interior point of a constituent component M,(A, B), which 
contradicts the hypothesis. 

Thus in this case both of the n-ple principal points A, are end 
points, and so by Theorem 253 all of its constituent components are of 
the second kind, having a common continuous component containing A 
and also that containing DB. Therefore, by Theorem 240('), the set has 
only one pair of n-ple principal points. Further the sum of all the com- 
ponents, which have any two points だ, S, other than A(or B), as a pair 
of principal points, cannot contain A (or B); and accordingly these two 
points A, S cannot form a pair of principal points of any order whatever. 

Cor. 1. If a set with a pair of n-ple principal points has only one 
end point, then it is an element of the n-ple principal points, and the set 
cannot have a pair of principal points of any order whatever, without 
having this point as one of its elements. 

Cor. 2. If a set with only one pair of n-ple principal points has two 
end points, then the set has only one pair of n-ple principal points. 

Theorem 256. Any set with only one pair of n-ple principal points 
cannot have more than two end points. 


et) Theorem 240 is true for any continuous set, namely constituent components of 
the set may be simple or non-simple, ordinary or semi-singular. 
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Proof. If we denote the pair of n-ple principal points by (A, B), 
then any end point (if it exist) must be identical with A or B. So 
there cannot be end points other than A, B. 

Theorem 257. Any set with more than one pair of n-ple principal 
points cannot have an end point unless all the pairs have one element 
in common. 

Proof. Denote two pairs of n-ple principal points by (A, B) and 
(A’, B'). If these four points be different from one another, then any 
point of the set is an interior point of M,(A.B) or M,(A’, B')(r=1,2, 
Bice n), and so the set has no end point. の . E. D. 

Theorem 258. An end point has the following property: Any two 
continuous components, having an end point P and any other point of the 
set as a pair of principal points, have a common continuous component 
containing P, or else they have a set of common points having P as its 
limiting point. i 

Proof. Denote by M;(P,C) and M;(P, C;) any two continuous 
components having the said property. If these components have no 
common point other than P, then C,, 6 would be a pair of principal 
points of M(P, G)+M:(P, ©), and this component would contain P as 
an interior point of it, contrary to the hypothesis. Thus they have 
common points other than P ; denote one of them by D,, then M(P, Di) 
and M;(P,.D,) are or are not identical with each other. In the 
former case, the two components have a common continuous component 
containing P. In the latter case, they must have common points other 
than D,. For, if otherwise, describe a very small sphere with P as centre 
and determine two points Q,, 9, such that M,(P, Q;) and M;(P, ⑫) 
lie entirely in the sphere. Then since AZ (P, の) and M;(P, @) have no 
common point other than P, the sum of them would have a pair of principal 
points の @, and contain P as i's interior point, contrary to the hypo- 
thesis. Thus M,(P, @) and M;(P, の) have a common point, however 
small we take the radius of the sphere, therefore P is a limiting point of 
these common points. 

Remark. The converse of tle above theorem is not necessarily 
true, for there is a set containing such a point that it has the above 
property, yet is not an end point. For example, in a set of points 
defined by the equations 





1) asia Ss esi 
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the two ponts £,(1,1), £,(1, —1) have the said property, though they 
are not end points. 

Definition 23. A point of a continuous set, which has the property 
stated in Theorem 268, yet is not an end point, is called a pseudo-end point. 

Theorem 259. 1. Any continuous set having a pseudo-end point 
always contains a component of the third kind having the point as a prinei- 
pal point of it. 

2. If, in the above component of the third kind, the aggregate of 
principal points, containing the pseudo-end point, be a continuous set not 
containing a component of the third kind, then the pseudo-end point is an 
end point of the aggregate. 

Proof. By the property of the pseudo-end point, the set has a 
continuous component M(E, F) containing the pseudo-end point @ as its 
interior point; and its components M(H, Q) and M(F, Q) have a set of 
common points containing @ as their limiting point. Take any one C, 
of the common points, then at least one of their components M(E, Gi) 
and M(F, C,) must contain Q, and accordingly at least one of M(E, Q) 
and M(F, Q) is of the third kind having the two points C,, Q as its 
conjugate principal points of E or F. 

Assume that M(E, @) is of the third kind, and denote by M the 
aggregate of its conjugate principal points of E. When the aggregate 
NM does not contain a component of the third kind, @ is an end point 
of it. For, if の were not so, then in M there would be a continuous 
component -M(G, 17) containing @ as its interior point, and its com- 
ponents M(G, Q) and M(H, Q) would contain a set of common points 
{C"}. But M having contained no component of the third kind, M(G, C) 
and M(H, C,') do not contain @ while its sum contains M(@, H); which 
is clearly a contradiction. Thus @ is an end point of the aggregate of 
principal points. 

Theorem 260. Two continuous sets of points are of the \same kind 
when the points of the two sets can be brought into a one-to-one continuous 
correspondence. 

Proof. Denote by M},M;, the two continuous sets, whose points 
are in a one-to-one continuous correspondence, and suppose that M, has 
a pair of principal points (4,,B,). If A,, 5. are two points of M, 
corresponding to A,, B,, then A,, B, are also a pair of principal points 
of M,. For, if this were not the case, then M, would contain a proper 
continuous component cantaining A,, D,; denote this component by My 
and corresponding one of M, by My’. This component A; would then 
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be a proper continuous component of M, containing (A,, B,), contrary to 
the hypothesis. 

Further suppose that (A,, B,) is not a pair of principal points of 
M,, then (A,, B,) cannot also be a pair of principal points of AZ. For, 
if (A,, B,) were the pair, then, by the previous proof, their correspond- 
ing points A,,.6, would also be the same with respect to M,, contrary 
to the hypothesis. の . H. D. 

When there is given a continuous set of points, there are many 
transformations, which transform the given set, so that the points of the 
transformed one make a one-to-one continuous correspondence with those 
of the original. Thus from a given continuous set, we get many sets of 
the same kind, having various forms. 


CHA PERSO: 
CONTINUOUS SET OF CURVES. 
Part I. 


Definitions and Fundamental Theorems. 


By the fundamental property of simple curves (Jordan curves), the 
points on two simple curves can be brought into a one-to-one continuous 
correspondence, and this consideration may be extented to any number 
of simple curves. Thus we may consider that each curve of a set of 
simple curves has a one-to-one continuous correspondence with one fixed 
curve, so that the points which correspond to any one point of the latter 
curve form a set of points, called & set of corresponding points. 

Let a set of corresponding points, corresponding to a point P, of 
one fixed curve, be denoted by $P,u}, where a is a value of v in the 
interval (0=v=1). When a sequence (Pa,w, Pau …… » Paunsy ) in 
{Pau} has P,. as a limiting point of it, if the same hold of every set 
of corresponding points, namely the sequence (Pe, vuo, Pu," Posting ) 
has the point Pv,g as a limiting point of it for every value of v, then 
the sets of corresponding points are said to be well ordered (or well related) 
to one another. 

Definition I. A set of simple curves, no one of which intersects with 
another, is said to be continuous when it is possible to establish a corres- 
pondence, such that all sets of corresponding points are continuous and well 
related to one another. 
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A. continuous set of simple curves defined above may be continuous 
or discontinuous, considered as a set of points. Thus in order that the 
above set of curves may also be a continuous set of points, it is neces- 
sary to add that it is closed, considered as a set of points. But we 
shall first investigate the properties of the continuous set of curves in 
the former (wider) sense; and then that in the latter (narrower) sense. 

Definition II. When a continuous set of simple curves has two dis- 
tinct curves a and b, such that the set has no proper continuous component 
containing a and b, these two curves are called a pair of principal curves 
of the set. 

Here by a component of a set of curves is meant a system of 
curves contained in the set, every curve being considered as an inde- 
composable element. 

A continuous set of curves with a pair of principal curves a, 6 is 
denoted by Ma, b), and any element other than principal curves is called 
an interior curve of the set. 

Theorem I. If e and f are any two curves of a continuous set of 
curves, then there is a continuous component having e, f as a pair of 
principal curves. 

This may be proved in exactly the same manner as in the case of 
continuous set of points. 

Theorem II. In a set of corresponding points of a continuous set of 
curves M(a, b), the two points of the set, which correspond to a pair of 
principal curves a,b, form a pair of principal points of the set of corres- 
ponding points. 

Proof. Denoting by A,, 5, the two points of a set of correspond- 
ing points {P,}, corresponding to the principal curves a,b, we shall 
prove that (A,, B,) is a pair of principal points of the set {P,}. 

Since {P,} is a continuous set of points containing A,, B,, it con- 
tains a continuous component having A,,B, as a pair of principal 
points; denote it by M(A,, お) If {P,} were not identical with 
M(A,, B,), then there would be certain points of {P,} not contained in 
M(A,, B,). Denote the set of them by {Py}, and the set of correspond- 
ing curves by {p’}, then the set of curves [Y8(a,b)—{2/}] must be 
continuous as will be proved below. 

In the first place, any set of corresponding points [{Pva}—{P’va} | 
is closed, since [{P,}—{P/}]=2M(4,,B,) is closed and well related to 
[{ Poe } — { Pve} 


Next the set [{Pva} — {Pu} ] is connected. For, suppose that it 
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were not so, then it might be divided into two parts M, Mar, such 
that the distance between any point of the one part and that of the 
other is greater than a finite number e. Thus any point of the one 
part cannot be a limiting point of the other. Since all the sets of 
corresponding points are well related, the same must be true of the two 
corresponding parts M$?, MP 5 [{P,.} —{P}]. Therefore both of them 
must be closed, the set [{P,}—{Py/}]= =M D+MP=M(A, B,) being 
continuous. Hence it follows ha a sum of two closed sets MP, MP, 
having no common point, is continuous, which is clearly impossible. 
So the set [{ Pv} — {P'a}] is connected and closed, namely continuous. 

From the continuity of the sets of corresponding points, and their 
being well related, we conclude that the set of curves [M(a,b)—{p'i] 
is continuous. | 

Now the set [M(a, p)— $p’}] clearly contains the elements a, D; and 
thus the supposition that {P,} were not identical with M(A,, B,) led us 
to the result that a proper continuous component of (a, 6) would con- 
tain (a,b), contrary to the definition of M(a,b). Therefore {P,j must 
be identical with M(A,, B,). 

Theorem III. If a component {pi of a continuous set of curve 
M (a, b), is a corresponding one to a continuous component M(E,, F,) of 
a set of corresponding points M(A,, B,), then the two curves of the component, 
corresponding to a pair of principal points (E,, F,), form also a pair of 
principal curves of the component jb}. 

Proof. From the continuity of M(E,, F,), it may be proved that 
the corresponding component {p} is also a continuous set of curves, in 
exactly the same manner as in the previous theorem. Since {pj contains 
two curves e, f, corresponding to Æ,,F,, it contains a continuous set 
of curves having e, f as a pair of principal curves (Theorem I); denote 
it by M(e,f) Now we have to prove that M (e, f) is identical with 
ip} 

Suppose that this were not the case, then !p} would contain certain 
curves other than those of Me, f), denote the set of them by {p’}, and 
a set of corresponding points by {Py}. Since Me, f)=[{p}—{p'}] is 
a continuous set of curves having e, f as a pair of principal curves so 
M(E,, F)-{P/} must also be a set of corresponding points having £,, F, 
as a pair of a points (Theorem II), which contradicts the fact that 
M(E,, F,) is a continuous set having E,,F, as a pair of principal points. 
Therefore M(a, b) is identical with {p}. 

Theorem IV. The elements of a continuous set of curves M(a,b) are 
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in a one-to-one continuous correspondence with the points of any set of 
corresponding points. 

Proof. Consider two aggregates of principal points of all the ele- 
ments (Jordan curves) of M(a, 6), and denote them by $R,} and {S,}; 
then it is clear that these aggregates must always be the sets of corres- 
ponding points for any correspondence whatever. By the definition of 
continuous set of curves, M(a,b) has a correspondence J’, such that all 
sets of corresponding points are continuous and well related to one ano- 
ther. Now in the above correspondence, take any set of corresponding 
points and denote it by {P,}; then {P,} and {#,} are both continuous 
and well related by the continuity of Ma, 6). Hence following the 
method of reasoning used in Theorem II, we may prove that any com- 
ponent of {P,j, corresponding to any continuous component of {,}, is 
also continuous. 

After having proved a relation between continuous components of 
|P,} and {,j, we shall proceed to prove that {P,’}, a component of 
{P,}, corresponding to a continuous component fp/} of Ma, 6), is also 
continuous. Since $p’} is a continuous set of curves, it has a corres- 
pondence /” such that all sets of corresponding points are continuous. 
If I” be identical with /) then the proposition is proved at once ; but 
as we cannot know whether J” is identical with 7 or not, we must 
proceed as follows. Denote by {À} a component of {,} correspond- 
ing to {p’}, then since {f,’} is a set of corresponding points for any 
correspondence, so it is continuous by the continuity of {p'}. But, by 
what has just been proved, the component of $P,} corresponding to a 
continuous component of $R,} is continuous, and therefore the com- 
ponent {P’,} corresponding to a continuous component {,} must be 
continuous. ‘Thus the component of a set of corresponding points, which 
corresponds to any continuous component of M(a, b), is always continuouse 

Conversely that the component of M(a, b), which correspends to any 
continuous component of a set of corresponding points, is also continuous 
may be proved in exactly the same manner as in Theorem II. 

By the definition of corresponding points, the sets {P,} and M(a, b) 
have a one-to-one correspondenice, and so from the above discussion they 
have a one-to-one continuous correspondence. 

Having proved the four fundamental theorems, we proceed to give 
the definitions of certain systems of curves, or elements of the system, 
which are frequently used in the following discussion. 

Definition III. When two curves of a. continuous set of curves 
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form a pair of principal curves, one of them is said to be a conjugate 
principal curve of the other with respect to the set. 

Definition IV. If a discontinuous set of curves always contains a 
continuous component having any two curves of the set as a pair of 
principal curves, then the set is said to be semi-continuous. 

Definition V. When a curve of a continuous set of curves is not 
a conjugate principal curve of any other curve of the set, the curve is 
called a non-principal curve of the set. 

All curves of the above set, other than non-principal curves, are 
called principal curves of the set. Hereafter we shall see that principal 
curves of a continuous set may be divided into two classes, namely that 
the one having only one conjugate principal curve, and the other having 
an infinite number of them. 

Definition VI. When a curve of a continuous set of curves has 
only one conjugate principal curve, it is called a simple principal 
curve. 

Definition VII. When a curve of a continuous set of curves has 
an infinite number of conjugate principal curves, it is called a compound 
principal curve. 

Definition VIII. When a curve of a continuous set of curves is a 
conjugate of two principal curves, which form a pair of principal curves 
of the set, it is called a perfect principal curve with respect to that pair 
of principal curves. 

Definition IX. When a curve of a continuous set of curves is a 
conjugate of one and only one of two principal curves, which form a 
pair of principal curves of the set, it is called a semi-principal curve 
with respect to that pair of principal curves. 

As in the case of set of points, it may be proved that, when a 
turve of a continuous set of curves W(a, b) is neither a conjugate princi- 
pal curve of a nor that of 6, it is a non-principal curve of the set. 

Thus elements of a continuous set of curves are divided into the 
following three kinds: non-principal curve, simple principal curve and 
compound principal curve ; and when referred to a definite pair of princi- 
pal curves, they are divided into another three kinds: non-prineipal 
curve, semi-principal curve, and perfect principal curve. 

Remark. 1. A perfect principal curve is always a compound 
principal curve, but the converse is not necessarily true. 

2. simple principal curve is always a semi-principal curve, but the 
converse is not necessarily true. 
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Definition X. When a non-principal curve separates a continuous 
set of curves into two components, two cases may occur, i.e., 

i) two components separated have no common curve other than the 

separating curve itself; 

ii) two components separated have common curves other than 

separating one itself. 
In the case i), the separating curve is called a perfectly separating curve, 
and in the case ii) an imperfectly separating curve. 

A. principal curve does not separate the set into two part in ordinary 
sense, so it may be called a non-separating curve. 

Definition XI. A continuous set of curves having no non-prineipal 
curves is called a singular set of curves ; and a continuous set containing 
a proper component having such a property is called a semi-singular set 
of curves ; and all other sets the ordinary ones. 

Definition XII. When a continuous set of curves contains one and 
only one component having any two curves of the set as a pair of 
principal curves, it is called a simple set of curves. 

Definition XIII. When a continuous set of curves has two 
distinct curves a,b, such that there are » and only n continuous 
components having (a,6) as a pair of principal curves, and the sum 
of these components is the set itself, two curves a,b are called a pair 
of principal curves of the n°" order, or simply n-ple principal curves. 

The continuous set of the n° order, and also that of the n™ degree 
will be defined later. 

Definition XIV. If a continuous set of curves has a curve, such 
that it is not an interior curve of any continuous component having any 
two curves of the set as a pair of principal curves, then this curve is 
ealled an end curve of the set. 

The curves other than end curves are called inner curves of the set. 

The definitions given above are nothing but those which are obtain- 
ed by substituting “curves” for “points” in the definitions given in the 
set of points. But since it may serve as a summary of definitions given 
scattered over the previous two chapters, we gave the principal ones of 
them here. 


Properties of Continuous Set of Curves. 


By the four fundamental theorems and the previous definitions, we 
may prove, in a very simple manner, that all the theorems obtained by 
substituting “curve” instead of “point” in those of continuous set of 
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points (except certain theorems concerning Jordan curves, Part V)(!) 
are also true in the case of a continuous set of curves. 

The essentiality of the method of proving them consists of three steps, 
namely 

(1) that, by the four fundamental theorems, from the hypothesis H, 
of a given theorem concerning the continuous set of curves is deduced a 
proposition Hp concerning the set of corresponding points, which às 
obtained by substituting “ point” instead of “ curve” in the above hypothesis 
ET, ; 

(2) that, by the theorems concerning the set of points already establish- 
ed in the previous chapters, from the above proposition Hp is deduced a 
conclusion Cp concerning the set of corresponding points, which is again 
obtained by substituting “ point” instead of “curve” in the conclusion Co 
of the given theorem ; 

(3) that, from this conclusion Cp, the required conclusion C, of the 
given theorem is again deduced by the four fundamental theorems. 

We shall explain the above by taking an example. Now let us 
prove the fundamental theorem ; 1 

‘when a continuous set of curves has two pairs of principal curves, 

it has an infinite number of them,” 
as an example. 

Denote the continuous set of curves by NM, and its two pairs of 
principal curves by (ao; bo), (a1, 61), and consider a set of corresponding 
points M,. | 

(1) By the fundamental theorem II, two pairs of points (4。 。, Bo»), 
(4,03 お 」 。) of the set of corresponding points M,, which correspond to 
(as, bo), (a1, 61) respectively are also pairs of principal points of the set 
ne 

(2) Since M, has two pairs of principal points, it has an infinite 
number of them by Theorem 4 already established in the case of the set 
of points. 

(3) By the fundamental theorem III, pairs of curves corresponding 
to the pairs of principal points of the set M, are also pairs of principal 
curves of the set of curves M; so from (2) the set of curves has an 
infinite number of pairs of principal curves. ©. E. D. 

Thus we have a very important theorem. 


(t) If we define simple surface in a similar manner to the case of simple curve, 
takiug continuous set of curves in wider sense, the simple surface thus defined is not 
necessarily a Jordan surface. More precisely we shall discuss this point later. 
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Theorem V. All the theorems which are true in the case of continuous 
set of points are also true in the continuous set of curves, that is to say, from 
Theorems 1,2,3,......,260 established for the set of points, we have the 
corresponding Theorems I*, II*, III*,......, COLX* holding true for 
the set of curves, (except certain theorems concerning a Jordan curve). 

So we obtain a remarkable result that our continuous set of 
curves has exactly the same properties as those of continuous set of 
points. 


+ Classification of Continuous Sets of Curves. 


From the property of the continuous set of curves established in 
Theorem IV*, we may divide the sets of curves into three kinds, i.e., 

(i) that which has no pair of principal curves ; 

(ii) that which has only one pair of principal eurves ; 

(iii) that which has an infinite number of pairs of principal curves. 
We shall call (i), (ii), (iii) a continuous set of curves of the first, the 
second and the third kind respectively, following the terminology used for 
the set of points. 

By Theorem IV*, Cor., when a curve of continuous set of curves 
has two conjugate principal curves, it has an infinite number of them. 
Thus principal curves may be divided into two classes, namely the one 
having only one conjugate principal curve, and the other having an 
infinite number of them; the former being called a simple principal 
curve, and the latter a compound principal curve as was already defined. 
The properties of simple and compound principal curves are given in 
Theorems XXIV*—XXVIII*, one of which is the following. 

If a continuous set of curves have two compound principal curves, 
then it has an infinite number of them. 

Thus continuous sets of curves having principal curves may be 
divided into three kinds, i.e., 

(i) that which has no compound principle curve ; 

ii) that which has only one compound princiapl curve ; 

(iii) that which has an infinite number of compound principal curves. 
And the relation between the number of compound principal curves and 
the kinds of principal curves may be stated as follows. 

The necessary and sufficient condition that a continuous set of curves 
should have only compound principal curves is that it should have two 
compound principal curves. 

The necessary and sufficient condition that a continuous set of curves 
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should have both kinds of principal curves is that it should have only one 
compound principal curve. 

The necessary and sufficient condition that a continuous set of curves 
should have only simple principal curves is that it should have no compound 
principal curve. . | 
| From these properties, we may again classify the continuous sets of 
curves as follows. 





number of pairs of number of compound 
principal curves. principal curves. 
Set of the first kind none 
Set of the second kind . only one SÈ . none 
Set of the third kind infinite À 1 cardi 








Thus the sets of the third kind may again be divided into two sub- 
classes according as the number of compound principal curves is only one 
or infinite. We distinguish them as the set of the first and the second 
classes respectively. 

By the definition of non-principal curve, we know that the clemente 
of the continuous set of curves may be divided into three kinds, namely : 

(i) non-principal curve, 

(ii) simple principal curve, 

(iii) compound principal curve. 

And by the property of non-principal curves that a continuous set of 
curves has always an infinite number of non-principal curves when it has 
one of them, we may divide the sets of continuous curves into two kinds, 
1.e., 

(i) that which has no non-principal curve, 

(ii) that which has an infinite number of non-principal curves. 

Now it is clear that all curves’of any set of the first kind are non- 
principal curves, and by Theorem XXXIV*, all curves of any singular 
set are compound principal ones. ‘The other continuous sets contain at 
least two kinds of curves. From this standpoint also, we may classify 
the sets of curves. For this purpose, we give a table of the number of 
curves of three kinds contained in the sets of various kinds. 
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number of non- 


number of simple | number of compound 
principal curves 


principal curves principal curves 


Set of the first kind . infinite 






none none 
Set of the second kind ~ infinite two none 
fap fe Re pra Kind and infinite infinite one 
Set of the third kind and |((i) infinite te 
second class 1 none none i infinite 


Thus the sets of the third kind and second class may again be divided 
into two subclasses according as they have no non-principal curve or an 
infinite number of them. We distinguish them as the sets of the first 
and second species respectively. 


Or from another point of view, we may classify tbe continuous sets 
as follows. 


RES | only: non-principal curves 
(I) Set containing only one kind ) eran | 


pee 
— è he 


ae only compound principal 

curves. 
i) simple and non-principal 

(II) Set containing two kinds of curves. 
curves il) compound and non-princi- 


pal curves. 

(III) Set containing all (three) kinds of curves. 

As in the continuous sets of points, there is neither continuous set 
of curves containing only simple principal curves, nor that containing 
simple and compound principal curves and only these. 

The sets of the first kind may be subdivided into two classes according 
as they have or have not a pair of principal curves of a certain order. 

As in the continuous set of points, the set of curves may have pairs 
of principal curves of different orders. If we define such a set as «a set 
of the n'" order, when the number of the lowest order of principal curves 
of the set is n, then the former class of the sets of the first kind may 
again be classified by the order of principal curves. 

Further, as in the set of points, among the continuous sets of curves 
having no pair of principal curves of any order whatever, there is such 
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a set, that it contain proper continuous components having pairs of. the 
first, the second, ...... ‚the n“ order, but not that of the (n+1)™ 
order. If we define such a set as a set of the n™ degree, then the latter 
class of the sets of the first kind may be again classified by the degree 
of them. 

Thus we have the following table of classification, which is exactly 
the same as that of sets of points. 
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Part II. 


Surface. 


In the previous part, we have defined the continuous set of curves 
in wider sense, and remarked there that the continuous set of curves thus 
defined is not necessarily continuous, considered as a set of points. Here 
let us consider a continuous set of curves in narrower sense, namely 
that which is also continuous, considered as a set of points. It is defined 
thus: | | | ‘À 

Definition (A). A set of simple curves, no one of which intersects with 
another, is said to be continuous when it is closed, considered as a set of 
points, and. moreover it is possible to establish a correspondence, such that 
all sets of corresponding points are continuous and well related to one 
another. È Ta | 

In this new definition, though the fundamental Theorem I of the 
previous part is true, the other three theorems are not necessarily true ; 
namely there is a continuous set of curves, in which we are not able to 
establish a one-to-one continuous correspondence between the set of curves 
and a set of its corresponding points. For example, take a set of curves 
defined by the equations | 


| DI 

6) en 0=Er=1 (0<y£1) 
TRS 2=0, OS 0, 
PAU) UD, Mpeg o 


and denote by cy-m à curve corresponding to a definite value m of y in 
the equation (i), and by c,., a similar one in the equation (ii). Now 
this set is clearly continuous, satisfying the conditions given in Definition 
(A). Amy curve of fc} is a conjugate principal curve of €, with 
respect to the given set, for, any proper component of the set containing 
cy=1 and €, cannot be continuous, owing to the fact that the set {cyj, 
considered as a set of points, is not continuous as it does not contain its 
limiting points {e=0, y=0, z(0 <z=1)!. Thus the set may be denot- 
ed by ーー 
Mit Crome) O Se 


Now consider a set of corresponding points {P,} defined by the 
equations | 
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(ae, OSyS1, 227; 
| Dry 

re, y=0, ra; 
and denote by P,,y-1, Pu:-m those elements ‘of {P,} corresponding to 
Cy=15 Cm) then, though (C1, Cm) is a pair of principal curves of 
M(¢,.1,¢:-m), yet their corresponding points P,, ,-1, P;,:-m do not form 
a pair of principal points of {P,} when m+1. Thus the fundamental 
Theorem II is noi true in this set of curves. 


Further take a continuous component of {P,} defined by the equa- 
tions 


bo 
S 
= 


Mot, (El, 23 vee 
(i) Sy=1, Pp. 
(il) o, y=0, I<, 


Choe (== ッ y=0; :=—.) form 





2v 
v+1 
a pair of principal points of it, while the corresponding component of curves 





then the points A (c= ッ ut o 


is: not continuous as it does not contain its limiting points {e=0, y=0, 


<= 1}. Thus the fundamental Theorem III is not true in this set 


of curves, and so also the fundamental Theorem IV. 

But there are systems of continuous sets ‘of curves satisfying the 
conditions given by Definition (A), for which the four fundamental 
theorems and accordingly all theorems (I*—CCLX*) are also true. We 
give here an example of them. 

Consider any plane continuous set of points {P}, and at every point 
of it, erect a perpendicular of the length 1 to the plane, then this set of 
straight lines is continuous according to Definition (A). For, if we define 
the set of points, which are in the same distance from the plane, as a set 
of corresponding points, then any set of corresponding points is nothing 
but the plane set of points transferred parallel to itself in the direction 
perpendicular to the plane, and therefore is continuous and well related 
to one another. Further take any sequence of points (Q,, as" + Gi 
ーー ) on the set of straight lines, and denote by (x,, Yn, ?n) the co- 
ordinates of the point @,, taking the given plane as plane of +, y, and 
a perpendicular to it as axis of z. Denote by z the limiting value of the 
sequence (21, 23°": ns ) and by (a, y) that of the sequence {(x,, Yı), 
(22, y)y > (ns Une }; then the point having (x,y,z) as its co- 
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ordinates is clearly the limiting point of the sequence (Q,, ey: ANI E 
nn ). Now the set {P} being a continuous one of points, and the 
points of the sequence {(2,, 4%), (®2, Y),------ 3 (Ino の の うー ! being elements 


of iP}, the limiting point of the sequence must belong to {P}, denote 
it by P,. Also the limiting value 2, of (2,2,--.-. » Zn" ) is included 
between 0 and 1. ‘Thus the limiting point の of the sequence (Q,, @, 
ーー…・ > Que...) clearly lies on the perpendicular erected at the point P, of 
the given plane, and so it belongs to the set of the straight lines considered. 
Therefore the set of straight lines is continuous in the narrower sense. 

In this set of straight lines, since any component corresponding to - 
any continuous component of the plane set of points is always continuous 
as was proved above, it follows at once that the fundamental theorems 
I, II, III, IV are all true in this set of lines. 

Here we shall discuss the most important ones of the continnous sets 
of curves in a narrower sense, namely the ones called simple surfaces 
(open and closed). 


[1] 

Definition U. A continuous set of simple curves is said to be a simple 
surface when any continuous component of it is of the second kind. 

In the Memoirs referred to at the commencement of this paper I 
have proved the following theorems concerning the simple surface. 

Theorem A,. The simple surface is identical with a Jordan surface. 

Theorem As. The set of corresponding points in the simple surface is 
a Jordan curve. 

Theorem Az. Any two elements of the set determine one and only one 
Jordan surface. 

By exactly the same reasoning as in the continuous set of points, we 
may prove the following theorem. 

A continuous set of simple curves, which is of the second kind and has 
no component of the third kind, is a Jordan surface; and conversely a 
Jordan surface is a set of the second kind having no component of the 
third kind. 

From this theorem we may prove that the surfaces defined in the 
following definitions are all identical with a Jordan surface. The method 
of proving them is similar to that for the continuous set of points. 

The first definition. A continuous set of curves is said to be a simple 
surface when any continuous component of it has one and only one pair of 
principal curves. 
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The second definition. A continuous set of curves is said to be a 

simple surface when it satisfies the following conditions : 

(i) it has a pair of principal curves, 

(ii) any interior curve of it is a perfectly separating curve of the 
sel. | 

The third definition. _A continuous set of curves is said to be a simple 

surface when it satisfies the following conditions : 

(i) it has a pair of principal curves, 

(ii) when any two different pairs of curves of the set are taken, the 
continuous components having these pairs as those of principal 
curves are also different. 

The fourth definition. A continuous set of curves is said to be « simple 

surface when it satisfies the following conditions : 

(i) it has a pair of principal eurves, 

(ii) any two curves of the set determine a continuous component having 
them as only one pair of principal curves. 

The fifth definition. A continuous set of curves is said to be « simple 

surface when it satisfies the following conditions : 

(i) it has a pair of principal curves a,b, 

(ii) when c is any interior curve of the set and d that of the component 
M(a, c) (or M(b,c)), the set has always a. continuous component 
containing d and a (or b), but not c. 

The sixth definition. A continuous set of curves is said to be a simple 

surface when it satisfies the following condition : 
if any three curves be taken in the set, then one and only one of 
them is an interior curve of a continuous component having the 
other two as a pair of principal curves. 


[I] 

Now let us consider the second important continuous set of curves 
defined by the following 

Definition B,. A continuous set of simple curves, which is of the first 
kind, is said to be a closed simple surface, when all of its proper continuous 
components are of the second kind. 

The following theorems concerning the closed simple surface may be 
proved in a similar manner as in the case of the continuous set of points. 

Theorem B,. The set defined above is identical with a closed Jordan 
surface. 

Theorem B,. The set of corresponding points of a closed simple sur- 
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face is a elosed Jordan curve, 

Theorem Bg. Any tivo elements of the set determine two and only two 
Jordan surfaces, such that the. sum of them is the set itself. 

If we define the continuity of the set of closed simple curves in a 
similar inanner as in the case of continuons set of simple curves (in a nar- 
rower sense), the closed simple surface may be considered as a continuous 
set of closed simple curves, and may be defined thus : 

Definition Bi. A continuous set of closed simple curves is said to be 
a closed simple surface, when any continuous component is of the second 
kind. 

Of the closed surface thus defined, we have the following theorems 
corresponding to Theorems 5, and B,, which rather resemble Theorems 
Ms and, 

Theorem By. The set of corresponding points of a closed simple 
surface is a Jordan curve. 


Theorem By. Any two elements of the set determine one and only one 
closed Jordan surface. 


[III] 


In the case [I], the element of the continuous set and the set of 
corresponding points are both simple enrves ; and in the case [IT], one 
of them is a simple curve while the other a closed simple curve. Thus 
there still remains a third kind of the set, namely a set whose element 
and whose set of corresponding points are both simple closed curves. 

Definition &. A continuous set of closed simple curves, which is of the 
first kind, is said to be a total closed surface (ring) when all of its proper 
continuous components are of the second kind. 

The following theorems concerning a total closed surface may be 
proved in a similar manner as in the case [II]. i 

Theorem Ch. The set of the corresponding points of a total closed 
surface is a closed Jordan curve. 

. Theorem C,. Any two elements of the set determine. two and only two 
closed Jordan surfaces, such that the sum of them is the set itself. 
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CHAPTER IV. 


CONTINUOUS SET OF SURFACES. 
CONTINUOUS SET OF R-DIMENSIONAL SIMPLE FIGURES 
IN N-DIMENSIONAL CONTINUUM. 


In the Memoirs referred to at the commencement of this paper we 
have proved that a one-to-one continuous correspondence may be established 
between the points on the simple surface and the system of values 4, » in 
the domain D[O0=u=1, 0=v=1]. By this property, the points on two 
simple surfaces can be brought into a one-to-one continuous correspond- 
-ence, and this consideration may be extended to any number of simple 
«surfaces. Thus we may consider that each surface of a set of surfaces 
has a one-to-one continuous correspondence with one fixed surface, so 
that the points which correspond to any one of the latter surface form 
a set of points, called a set of corresponding points. 

Definition (i). A set of simple surfaces, no one of which interseets with 
‚another, is said to be continuous when it is possible to establish a corres- 
pondence, such that all sets of corresponding points are continuous and well 
related to one another. 

Definition (i). When a continuous set of simple surfaces has two 
distinct elements a,b, such that the set has no proper continuous component 
containing a,b, these elements a,b are called a pair of principal surfaces. 

A continuous set of surfaces with a pair of principal surfaces a, b is 
-denoted by (a, 6), and any other clement is called an interior surface 
.of the set. 

From these definitions we may prove the following four fandamental 
theorems, in exactly the same manner as in the case of set of simple 
curves. 

Theorem (i). If c,d be any two elements of a continuous set of surfaces, 
then there is a continuous component having CD as a pair of principal 
surfaces. 

Theorem (ii). In a set of corresponding points of a continuous set of 
surfaces Ma, b), two points A, B of the set, corresponding to a pair of 
principal surfaces a,b, are also a pair of principal points of the set of 
eorresponding points. 

Theorem (iii). If a component {p} of a continuous set of surfaces 
Ma, b) is a corresponding one to a continuous component M(£,, F,) of a 
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set of corresponding points M(A,,B,), then the two surfaces of the component 
corresponding to a pair of principal points E,, 1, form also a pair of 
principal surfaces of the component }p}. 

Theorem (iv). The elements of a continuous set of surfaces M(a, b) are 
in a one-to-one continuous correspondence with the points of any set of 
corresponding points. 

From these theorems, and from the definitions of conjugate principal 
surface, simple and compound principal surfaces, non-principal surface, 
singular system of surfaces, ete., corresponding to those of the set of 
points and the set of curves, we may prove that all the theorems in the 
set of points (except certain theorems(!) regarding to Jordan curve) 
hold also in the continuous set of surfaces, and accordingly we may classify 
the continuons sets of surfaces as in the case of sets of points and sets of 
curves. 

Of course this idea, without difficalty, may be extended to a con- 
tinuous set of r-dimensionai simple figures( * ) in n-dimensional continuum. 
Thus finally we have a theorem in a very general form. 

Theorem. The continuous sets of r-dimensional simple figures in 
n-dimensional continuum have the same properties as the continuous sets of 
points, and accordingly they may be classified as in the case of sets of 
points ; that is to say, the 260 theorems and tables of classification, given in 
Chapters I and II, when the word “ r-dimensional simple figures” is sub- 
stituted for “ points,” are also true in the continuous sets of r-dimensional 
simple figures. | 

Remark. There may arise a question whether all kinds of continuous 
sets ef r-dimensional simple figures may be conceived. It will be seen 
that it depends on the dimensions of the space in which the continuous 
set lies. For example, in two dimensional space, all kinds of the con- 
tinuous sets of points may be conceived, while it is not the case with the 
continuous sets of curves, namely, though, in this space, it is possible to 
conceive certain sets of curves belonging to the second kind, yet it is 
impossible to conceive any set of the third kind. In three dimensional 
space, all kinds of continuous sets of curves may be conceived, but it is 
not so with the continuous sets of surfaces. | 

Thus, in general, we see that it is always possible to conceive any 


(1) The theorems regarding to Jordan figure hold for certain continuous set of 
surfaces in the narrower sense. 

(=) The definition and the fundamental properties of r-dimensional simple figures 
were given in the Memoirs referred to. À 
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kind of continuous set of r-dimensional simple figures in n-dimensional 


continuum when r=n—2, taking the set of corresponding points in two 
dimensional continuum. 


(The End.) 
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A Serious Misprint 


took place: in the paper of Mr. Nilos Sakellariou, Vol. 11, pp. 75-83. 
The lines between the 9th line on p. 82 and the 11th line on p. 83 
must be inserted next to the 6th line on p. 81, and the numbers of 
articles 6 and 7imnust be interchanged. 

In addition to this the following errata should be noticed in his 


papers : 














parto, 1.4. Read AL sin @ ML for = sin の ce 
の oo の Op 

perso, |): 6. po N COS の dv Pr mL COS 0 66 
p の の 0 

DB, I. 11. Petite っ unite 

Dervis, li 10. er ER, o n Eli, si 
の の の p Op 

p. 79, ls. 9, 10. Give the number (9) to these two forumlas. 

peso, 1. 10. Reade e272.) Tor 22 

Dead, is. 24, 25. Put AO N ce. 

p. 86, 1. 24. Give the number (5”) to the formula. 

Fao, 1. 11. Read von7 for von 2. 

9789. 21. Rad (2) fore (3). 


Moreover, the name of the author must be Sakellariou, but not 


Sakellarion. 


Editor. 
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On the Problem of the Calculus of Variations 
in » Dimensions, 


by 
PAUL R. RIDER, Saint Louis, U.S.A. 


Introduction. 


For the study of the simplest problem of the calculus of variations 
in n dimensions two forms of integral at once suggest themselves, namely, 





ve dy; 
か っ 7 / / . iC ee 
| F(a, Vis. NE. Yn-19 Yi. OE Uf na) de, zes, 

Lo X 
ia da 

> al al 2 af — Bra 

Adina, Ung Up...) va) di, pl 

fu dt 


Of more interest however is the integral 


t da u 
AE & Ver... ee) 
0 


The 2’s are functions of ¢ defined by the curve 


(C) te UVA A RSS AMARA 
The angle r„_ı is the angle made by the positive tangent to the curve 
C with its projection in the (n—1)-space (2,...., 1), Tn-2 is the angle 
made by this projection with its own projection in the (n—2)-space 
ME x.) etc. Analytically the で s are defined by the. equations 


/ 
T i+1 


Tezze: pio: RENTE TPE di; CES ・・ う n— 1, 
WE + 2, 


(2) 7,=arctan 





(1) Bliss has given the theory for an integral of the form f f(x, y, 7) 72 +y dt, 
/ 
7=are tant, in A generalization of the notion of angle, Transactions of the American 
x 
Mathematical Society, vol. 7 (1906), pp. 184-199; and A new form of the simplest problem 
of the calculus of variations, ibid., vol. 8 (1907), pp. 405-414, 
In a paper entitled The space problem of the calculus of variations in terms of angle, 


American Journil of Mathematics (July, 1917), I have treated the integral 
/ / 
§ fa, Y 2, Ts c) a7? + y/? +2/2 dt, T=AIC tan À, o=arc tan aye 
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from which it is seen that 


(3) U using CO3 T;.. + «COS Ty_-1, = ee 
Pat. + 
(if\ we make the convention sin y=1). 

In section I the Euler equations for the integral (1) are derived, 
and the form of the solutions of these equations is shown; the trans- 
versality and corner conditions are stated in section II; in section IMI 
the forms of the Hilbert invariant integral and the Weierstrass 
e-function are given, and certain necessary conditions, including the 
condition of Weierstrass, are obtained. 


I. The Euler equations. 


Let us then proceed to the consideration of the integral (1). We 
assume that the integrand function f(z1,....,%n, T1,....,Tn_1) 18 Of class 
C°(!) with respect to each of its 2n—1 arguments in a region 
R(&,...., Lu, ロッ ーー っ Tn-1) and shall throughout the discussion confine our 
considerations to this region. The curves employed will be represented in 
the parametric form (C’), where dı,... , $, are of class C’” and define 
values (&,...., Uy T1,...., Tn-1) interior to the region À for all values 
of t in the interval 4 =t=t. Moreover we assume that x;/,....,%" do 
not all vanish simultaneously. 

Suppose that all curves of the family 


(Ca) Re De 


where :,...., &, are of class C’” in the region 
hStSh, |alSe>0, 


pass through the two fixed points P,(4) and P,(&), the end points of 
the curve C, which is supposed to furnish a minimum for the integral 
I. Furthermore, let the family C, define C for a=0. Then if the 
integral J is taken along a curve of the family, its value becomes a 


> . . . 内 . IT . 
function of a, and since C’ minimizes J, A must vanish for a=0. 
da 


We find that 


(1) The terms and notations used are those of Bolza, Vorlesungen über Variations- 
rechnung. 
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dI (ae dx Or ae 
OP ne fae pre ha fe ee 
da =f % ん da SaS ER 
vo apro: We 
enna da) ern. 
De Ten: tn, 


From (2), 





Ber... ta) pf (x RR, A) 
1 ) da Tames | FY cy Ba 





Substituting (5) in (4), and replacing ¢ by s, the length of arc, we find 
upon tg (2) or (8) that 











dI Sy On’ 
See ar | fue ne TAC COS 255 コニーーーー 
da Js, i a 
/ ß 
; x "À . Mir 
+ bi: {cos e CEL ATTI (cs CC Nae COREG). Jo 
ET U Tes da a 








LA On! . da 
+ sin Ti COS 73....C097;_1 Re. AMI TY : ds, 
da da 


The accents now denote differentiation with respect to s. (It is under- 


stood that 10.) 
It follows in the usual way that the Euler equations are 





\ dp, : 
ds 
where 
i COS T;_ 
= ein Ti. COS T,... . COS Tai fr-ı i-1 
COS て 4 ご dd » COS Coal 


"で / sin て , SIN T;_1 COS 77... .COST,_ı 
ーーー デブ の Tj rr_21=À2K___ e 
j=i COS Tj41. 0 + + COS Ty_1 
The n equations (6) are not independent. For, designating them by 
P,=0,...., P,=0, we can easily show, after carrying out the differentia- 
tion, that there exists the relation 
2 P 
(8) AU TS: CORTE. CORTE ュー リ 、 
i=1 
When the differentiation has been performed and the terms properly 
grouped, equations (6) have the form 
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dt, dr. ー1 > 
(9) Cn se n SS; des n. 
ds ds 
These n equations in the n—1 unknowns raw 
8 Is 


sistent because of the linear relation (8); therefore if at least one of the 
(n—1)-rowed determinants of the matrix 


o ie sls Se" a cel) aLe ‘o> bere 


dy s (0 n, tetes An, n= 1 


is different from zero, we can solve them and obtain 





It, 4 
(10) っ = Axy...) Uns Tage +s Tey A 


From (3) we have 


dx; 


as 


SI Ten COS Ty iste CORTA INI 





(11) 


It follows from existence theorems for differential equations that in the 
region À, through the point (x°,....,a,) and in the direction defined by 
(7°,,..++) Ti), we can draw one and but one extremal. The equations of 
these extremals are obtained by integrating (10) and (11). They have 


the form 


Sak: 0 Sl) 0 „N Pal 
ye Dy By ie eee Vai tig lt Taio = N. 


Furthermore, these initial conditions are satisfied : 
, 0 O0 0 SII) 
Di (0; RE ets mn), 


d „0 ogo 0 a ed 1 
Py の , (0, vy HE | Th 2 Ty pire +19 Cali) — Sli) CET COS Ti =. a cele COS Tn-1 . 
S 


II. The transversality and corner conditions. 


The Euler equations of section I were derived with the assumption 
that both end points P,, Pı of the curve C are fixed. It can be shown 
that if either end point is allowed to vary along a given curve T, then at 
this point the relation 
Ni COS T;_1 


DY (fin, COS Ti. 1.008 Tam tini 
i COS Ty... COST, 1 
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n=1 sì 4 
sin 7; SIM T;_1 COS Ty... .CO8 T;_ er E 4 
— è Jr; ENS FE 04-1005... で ューU 
j=i COS Tj41- .. . COS Tn~1 


must hold, where the angles 7,,...., 7,_, define direction on 7. 
At a corner point P(t) on a broken extremal Py P, P, the equations 








; COSTIL 
n LUI ーー 
PODS rs ECO Cry 
ga SIN 7; SIN 7;_1.COS Tr... . COS Ty 
ae Jr 
J=t COS Tr ss". . COS Tn-1 
En - fe ae pay os COS Tj 
==) Bin 7)_, COS Ti... . COS Th_1 + frs 1 ー > 
CONTE... COSTA 
‘ n-1 RE NE = 5 = 
= SID 74 BID T,_3 COS Tr. . COS Ti. . 
j=i GORE, is ur. COS Tuer 
must be satisfied( ' ), where 7,,....,7,_1 and %,,....7,_. define the direc- 
tions of the ares Py) P,; and P,P, respectively at P,, A bar over a 
function signifies that its arguments are 2%,...., Un, Ti... Tali» 


III. Certain necessary conditions. 


Hilbert’s invariant integral, taken along a curve C of parameter a 
in a field of extremals, is discovered by the usual methods to be 


n pole RR i DE 
i an cost RT dr... + ba? da, 


7= 1 


accents denoting differentiation with respect to a. The Weierstrass 
e-function is the function 
Da 7 ん 
ーー Ta)=S_ 2 PIET, YO0S Wie COSTA 
occurring in the integrand of the difference Z—7*. Weierstrass’s 
necessary condition follows at once : 
The condition 


5 . - er ® IT Ca "= 
Bahn, Ung Tyee es Tnt Disc.) Tn-1) = 0 


must be satisfied at every point of a minimizing curve and for every direc- 
tion T19- * 1019 Bani: 
(1) For the special cases n=2 and n=3 I have already given these conditions. 


See A note on discontinuous solutions in the calculus of variations, Bulletin of the American 
Mathematical Society, vol. 23, no. 5 (Feb., 1917), pp. 237-240. 
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To deduce further ne. essary conditions, let us expand, by Taylor’s 
series with a remainder, each term of e considered as a function of 


We find that 


(2) Safran) nt 2 (Get, 


i=1, j=1 


Al 


> 
13:00 9 °n—1* 


where the remaincer A, is homogeneous of degree three in 7,—7, ...., 
T,-1—Tn-1 and contains third partial derivatives of f with mean value 
arguments. For the other terms of the e-function we find that 


n Ne 


ト a = 
(13) e Di SIIT: COS CORT,E ile (セー の 


n-1 


1 N=1 © : i 
— 2 (7,—7,)(fe08’7;;,1. 08° Zu 2 fr; sint; COST; COS? T,,1. ..CO8°T,_,) 
j=i+1 
nel 
= > (7; — 7,)(7;— T;) fr tan T; + h, PD 
i=1, j=i+l 


where h, has the properties possessed by A. If we subtract (13) from 
(12) it is seen that 


Je ーー 
e=— 2 (x Titi) (f COS Tg... COS Tu 
(ent t | 
— I fr; sin T; COS T; COS Tis1. . . . COS" u +friri) 
j=i+1 
ar ed Ble —7,)(?. im Ti, fr tan Ti frir;) +h. 
i=1,j=i+1 


The quantity A, being equal to h,—h,, is homogeneous of degree three 
in T—71,-.--+) tm-1—Tn-1 and contains third partial derivatives of f with 
mean value arguments. As we have assumed that f is of class 07” with 
respect to all of its arguments, À is finite and vanishes as all of the 


quantities T,—T1,...., Tr-1—Tn-1 Approach zero. (It is assumed that 
Ff COS’ Ti,1....c08 Tn_1=f when i=n—1.) 
Let us define a quadratic form 
72 一 1 n-1 
= 2 Ag ADN Etes 
i=1 i=1, j=t4+1 


in the real variables ¢,,...., €,-1, by setting 


PA Yi D 
Or —f cos Ciglos.e COS (C ta a! > fr; sin て Cc; COS Tj COS Tel COS? て うこ ar + friri - 
Ve i+. 


Gj; = for, tan Tj + fre Tje 


Then @ must be greater than or equal to zero at all points ザ a 
minimizing curve and for all values of E, ..., En-ı- 
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| For if る , ...., €,-1 were a set of values making の negative at 


Fe 


some point of the minimizing curve, we could choose 7,—7=¢&,...., 
Tn-17Tn-1=€$n-1) and for sufficiently small values of e the e-function 
would be negative. But we have seen in the first part of this section that 
for a minimum e cannot be negative. 

Furthermore, from the theory of quadratic forms, it follows that 


ax must not be negative, that is, 


n-1 
f cos? Ti+1 いま cos” Cast 2 Jr; sın T; COS Tj cos? Ti41 CCC cos? Tj-1 + frei == 0, 
j=i+1 


lun 


Washington University, 
Saint Louis, U.S.A. 


A Geometrical Study of the Mechanics of 
a Particle('), 


by 


~ 


KINNOSUKE OGURA, Osaka. 


The line geometry plays the fundamental ròle in the mechanics of 
rigid bodies, and the theory of infinitesimal deformation of curved plates 
leads us to the beautiful researches of Weingarten, Ribaucour, 
Guichard, Koenigs, etc. in the differential geometry of congruence. 

The primary objeet of this paper is to deal with the mechanics of 
a particle from the standpoint of line geometry. Since the totality of all 
the acting lines of force in a general field constitutes a line complex, I 
have used the coordinates of force. This system of coordinates is not 
only of advantage in the treatment of the distribution of the acting lines 
of force, but it is valuable in the theory of Appell transformations. 

The Appell transformation, i.e. the collineation combined with a 
certain time transformation is of peculiar importance in the dynamics of 
a particle; and hence it is desirable to find the force under which the 
collineation can be produced. The study of this force (the W-force) is the 
secondary object of this paper. 

Since all the acting lines of W-force form a tetrahedral complex, 
there are some interesting figures and transformations connected with this 
force. Im Part III, I have dealt with such geometrical transformations, 
especially the contact transformation in which a straight line corresponds to 
a certain Kummer surface. 

In later papers(*) I expect to make a general study of the point- 
line connex, such as has been appeared in the field of W-force. 





(1) Read before the Tôkyô Mathematico-Physical Society, September 15, 1917, under 
a different title. 

(2) See my paper “ Theory of the point-line connex in space” which will appear 
in this Journal in the near future. | 
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Part I. Morton IN A PLANE. 


General force. 


1. Consider the field of positional force defined by the equations of 
motion 
din 


— = A(£,), dI ya). 
dt? 


dt? 





Then the equation to the line of action of the force (the force-line, as it 
is now called) at the point (x, y) is 


(1) XV +(e ¥—y X)=0("), 
(5, 7) standing for the current point coordinates. 
If we introduce the coordinates of force (pi, Pr, Pa) : 
(2) m=-Y, p=X, p=xV—yX(*), 
equation (1) becomes | 
P1$ + P24 + Ps 0 ; 


so that (pi, Pr, ps) may be considered as homogeneous line coordinates 
(in the sense of Plücker) of the force-line at (x, y). 
Again if,we use the homogeneous point coordinates such that 





we have from (2) the relation of incidence : 
(3) Pi + P22 + pz %3=0. 


When the point (a, 2,2) describes an orbit, the corresponding 
force-line envelopes a curve which may be called the force-envelope 
corresponding to the orbit. 

2. Ifa point (x, 2, +) be given, there is one force-line (pi; pr, ps) 
acting at that point; conversely if a line be given, there are some points 
where each of the force-lines coincides with the given line, unless all the 
acting lines in the field envelope a curve 


F (Pr, Par Ps)=O ; 


(1) We assume that the force-line is not orientated. 
(2) ps denotes the moment of force about the origin of the coordinates. 
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that is, unless there exists a relation among the force-components and the 
moment of force about a point(!). Hence a given field determines a cer- 
tain correspondence between points and lines. 

It is now desirable to recall Clebsch’s theory of connex. Let us 
take a principal coincidence of the first order and the m'* class defined 
by 

PAt+PpAt+pPsh=, 
| Pit + Prato + p;v3=0, 


where fi, 2,3 are homogeneous polynomials of the m 


(4) 


" degree with 


respect to x, %, &. Then we find 


past. meh —% fs, PTS Te Pa = fat — 3 fr, pry, =f, t2—% fe, 


p being an arbitrary function of a, %, %. Therefore we can construct 
infinitely many fields of force by the given principal coincidence of the 
first order. 

A curve drawn from any origin, so that at every point on it its 
tangent is the force-line at that point, is called a line of force. There- 
fore the lines of force consist of the o' curves determined by 


and in our case these are nothing but the curves of principal coincidence (A) : 
Ais (ade, — x, des) + fy: (a, dv; — 2; de) +f > (a da, — 2, da,)=0. 


Hence the lines of force in the field defined by (4) are panalgebraic 
curves of the first degree and the m™ rank, which have been treated by 
Clebsch(?), Darboux(*) and Prof. Loria(*). 

3. Prof. Appell proved that by the collineation 


ee ax + by +e i &æ+b'y+c! 


——— ———____zÉe———TTe ーー 


a'a+b'y+c' の alla +b''y +o 


combined with the time transformation 


dt 


Ts | ie == tii Eo 
(a! x+ b’y+c') 


(ん た being any const.) 


(1) The central force belongs to this exceptional case. In what follows we will not 
consider this exceptional case unless the contrary is stated. 

(2) Clebsch-Lindemann, Vorlesungen über Geometrie, I. 2 (1876), p. 962. 

(5) Darboux, Bull. Sc, math., (2) 2 (1878). See Jordan, Cours d’analyse, 3 
(2. éd., 1896), p. 28. 

(4) Loria, Spezielle ebene Kurven, 1. Aufl. (1902), p. 724. 
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the equations of motion 


dx Dr dy Lat 











だ x 7 だ 
become 
de _ y dy! ay 
Fa | a ; dhe 9 
where 


(5) X'=k'(a'a+0'y+c"Y{B'X-A'Y+C'(eY-yX)}, 
Y’=K'(a" a+b" y+ec"P { —BX+ AY—C(xY—yX)}('); 
and therefore 
(6) e'V_-yX=k(a'x+0"y+"){B'X-A"Y+C"(eY-yX)}, 
A, B,....standing for the algebraic complements of a, b,....in the deter- 
minant 
LK: 
On) 4 
«a! の // cl! 
These equations (5), (6) may be written symmetrically by using the 
coordinates of force: For, it is well known that by the collineation 
À の ュ ーー ALT, + bx, + CT; ’ 
AP =a" +0 w+ 0%, 
Ae’ a + 6 data, 
the homogeneous line coordinates are transformed into 
epıi=Apı+Bp+ Cp, 
(7) ppa=A4 pit B'pr+ C'ps, 
pp'3= A" p.+ B" p+ C" ps. 
Hence if we put 


2 
ea ar Le 
(a! a, +b! a, +e a}? 
and 
st ws" 
2 (al! x, +46" a, +l! x)? を 


p 


equations (7) are nothing but (5) and (6). Thus the reason why the 


(1) Appell, Amer. J. of math., 12 (1890), p. 103. 
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transformation of force takes the form (5); up to the proportional factor, 
may be easily explained. 
Similarly if we introduce the coordinates of velocity 
a | Se 


う > Q3 =v — —U — 
POT dt ’ 


by the Appell transformation these become 


5 M=Ant+ Bat Ce, 


(9) 1 =A Qt But Cs, 


= g'3= A" q+ BY qt C" gg. 


4. We can form various geometries from the standpoint of the 
dynamics of a particle. 

Prof. Kasner proved that collineation is the only point transforma- 
tion which transforms all the orbits under one (positional) force into 
those under another (positional) force; conversely any collineation 


a ax + by +¢ アー の の が タキ の 


NET. N emer RINT e IN | 
a'a4b'y4e! ? alla + bl" y+" 

transforms the orbits under any given force X, Y into the orbits under 
the force X’, Y’, where 
(5) | X'=k(a''a+0"y+c") |B'X-A'Y+C"(aY-yX)}, 
5 
V'=k°(a"x+b"y+c"} {-—BX+AY-C(aY-yX)}, 
k being an arbitrary constant( * ). 

Next, consider the collineation which tran forms al the orbits under 
one parallel force into those under another parallel force. By this trans- 
formation 

Y=AX (À being any constant) 
becomes 
VAI 
where 4’ is a constant depending upon 4. Hence it follows from (5) that 


— B+A?— C(vi—y) 
アー A'1—C'(x—1Yy) 


ア (ター 





(1) Kasner, Differential-geometric aspects of dynamics VEE Princeton colloquium 
lectures on mathematics, 1913). 
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or 
(A C"+C)(y-—4@)=4'(B'—2A4')+(B-4A) 
must hold good for any value of w and y; so that 
è C'+C=0, ?(B'—-214/)+(B—-2A)=0. 
But since A’ depends upon 4, we must have from the first equation 
GEHE 
that is, the collineation must be affine. 
Conversely, since any affine transformation may be written 
| w= Av'+ Aly’+ A", y=Ba'+B'y+B", 
equations (5) become 
(10) X'=h(B'X-A'Y), Y'=h?(+~BX+AY), 
h being an arbitrary constant ; consequently 
MEA 
is transformed into 
Y'=/'X' where N 
B'— A’) 
Lastly, consider the affine transformation which transforms all the 


orbits under one conservative force. into those under another conservative 
force. In this transformation we must have 











OA! a ort 

Oy’ a 
under the condition. 

OX = CRI | 

Cyr Oe 


Since (10) gives 
nor Où 4 AAC)" 
Oa! SENTE 1 の の この の 


= が | 4(-? OX LA oF +B as 























OX か SL), 
“ni Oy 








Ow Ow 
OX! _ 2 4( FRS ar p(B 2X DITO GAI 
Oy’ Oa Ow Oy Oy 


it should be 
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cn 


2X OY) (atx am_ (Bm) SE 


Of. Oy 





(AB+ A’ B)( 


identically ; so that 
AB+A' B'=0, 4:+4A”=B’+B5”; 

that is, the affine transformation must belong to the principal group. 
Conversely the transformation 

an a! I as 

PES poe ne (0, a, b being arbitrary constants) 
7 三 士 の (2 sin d—y co; 0+b), 
carries over all the orbits under one parallel and conservative force into 
those under another pvrallel and conservative force. 

Therefore the projective group, the affine group and the principal 
group may be characterised by invarianey of the orbits under any 
force(*), those under any parallel force( ”) and those under any. parallel 
and conservative force(*) respectively. Consequently, according to Prof. 
Klein’s principle of classification of geometries, projective geometry belongs 
to the general force, affine geometry to the parallel force, and elementary 
geometry to the parallel and conservative force. 


The W-force. 


5. I. Consider the motion defined by 


a,t at Gat 
Maher, m=hkhe*, woke, 


where a’s and k’s are any constants, or 


(11) pesa eh nn 


The orbits form a system of W-curves 





(a = Ai = Cl ’ B = Ay ーー (tz). 


Ao 一 ⑦ du — 4 a,—a 
je OUT LD tag etc IL 


or 


(1) The characteristic properties of these orbits were given by Prof Kasner, loc. 
eit.. 

(2) For the characteristic properties of these orbits, see Ogura, Geometry of the 
field of central force, Töhoku Math. Jour., 11 (1917), p. 38-54, especially p. 50. 

(3) Any parallel and conservative force is defined by the force function of the form 

U= @{x+ky), (k, any const.). 

In this case all the cubical duplicatrices in my paper (loc. cit. p. 51) corresponding to all 
the points of a straight line perpendicular to the force lines are congruent; this property 
is characteristic for parallel and conservative force. 
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(12) の 2 eye -d1--consb., 
whose invariant triangle coincides with the fundamental triangle (of 
homogeneous point coordinates). 

Differentiating (11) with respect to time t, 





(13) do la get, 4 ね ag 
dii lee cat TT Te 


hence 


Fa 
— "—=const., 
: dt dt 


which shows us that the hodographs of the orbits (12) form the W-curves 
of the same system as before. 
Differentiating (13) again 
Zi» 2 » 
Ex ay det, LR J =} pe, 
dt? ks 


dt ん 。 
(SS 
の だ dt? 


Therefore the hodographs of hodographs of the orbits form also the W- 
eurves of the same system as before. 
Now the coordinates of force have the expressions : 





so that 








(14) p=-?y pda, ps=(f—d)xy. 
Hence the force-envelopes corresponding to the orbits (12) are 


Gad Ao — 4 の 一 ⑦ 
eo es i CONSE, (ei) 


Pi 
in homogeneous line coordinates, which form a system of W-curves 
different from that of the orbits. 

II. The orbits described under this force (14) form the W-curves 


(12) for the initial conditions : 


pi が ーー y Pda hy ae dy la ae tore ih 
For the sake of ee this force will be called the W-force with 
respect to the given fundamental triangle. This is the conservative force 


whose force-function is 








(1) This equation may be written 


x, % 4, 9,0293 の ュー の 。 = const. 


in the point coordinates. 
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(aa? + By?) + const. ; 


Lo | 4 


so the equipotential curves form a system of concentric and homothetic 
ellipses. It is noteworthy that the total energy has the same value along 
all the W-curves (12): ). 

Here we will prove the fundamental 
theorem : Let us divide the plane into the 
jour wregions VI, «LI, IIL Vase 


figure. Any collineation which leaves the 






I say 
Jundamental triangle invariant and trans- (oye) 
forms one point into another in the same 
region, can be produced by the W-force. 
Let the collineation be 
ッ ー ル 0 Y=VYYo, 


where 4 and » are any positive constants; for (x, %) and (a, y) lie in 
the same region. Then if we take | 


pee loy u 6 と log 


ti ti 


2 


t, being considered as any given constant, and aa, By, as the velocity- 
components at (a, %), then the collineation will be produced by the 
W-force 
NE EI Mon 
and the particle at (x, y) will arrive at (x, y) after the time &. 
Ill. The field of W-force corresponds to the principal coincidence 

(1,1) which is given by 
(15) Bp, Xi + a Po の 。 十 (a° + B°)p3%3=0, 

5 

| Pitt Prt, + p;%;=0. 


! W-curves 


And the lines of force are the o 
の 一 2 の o, B? ar = const, 


constituting a system different from that of the orbits (12). 
Lastly we have from (15) 


6 2 1 a as La a Z 2 A È: 
(16) PRE = Cs> PPTa LT, opy=(f — Q. )tites 
» being any proportional factor; or 
È g y prop ; 


(1) In the other words, the W-curves (12) belong to a natural family. 
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Am=—P pop;, Ax,=@ psp, ha,= (8? —a*)p pr, 
A being any proportional factor. Therefore it follows that any point and 
the force-line acting at that point make a one-to-one correspondence which is 
nothing but an involutory quadratic correlation( *). 
6. Now we will determine the W-force with respect to any funda- 
mental triangle. 
I. Let us consider the collineation 


= / / / 
Py = Uy UF UT 9 FT Utz ZU, 
pe=v +, 2+0%3=0y, (の being any constant), 


» ーーー / 4 / ーー À 
| 03S Wy Hy + WC 2 WT 3 = Wy, 


or 
DAME, 7 
ーー の ュー Era +- Vi の + W 173 35 
p 
Der 
ー 15, = る 9% + Was, 
の 
ANTA 7 V. 
CE g= Ua, + Visas + Wir, 
の 
where U,, V;,....denote the algebraic complements of w,, v,,....in the 
determinant 


th Un. a 


ei の の it 
UW, W, Ws 
By this collineation the invariant triangle in the last paragraph becomes 
Beau Et Oe tit =x U 
and the orbits (12) take the form 


の 。 = bem À, 一 7. 
(17) u “80,8 ur  *=const. 


It is easily seen from (7) that the coordinates of force are transformed 

into | 
op =UPpı + VıPpr + Wp, 
Cp’ y= Un + V2Pa + WrD3 , 

o p'3="3 Pi + U3 P2+ WsP3; 


9 


ee e nn > 
k? (U2, + Va&+ Wits)ÿ 


whence we find 


(1) See Klein und Lie, Math. Ann, 4 (1871), p. 78. 
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ans PP 
いき で の の 


1 2 
2 2 2 2 
PA? P fe w' e B U Vx Wy ーー A Vi Way Ur + (8 AG ) Wi Usi の ルル | | う 





ar 
i ed pats? 2 2 Zoe 
(18) EIN Pa |P dw + ad Wy) Une (8° a) WU Var by 
a Wy 
1 ye ae Q? 2 3 Pig 1 
PA? 3 一 4 mar è Us Var Way + (4 U3 War Uy: + (3 ‘ET a ) ws Ugr Ug) ( de 
ie w 


a’ 











Similarly the coordinates of velocity take the form 


1 1 
o wi, 


し 


bi 





7 
Uz! 


2 SU Ver War + AV, Wy) Ug + (3— a) Ws Ur n) , 


ニュ 





a na 


2 | - Buste Wy + の の 5 Wir Ur (8 の ww . 
wi, 


II. In order to find the motion, take the time transformation 
ht = ot 


(Us&+Viy+ Wi} " 
which may be written 


2 
(19) kan. FOR oe 
(k, Use + hy, Vie” + ky WP 


and let the solution of the differential equation (19) be 
t=o(t) or 〆 三 の (の 、 
Then for the initial conditions 


PAUL SU Vath We 
k, Us+ ka Va+ kg Wa ki U3+ Vy kW, ” 
4 da! sr RD La k Le 


Foiano Li veti aber 


SU ER PRE an == 
ks 








RT 5 et 
for t'=%(0), 


a particle describes a W-curve (17) under the W-force (18); and the 
motion is given by 


(1) This force is not conservative in general. 
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ッ ー kı Vie” +k, Viet + ls W, 
gr iy Use + ky Ve + な 
= k, U,e" + ky Ve + ん W; 
a k, Use“ + k, Va e +k,W; 








È 
ly 


Avy! =k, U, e491) +k, Vies) + hy Wietse(t), 
Av! =k, Up e129) +h, Vy et2900)4+ hk, Wiets£(), 
Dare! = Io, gets Pt) + ley Vu eta) + I, Wyetselt’) . 


The fundamental theorem in § 5, 
II. is also true in the general case if 
the plane is divided into the four regions 
as in the figure. 

III, The force-envelopes corres- 
ponding to the orbits (17) are 

Oo Vs Wy?) *=const., 

which form a system of W-curves 
different from that of the orbits. 

The principal coincidence corres- 
ponding to the W-force (18) is de- 
termined by 





と の 2 È D È à 
[F pr! Ug + apr ty +(a°+f)p/w,=0, 
| piuy+p.vy+p/w,=0; 
so that the lines of force are 


B? a? B?—a 
, 


— 2 
USINO Ur =const., 


which form a system of W-curves different from that of the orbits. 
In the particular case where | 





bl, w=V —1, u=0, 
vl, %2=—-VY —1, v=0, 
Wi = w,=0, V3 = È, 


a= (14V =1.00t0), B= === L-eot dere 


the orbits (17) become a family of (real) logarithmic spirals 
mes Cè ee cot w 
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in the polar coordinates (7, の , where 
e'=r così, Y=rsin®. 
Then the W-force becomes imaginary( * ) : 
pl =—V —1LF{2 cot w- a+ —cot? w)y}, 
pl = — y —1F § (cot? w—1)r + 2 cot w - y}, 
pf =2YV —-1 F cot wa? +y”). 
On the contrary the lines of force form a family of real logarithmic 
spirals | 
r=C . ed cot (—2 4), 
el: Appendix]. Here I take this opportunity to determine the 
central force under which a system of W-eurves (of the first kind) can be 
described. 
Let the equation of a system of W-curves be 
(a Za Es — const. (2A1+4:+43=0), 
or 
F=A log & + À log &;+ 23 log &;=const., 
where we have put 
E =U}Lt4UY+U3, &=00+0Y+%, = y + Way + Ws. 
Take the centre of force as the origin (20, y=0); and let h be 


the angular momentum about the origin, and the equations of motion be 


abi 7 et dy SA 


de Va'+y dt Va+4y 
Then the required force F is given by 


(HY Bho a oy ,( ayer 
Oy/ Or Ov Oy Ox Oy ‘Ov om (2) 


F= —WY x" + y (< IRA =) 
Sa Oy 


Now by a short calculation 











(1) In this case the time and the velocity become imaginary. Compare with 
Appell, Sur une interprétation des valeurs imaginaire du temps en ee Comptes 
rendus, Paris, 87 (1878), p. 1074. 

(2) Whittaker, Treatise on the analytical dynamics (1904), p. 78. 


ge = °° D 


TT = o Bas hf 
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Ad 。 ず みず 27 (AV 
(3) N 


Oy/ da or Oy Ox Oy Ox / OF’ 
Lar 
SERENE PL 
sx SUL A? 
(515253) | 
Tr + 9 一 一 Usa mr 1 ンー キー Ua cata Beas 7 っ 1 + A035) 5) ; 
“TR Oy ST 


and therefore 


AS 


F= h? 4° À ん AV © + Ta ———— > ———— 
3 (A, Us 5253 + ん の 5 È; + /3 W351 Ey 


The force vanishes on the invariant lines and becomes infinite on 
the conic 


À U3S9S3+ ん の 8 る 十 2 の 5s 三 0 


which is the locus of points of contact 
of all the tangents drawn from the 
origin to the system of W-curves. 
And it is easily seen that this conic 
passes through three vertices of the 
invariant triangle and the origin, and 
touches the W-curve belonging to the 
given system at the origin. In the 
annexed figure the central force is S Ww 
attractive or repulsive according as MM | 
the particle is outside or inside the i 
shaded regions.’ 





Particalarly, 
(i) if we put 


IA) 


el. Al; 4,=1, 
we have 
ma So 


so that the system consists of the concentric and homothetie conics whose 
asymptotes are £,=0, f,=0. Then 


(20) FP=k Va +9 (034 +Ww5,—2e)°, (k, a const.) 


186 KINNOSUKE OGURA : 
which is nothing but Hamilton’s theorem( '). 


(ii) Next if we put 


= 1, A.=1, 


we have 
z È, ーー const. ao 


so that the system consists of the conics having the double contact whose 
Then 


tangents at the points of contact are &,=0 and ¢,=0. 
re Wee ae 
F=k アダ 十 7 (618) ?. 

More particularly, when the vertex (§;=0, &=0) coincides with the 


origin, the force takes the form 
(21) F=kVx+y (ar +2 Boy ty?) ?. 


Thus we have arrived at the two laws (20), (21) of central force 


discovered by Darboux and Halphen in Bertrand’s problem. 


(iii) Lastly if we put 
&=(1-a+V-1(y-5), &=(0-@-V-1(y-#) る ニュ 
h=—(1 +V —1 cot &), 4 ニー ニー ロー ジニ cot w), A=-—l, 

we have a system of logarithmic spirals with the same pole (a, 8) and 


the same angle © (w being the angle between the radius vector and the 


In this case we have 


curve). 
2 





アー — 


sin? の 


: (v= a)*+(y 8) | 
(Ga) + Y— B+ (a—B cot o)a—a)+(B+a cot @)(y—9)} 


so that the force is attractive or repulsive according as a particle is out- 


side or inside the circle 
(«-a)?+(y— + (a—f cot w)(x—a)+(8+ a cot w){(y—)=0, 
which is the locus of points of contact of all the tangents drawn from 


the centre of force to the system of logarithmic spirals( ? ). 


(1) Hamilton, Proc. Roy. Irish Acad. (1846). 
(2) This circle passes through the centre of force and the common pole of logarithmic 


spirals, and touches the logarithmic spiral through the centre at that point. 


+ o da 


— ーー 
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When the centre of force coincides with the pole, the force takes 
the form 


h? 9 ー3 
F= ーーーーー(Z 十 の) ? 
sin? の 


which is a well known result. 


PART II. MOTION IN SPACE. 


General force. 


8. Consider the field of force defined by 


dr 
BAT X, Y, 2), 


2 





d'une è 2 KS 
dE er Y(x, Y 2), の た ー ク (?, Y 2) 2 


and let us introduce the coordinates of force : 
Pr=rY—-yX, p3=yZ—-2Y, pa=2X—rZ, 
(22) Pa= À, Pe= Y, Ps=Z, 
Py= Psi, (J=1 2, 3, 4), 
where Px, Piz) Pa are the components of the force parallel to the coordi- 


nate axes and 9,2, P23, 3, the moments of the force about the axes. If 
we use the homogeneous point coordinates such that 
Uy Lg v3 


x Y= —y z= 
x x の 4 





ルキ ーー 








2 


we have the identities (relation of incidence) 


Pa Lo + Psr La + Pas t=O, 


Pas Li + Pu Vz + Pa U= dk 
Pa Li + Pu Ve + Pis u= Mr 
Pa C+ Pis C+ Pa D =0, 


and 
Pr Psa + Pis Pa + Pr Pr =0. 
Hence (p,;) may be considered as homogeneous line coordinates (in the 


sense of Plücker) of the force-line acting at (x, y, 2). 
When the point (x,) describes an orbit, the force-line (p;;) envelopes 
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a ruled surface which may be called the force-envelope corresponding to 


the orbit. 
If a point be given in the field, there is one force-liñe acting at 


that point; so that the totality of force-lines must form, in general(!), 
a line complex 
(23) 2 (Pio; P23 , Par » Pas Pars Ps)=0 

which is equivalent to equations (22), x,y,z being considered as three 
parameters. Conversely, if a line belonging to the complex (23) be given, 
there are, in general, some points where the acting lines coincide with 
the given line. Hence any field gives a certain correspondence between the 
points in space and the lines of a: complex. 


9, The theory of point-line connexes(*) leads us to the construction 


of fields of force. 
Let 7712) 213) Tıs, Tg, Hw Ty be the homogeneous line coordinates of 


Plücker. Then we have the identity 
Te Lui + is Tao + Tu Mo = 0. 


Now consider the equation of the RARE (which will be called the 
point-line connex of the first order and mt class) 


(24) Ho J: ar Has fe 23 + 7031 Br + Ta fai + Warten Le Jas u; 


where all fs are homogeneous polynomials of the m™ degree with respect 
to %,,%,,%y,%;, and the four equations of incidence 


Zs La + Tao Vs + Ho, Wa = 0, 


T4 Ti “ta Ty v2 + To U4 =O ’ 
T39 Uy + T3 Lo + To, La == 0 re 


Taking (x) to be any given point, equations (24) and (25) give the 
corresponding lines which constitute a flat pencil having the given point 
as the vertex; conversely, taking (p;;) to be any given line, the corres- 
ponding m points are finite in number, except a certain cases. 

Next consider the two equations 








(1) There exists the case where the totality of all the force-lines form a congruence, 
as for the central force. In what follows we will not consider this exceptional case unless 
the contrary is stated. 

(2) For a detailed study of this theory, see my paper referred to in the introduc- 
tion. \ 
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(26) Midis + Too fa + Ty ft + mu Ja + To fe + Ts fas =O, 
of + Ts fes + Ay fa + Ta fii + To fet 743 Sag =0 


and (25). Taking (x) to be any, given point, it corresponds to only one 
line passing through that point; and hence the totality of the lines (7,,) 
must form a complex 
(27) 2 (Ts, 235 731) Ty; Te, Lys) =0. 
Now it will be seen, by the aid of the identity 
Tr Hoyt Tg Tin + Tu A = 0, 


that the determinant 


‚0 Kar Mis To 
Hy, QO Ty Ay 
Ta, An 0 js 
Hy, His An 0 


is of rank 2. Hence the necessary and sufficient condition that the six 
equations (25) and (26) should be consistent for the given (7,;) will be 
obtained by eliminating «,, 2, ©, x, from the four homogeneous equations: 
(26) and any two of (25). This equation of the condition is nothing but 
the equation. of the complex (27)(! ). 

Consequently, taking (7,,) to be any given line belonging to the 
complex (27), it corresponds to some points lying on that line. Thus we 
have established a correspondence between the points of space and the 
lines of the complex (27). 

Solving six equations (25) and (26) we find 

の ーー FRUASB UALR, fut fi do + fi da = yntntig 


Sir But —fhutfh + x, 


[Ha +3 +S B de 


2 tf ds + fa V4 


=a 2 
2 pra n n n n n n zu Far 
( 8) — fa Vy +f 3s Vo +f% U4 ー7 る Lo +f5 vs +h T4 
ox mut u ta La 12 Li —f EZ = gintnt2y 
2 = L4 43 3 
in + f 5 ds + fa La Fine FB + fe de 
PT 2 ar Zn 2e pT» en Sapte. , の Zs = #4! = ai "Ou, 


(1) In general, this complex is shown to be of the (m+n+1)th degree. 
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all os being functions of «,y,z; whence we obtain the infinitely many 
fields of force defined by 

(29) A oa > ーー ん の 45 y Z= ÂPas , 

| ッ ア ーッ パー ん の js 9 グー アー4 の 。, :X-a4=}@x. 
(A being taken as an arbitrary function of x,y,z) in which the totality of 
the force-lines form the complex (27). 

10. When the field is given by (22), the o? lines of force satisfy 
the two differential equations 


da d dz 
( À ve Vai ( ) 


so that the «7? lines of force are the characteristics of the linear partial 
differential equation of the first order 


(31) Pa xy 


dx Oy 


and since the lines of force are integral curves of the line complex 


(23) 2 (Pia; P2 3; Pa Pa » Paz Paz) =O, 


the tangent to any characteristic is a generator of the complex cone 
corresponding to the point of contact. 

Now let us take a surface which touches corresponding complex 
cone at any point of it. All these surfaces are given by the partial 


(1) If the field be defined by (28), we have 
xdy—ydx ydz—zdy zdx—xdz dx dy dz 


ーー —— 
> = = = ーー 


T12 m23 T31 741 .T4 AB 
along the lines of force. Hence (26) become | 
fi (edy—ydx)+----+f13d2=0, fie (wdy—ydx)+----+f43d2=0, 


from which we obtain the differential equations of the lines of force 


dx dy 
na-fa2+4fn fay-fartfs fay-fastfs faz-faytfa 
fize—fo32ztfar fay-fsuctfs | fey—fuetfe fa2z-faytfa 

dz 


Sa2z-fay+fa 12 ツー ア 28 2 十 2 
31 2 一 2 9 十 4 れ finn-fasz+fa 


It is easily seen from (28), (29) that this system is identical with (30). 
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differential equation(!) 


De 0,02 
32 Calo, — )=0 
(32) Es Be 


which is obtained by eliminating 2’, y, 2’ and p from 
Q (y2! —2y", 20! ar, al yo, x’, ダッ ダ ) 三 0, 

Ga ON Enge 』 902 
paese oy ivo 
The tangent to any characteristic of the partial differential equation (32) 
coincides with the generator of the com- 
plex cone along which the cone touches 
the integral (complete) surface. 

Consequently in order that there 











may exist an integral surface S of the 
differential equation (32) on: which the 
lines of force should be the characteristics 
of that differential equation, that is, in order that the complex cones may 
touch a surface S along the «+ lines of force on that surface, it is neces- 
sary and sufficient that the two partial differential equations (31) and 
(32) should have the common integral; in other words, /=0 and G=0 
should be in involution : 





OF am oG „ee OF si MRC OG 




















: CI RL 

Ox ity Oz : Ox 4 Oz |t Oy 1 Oz Oy À % |=9, 
OF OG OF OG 
Op Op Oo og 





2] 


under F=0, G=0. This condition may be written, in virtue of 

















(31) F=Xp+ Yq—Z=0 
in the form 
x 2G ACI, OG 」 ae whenever G=0, 


where we have put 


(!) Lie, Geometrie der Berührungstransformationen, I (1896), p. 260. 
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OL OZ OX OX Da OY 
EEE) ASL AD) 

dx pri Oz P On. ae Oz (= Ou TE Oz 
RESTA! EIA (- OX OX (= OY ox) 
Rey es = Oy at Oz IF Oy wa Oz 


which is nothing but the necessary and ‘sufficient condition that the 
differential equation 


(32) G (2, Y, る の )=0 


may be invariant for the infinitesimal transformation 
x = Zt 


But since the lines of force 





are the path-curves of that infinitesimal transformation, we have the 
theorem : | | | 

The necessary and suficient condition that the surface S may exist in 
the field of force (22) is that the differential equation (32) should be in- 
variant for the infinitesimal transformation 

FR NO エン 
a da a Oy ti Oz 
whose path-curves are the lines of force. 

If the condition be satisfied, the common complete integral contains 
one arbitrary constant, so that there exist ©! surfaces S(?). Then we 
can infer, by a theorem due to Lie(*), the following theorem. All the 
lines of force on the surface S (ne on this surface only) constitute a system 
of the asymptotic lines. 

The existence of the e S depends upon the nature of the field. 
In $15 we will show that ©! surfaces S may exist for the W-force. 





(1) Lie, loc. cit., 598-600; p. 610. 
(2) If the complex Q=0 (or more generally all the curves of complex) be invariant 
for the above infinitesimal transformation, it follows from the method of formation of (32) 
that this differential equation @=0 is also invariant. Hence there exist の 1 surfaces S, af 
the infinitesimal transformation 
LI 4 
=X = y 2 ーー オグ クー 
Uf= i EM Re 
leave invariant the complex A =0 (or more generally all the curves of the complex.) 
(3) Lie, loc cit., p. 308. 


A GEOMETRICAL STUDY OF THE MECHANICS OF A PARTICLE. 193 


Here we will give an example of the field, for which the surface S does 
not exist. 
Consider the force defined by 
X=a(b-c+V 2)}Y=ya—-c+y 2), Z=V z(a-c+V z)b-c+V 2), 
where Yz denotes the positive square root of z and a, 5, ¢ are any 
constants. Then the totality of the force-lines form the tetrahedral 
complex 
AP» Pa +b Pa Par + CP pa = 0. 
Since the lines of force are given by 
da dy dz 
x(b-c+V 2) ー Ya-cıv 2 rs = ar z(a-c+ VV z\(b—c4+Y 2) ” 
they are the ©” conics 
æ=Q(a+t), y=c.(b+t), 2=(c+7), 
where 7 denotes the parameter and c,, €, are arbitrary constants. In order 
that the surface S may exist in this case, ©! conics must form a system 
of the asymptotic lines, which is not true; for every plane asymptotie 
line is a straight line. 
More generally, the surface S can not exist for any field in which 
all the lines of force are plane curves(’ ). 
11. We can show that the Appell transformation in space 
I = Qu Li + Ay Lo + Ay La + Ay La 
12%, = 01% + Az, Ly + As C3 + Ayn Vy, 
A at! =0,3%,+ As Lo + Une T3 + AT, 
AC = un + lu dat の 4 + Qu Ts, 
x,y? dt 
(dati + Ayla + Aus + Aggy)” 


carries over the given field into the new fie!d defined by 


kat 




















; Gi Ugg An, Ay, Az, Aq, 
P P a — PAT Par + Pas 
Oy, Ay Ca Ay Asa Css 
A An Cy, dy Ay, dx 
Pa Pa + Pa » 
A14 As Ch, の 34 Ag, Ao 




















2 


(1) We exclude any fleld in which all the lines of force are straight lines; for in 
such a field the totality of all the force-lines form a congruence. 
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where 
9 
a Ca 
Ke (A14%, + Los Da + May V3 + Ay a4) 
The transformation coordinates of velocity-line in space and the 
classification of space geometries are furnished by similar ways as in the 


plane. 


The W-force. 


12. Now cunsider the motion defined by 
U=hetit, teh, e%2t, x,—k,erst, keit, 
all a’s and k’s being any constants ; or 
gal Oa) Bee 
where 


ka ks 


2 2 
ky ん 








A — 4) B=a,—a,, {=d-U. 


The orbits form a system of «* W-curves 
1 
(33) D As: ZT ER NER 
(A,, B,, C being arbitrary constants), whose invariant tetrahedron coin- 
cides with the fundamental tetrahedron of homogeneous coordinates. 








Since 
da rf 
= Ag er ne ae oe 
dt 
dx 
DE HO ETES, SEE 
dt 


the hodographs of the orbits are the W-curves belonging to the same 
system as the orbits, and also the hodographs of hodographs of the orbits 
are of the same nature. 

The force (the W-force with respect to the given fundamental 
tetrahedron) 


(34) Ara ar Ve ya TE 


is the conservative force having the force function 
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da (a at y +7" #)+ const. ; 


dl 


so that the equipotential surfaces form a system of concentrie and homo- 
thetic ellipsoids ; and the total energy has the same value along all the 
orbits (33). 

The lines of force are determined by the two differential equations 


dB rd dz 


which give by integration 
1 li 
wa? yB° :Y=A,: B,:C, 
so that they constitute a system of ©” W-curves different ‚from that of 
the orbits (33). 

It is evident that an analogue to the fundamental theorem in 85, II, 
is also true, if the space be divided into the eight regions by the three 
coordinate planes. 

Lastly we remark that the W-force with respect to the general 
tetrahedron can be determined in a similar manner as in $ 6. 

13. Now we will discuss the force-envelope of the W-force (34). 

Let «,y,z be any point of the force-envelope. Then we have 








EM un Lee ほっ まま 
VA? ate 4 B: の Bt 4- Ce A 
2 Bt 
oy) le is aa 
VA al & + BB e "Be Orte 
ora 


= Cet + 





à Ur DOC STE CNT PART TL 
WA ae" BG er (の aa 
t, て being the parameters. If we put 


T 


Ve + BEE CO 





u=t, 


(35) becomes 
«= Ae"(1+ av), 
Loan so. 
| 2= Ce" (1+70). 


The parametrie curves u=const, form the system of generating lines. 


(36) 
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But since 
Pu = ar, Da == OY, Pas — CZ, 
Puo=(b—a)ty, Pa=(c—b)yz, Pa = (a — cre, 
where 
a=a°=(a,—a;), b=f°=(a,—a)?, 6 テニ ゲー(@ ぬ ーg)5 
we obtain | 
(37) bc Dx Pa + CA Pz» Pe + ab pops =0. 
Therefore the generating lines belong to the tetrahedral complex (37) with 
respect to the same fundamental tetrahedron as that of the orbits (33). 
Since (36) may be written | 


1 IRA 


w* sy? 227 ={A(l+av)} 


1 


ar ; 1 
{B+ Po)? : CT の 


the other parametrie curves v=const. form a system of W-curves, belonging 
to any tetrahedral complex | 





1 
a 


À Pr Pu + LPs: Dar + Y Pio Pas zu ’ 


where 2, y, » satisfy only the condition 





— —À , 4 一 | 
こい ee: 
a 3 7 
The force-envelope is generated by a system of o! W-curves and 
may be written in the form 


T We a 
save Y 4 \E 








so it is invariant for the infinitesimal projective transformation 


DE CAI) of 
i= Meas SA Da PAR RR 
I a Er as Oz 


Therefore the asymptotic lines of this surface can be found by quadra- 
tures(*): in fact, the differential equation of the (curvilinear) asymptotic 
lines is 


© x apy (a+B+n: 
du 


which gives by integration 


(1) Lie, Vorlesungen über Differentialgleichung:n, (1891), p. 257. 
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2 9 
A の いい 
const. e“—=v a+f+r (en) a+Ptr , 


apy 


201 . (1 — const. 6 in DI 
apy 
Lastly we add the equation to the line of striction : 
A? Bt} (a— PRE (1 + ov) + BY OP B-PEF TU LA Byrn) 
+ CAT a (y—a)? #41 + yav) =0. 


or 





14, In order to discuss the configuration of points and force-lines 
of the field of the W-force (34), consider the six equations 
(bar, — Cds) Tu + (ex; — AU) Ty + (aa a bw) Ta3=0, 
a(b? Ca a c° 3) IT 44 + b (@ Us ie a? x) 743 + (6) (a? Ci eae: が To) 7T 4°, - 一 0, 


70 342 + Tao Ds + Host = 0, 


(38) Bit, 
71 43 Ho + T4 La + T1 U4 n 0, 
Ta + Ta Lo + Tir da = 0, 
Zs の + 7033.02 + My V3 sil 


Let (x;) be a given point. Then solving these equations we find 
(39) P My HAM X,, pra=bx,%, 0 7043 = CV3 La; 

の Zs 王 (6 一 ) aya, x3 =(c—b) x, 23, の Zs =(A—C) X32, 
where の is an arbitrary proportional factor. Consequently (7,,) must 
belong to the tetrahedral complex 


(40) . DE M3 Ay + CA Hay Ho + Ab Ty Ta =0. 
Conversely, let (7,)) be a given line. In order that the six equations 
(38) may be consistent, the line (7;;) must belong to the tetrahedral 
complex (40) (*). If the condition be fulfilled, we may take 
Ax, =bonrgTu; ACO Tn Ms; 
(41) 1 23 4" 41 2 3 2 と 42 
AxX= AD, 1 =alc—b)rens- 

Therefore the two equations 

(b u —c &3)%#y+ (6 %—G の ) 婦 5 十 (a —b 2) 7g=0, 


ab’ — 23) Au +0( a a) 75 十 6( の 6ー の る の) T3 =0, 
(1) Eliminating x,,%,,%,,%, among (38) we obtain 
{ab—-c)m,1+0(c-@a)m,,+c(a—d)7,3}(0er23T,1+007,,7,,+0d7,,7,3)=0. 
But the first factor does not vanish identically for (39). 
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combined with the condition of incidence may establish a one-to-one point- 
line correspondence, it is necessary and sufficient that (x:;) should belong to 
the tetrahedral complex (40) ; and if the condition be satisfied, x’ fields of 
W-force are obtained, as it is seen from S9(`). 

15. Now the general solution of the partial differential equation 
F=0 (31) for the W-force (34) takes the form 


9 5 NG; Ye 
(42) 2=%a (2), 
where è denotes an arbitrary function, and the differential equation 


G=0 (32) becomes 


(43) a’(b— (2) — 2ab(b — c)(c- Jay . 





+b(c—a) Ee ) +2ca(a—b)(b—c vi 
Oz 
oy 


Since the tetrahedral complex (87) is invariant for the infinitesimal 
projective transformation 





-+ 2bc(e—a) (a—b) a — + (ab) #=0. 


N os ci 
È b . 2 a ; 
Da eo, A. 











Uf=ax 


equation (43) is also invariant; hence it follows that there exist co! 
surfaces S(§ 10). In order to find these surfaces in a simple manner, 
if we put 


“ses 
の (<) 三 const. て a , 
and 


(44) a.+bpu+cv=0, 


(1) Im order to obtain the lines of force we put 
tane to es a ea IE peo 12 ee 
ady—yde © ydz—zdy  2de—xdz da dy dz 
Then (38) becomes 
(b y—c 2)de+ (c 2 一 @ x)dy+ (a x—b y)dz=0, 
a(b?y— c?z)dx+b(c?22-— a?x)dy+c(a?x—b?y)dz=0, 
from which we have 


This coincides with the result of $ 12. 
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where A, 4,» are constants (which we bave to determine), (42) becomes 
the W-surfaces 

(45) パグ ダー ムル ん 
k being an arbitrary constant. In order that these surfaces satisfy the 
equation (43), it should be 

(46) a’(b—c)’7°+b?(e—a) p+c(a—b) » 

— 2bc(c—a)(a—b) py — 2ca(a—b) (b—c) vA —2ab (6—c)(c—a) Au=0. 

Therefore when 2, 4,» satisfy the two equations (44) and (46), the o! 
W-surfaces (45) belong to the surface S(! ). 


Hence in the field of W-force all the lines of force on any W-surface 
(45) are W-curves and they constitute a system of the asymptotie lines. 


PART III. GEOMETRICAL TRANSFORMATIONS. 


16. We have established a one-to-one correspondence between the lines 
of the tetrahedral complex 
(47) be Ty 4, + CA 131 Tao + Ab Hy T3 = 0 


and the points of space, by the aid of the formulae( * ) 


(48) PT = AYU, PAe=b%%, PT43:=0%3%4, 
or=(b-@)x, x, pry=(c—b)w2%;, prn=(a—c)23%;; 
Or 
At =be Tx Au, A X2=CO 0x3, 143, 
Agg= Tnt, Àta=a(c—0)T y Ts. 


This representation does not belong to that due to Prof. Noether by 
which a one-to-one correspondence can be established between the lines 
of a general quadratic complex and the points of space( * ). 


——._ 


(1) Since (45) contains one arbitrary constant, it is the unique common complete 
integral of F=0, G=0 in the field of W-force. 


(?) In Part III, ®,,&,,xy,®, are assumed to denote the general homogeneous point 





coordinates, and a,b,c to be arbitrary constants. 
(?) Noether, Göttinger Nachrichten, (1869); Caporali, Mem. della R. Acad. dei 
Lincei, (3) 2 (1877-78); Jessop, Line complex (1903), p. 179. 
Our transformation is also different from that of Weiler [Zeitschr. f. Math. u. 
Physik, 22 (1877), p. 261] which may be written in our notations: 
pr,,=a(b—c)x,2,, pm ,„=b(a— c)%,%,, prg =C(a—b)r,%,, 
pri, =Uc—b)R Xo, proa=a(c—bx,ds, Pr3, =@(b—c)e,®,. 
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Let us consider the singular collineation of two spaces I and 2° 
such that | 


il 1 1 
TU SMI oki, NE); 
ne “ の 
If (7;;) be the line joining any two corresponding points (z,) and (x;/), 
PTA=A%%, prrsa=bx,%, PT4=C%X%3%, 
prz=(b—a)x%, prz=(c—b)x%3, の Zsi 三 (@ 一 6) X32. 
Thus we have obtained a method of formation of our representation (48). 
To the lines of a congruence (2, 2): 
lt +09 7149 +l3 143 + mio 45 723+ 47 =0, 


DC T3 Ta + CA 13, Mao + Ab Ho Hay 0, 


correspond the points of the quadratic surface 
al, 21%, + bla tg.%, + coter 十 (6 一 @ の 44m の 十 (6 一 の + (a — Ce) RX =0, 
which passes through the four vertices of the fundamental tetrahedron. 


To the condition that. the two lines (7;;) and (7,7) belonging to the 
tetrahedral complex may intersect, 1. e. 


To Tog! + Ts Ta + Wy To + Mog Mi + Wy M13! + Ty To =O, 
corresponds the relation between (x) and (x) such that 
(49) cla—b) (2 22.5! a4! + 23,24% 25 ) 十 6(c 一 @) (X 232 Wy! + 2,24% %;) 
| +a(b—- ce) (a ur 2 +9,00 v4!) =0. 
17. Now consider the transformation between (;) and (x;/) defined 
by the aequatio directrix (49) which is symmetrical with respect to (x;) 
and (x/). 
To the point (x,) corresponds the quadric 
F(a!) = Sc (a—D) (の 1 の ss ag! + 2324227) =O 
in the current coordinates (x;/), which passes through the four vertices of 
the fundamental tetrahedron and the given point (x;). Conversely, to 
the point (x/) corresponds the quadric 
Ff, (x) = Xe (a— b) (ay rt) a4! + 3.04%)! 22) =O 
in the current coordinates (#;), which passes through the four vertices 
of the fundamental tetrahedron and the given point («;). 
The quadric corresponding to any point on F,(x)=0 passes through 


the point (#;), and conversely the quadric corresponding to any point on 
P(x)=0 passes through the point (X). 
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Now we prove that this transformation is an involutory contact trans- 
Formation. In order to prove this, let us suppose that 
Em +by+a2td, 
Tr = 2% + dy + C2 +, 
Ta = 3% + 03Yy + C32+ ds, 
% 三 の 十 047 十 2 十 李 . 
We can choose the collineation between (+,y,2) and (£,7,€) in which the 
following relations are satisfied : 
Amer u=7, Axg=6, Ag,=1. 
Then the aequatio directrix (49) becomes 
(50) LS c(a—b) (Syd + Oey’) + b(e— a) (Ely! +780) 
+a(b—c)(706 + Ey’ C)=0. 
‘ Hence the two equations 


09 TE 09 =0. 09 te 09 


| =0 
CM On | & 





become 
e(a—b)p£ 7 +a(b—c)prn£ 
+ {b(c-a)pi+a(b6b—c)C'4-b(c-a)C}g'+c(a—b)yg'=0, 
c(a—b)qË 7 +{a(b—c)qy+b(c-a)C+a(b—c)C} & 
+b(c—a)qËy +c(a—b)££— 


respectively. But since three equations (50), (51) are solvable with respect 
to 5/,7/,€/, we can find the expressions of the form 


= X(6, 7 SP, q) 7 = Fais 7; SP; q)s C= ZE, N, GP, 9); 
p'=P(€,7,6,P,9), 9 =@(€,7,6P;9); 
where p’,g’ are defined by 


99./99_。 22, , 20 
CA Ot! on 0% 


(52) 


al). 














‘and €,¢’, we have from 


Since 2 is symmetric with respect to £,5"; 7,7 


(52) 


な / 


Re e ye N EDER A pe) 
PP), = OE, 


YY 
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so that (5, 7,€,p,9) and (¢’,7',¢’,p’,q’) are related by the involutory 
contact transformation which proves our theorem(* ). 
18. In the above contact transformation a straight line corresponds to 
a Kummer surface which can be transformed into the Kummer surface 
having the fundamental tetrahedron as the Rosenhain tetrahedron by a 
certain collineation leaving invariant the fundamental tetrahedron. 
To prove this, let any point of a straight line be 
%=&À+ bp, a) =a,h4+bs 1, 
DU À+ 3, SH À + bip, 
where A, are homogeneous parameters and «a,b are any constants; so 
that if we put Pr 
Py=ub,—b;a,, Pu= — Pi» (ehi a 3, 4), 
then 
P12 P34 + 13 P42 + P14 Pa 0. 
Hence these six quantities (0;;) are homogeneous coordinates of the given | 


line. 
Now all the points of this line correspond to a system of the quadrics 


À 2c(a—b) (4,44% V+ 4, 4,03%) 
+/p2c(a—b)$(a;b,+ a,b;) 2,2, + (a, d,+ 4,6,) 23.04} 
+1? Ice(a—b)(b;b,2.% +b, base) =0. 
There are two quadrics of this system which pass through any given 
point, that is, the first characteristic of this system is 2. Hence the 


envelope of the quadrics must be a Kummer surface(* ). 
In order to find the equation of this surface, let us put, for the 


sake of brevity, 

Ay =c(a—b) px, As, =b(¢—a) px, Ay=a(b—c) og, 

Au=c(a—b)Pp%, Ayu=b(c—a) px, Ay»=a(b—c) 032, 

A,=—4; (TEL OA) 

Then the envelope takes the form 

ay? (AR, wy” + At + Ads vy? + 2 Ay Ans 0203 + 2 Ans Ans Ds Ua + 2 Ay Asso Ta Do) 
(53) + 221 (Ags A1403 + A Agi Uy?) U2 + (Ay Aygo” + Ay An?) Ts 

+ (Ay Az102 + Ay An U3”) 04 +1 0223.04} 
+ (Au 22.05 + 430% + An) = 0, 


1) Any collineation is of course a contact transformation. 


Luni) 
(2) Zeuthen, Lehrbuch der abzählenden Methoden der Geometrie (1914), p. 154. 
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where 
r=2a? 6-9 Azz Avg er Aj, Ay | 
b’(c—a)’ ce (a—by? 
As A AE À 
+28? の | cun 23 4414 | 
| ) ce (a—by a (b—c) 
AU A A (3 
Ian tr an 
Can a(b—cy  b(c—aŸ le 
Now we apply the collineation 
"gm; = M, &3= 3%, GM; (m=1), 
such that 
(54) MM Ay, = Ma Ma Ay ’ mm Ag=mm Au, 
mm A,» = Ma Ma A, ; 


and therefore we may take 


(55) M = = VET 42 Az ee ee Mo ーー NETTA ANA Au 
À An An A 
si Ay Ay Beet 
Ms = © mu LE) 
O) 
If we put 
u=mM À , . v=M Ma A, W = M Nu Au, 
or 
u=c(a—b) ex、/ Bau 2 "=26 の 7e、/ FAIRE 
の js P23 P12 P23 
w=a(b—e)puy / Par Psi, 
Piz P13 
and 
PuPaPsa Ta 2 
aa eae) La’(d 0) (p13 P+ Par Pas) + O° (C— 4)? (Piz Pas + Pr Pas) 
P12 P13 P23 


+e? (a — b)’ (4 P32 + [13 Psa) |, 


(*) When, a,b,c and a,,b,,c,....are real, m,,m,,m, are all real in general. For, 
if this be not the case, since it is seen from (55) that m,m,m, is real, we may suppose 
for example, that 

mim,=t(M+iN), Ma =M-iN, (M, N being real). 
Then from (54) 
(M+iN)A,,=(M-iN)A,, or —-(M+iN)A,,=(M-iN)A,,. 
Hence it must be 
Arma or A,2=A 
which does not hold good in general. 


34? 
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equation (53) becomes 
E° (wre? + 07 E HU — 20 wh3F,—2wudss,—2uv&,§3) 
+ 28, fowé,(é 6) + wuss (E°— E) +uvé, (6° —§3") + 8628354} 
+ (535, + VSs5 + Ww5,5)’—=0, 
which is nothing but the Kummer surface referred to the Rosenhain 
tetrahedron( * ). 


Ikeda near Ösaka, September 1917. 


(2) Hudson, Kummer’s quartic surface (1905), p. 83. 


On a Solution of the Wave-Equation, 
by 
H. BATEMAN, Pasadena, California, U.S.A. 


1. Let us write 
8(@ ぁ る 69=[z-GT+[yー7G ド キー と (ポー の 6 で 5 


where € is a constant and £(7), 7(7), と (に) are arbitrary functions of 7 
then if f(7) is another arbitrary function of 7 subject to certain limita. 
tions, the definite integral 


アー LI Te) dt 
T2 S(a, Y,%, È, T) 
satisfies the wave-equation 
ロリ = テテ SE OV Pei 


LI AI 
CA COMO 








provided 7, and 7, are values of r which satisfy the partial differential 


equations 
OT ) OT prom Cant: 
1 
( dx AG We t ) 1) 


2 2,9,2, 5ER )E lk 一 4| [x —5 (7 




















SEEN (2) 


A particular solution of these equations has already been found(*) in the 
case when (て), 7(7) and (7) are constants. This solution will now be 
generalised as follows :— 


Let a point P whose co-ordinates at time の are a, 8,7 move along a 
curve 7 with a velocity which is always less than c and let 7 be defined 
in terms of x,y,z and t by means of the equations 

[e-a(0)f+[y-8(9)]}+[2-7(0)}=c°—0), (3) 
[a(9)-S()TP+[8(0)-7©)P+[r(9)-CMP=e(0-. (③ 


(1) See the author’s Electrical and Optical Wave Motion, p. 30. 
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If we assume that the point @, whose co-ordinates at time r are &(r), 
n(7),{(7), moves in a continuous manner with a velocity which is always 
less than c and if we introduce the inequalities 0<t, て < の then @ and 
r are defined uniquely(*) by the above equations. We can verify that 
the function て so defined satisfies our partial differential equations by 


noticing that 














rp Sr of OT a Or O86 OT is Qt Oo” aa lele) ) 
| On” da 00 Or’ Ox O86 Oe OF \ da J’ 


where 


M=(x—a)a'(9)+(y—8)f' (9) 4 一 の 7( の 一 どー の . 
OT 


Equation (1) is evidently satisfied and we easily find that [Ir = AD 


DI. 








Now I have shown elsewhere( ? ) that [= 

that equation (2) is satisfied if | 
S(,y,2,t,7)=2{[e-S()][e-a(0)]+[y-2(0][y-B(9)] 

+L- (7) [2-7 (8) (ET) (6). 

This equation may be obtained, however, by subtracting (4) from (3); 

consequently the function + defined by equations (3) and (4) is a solution 

of equations (1) and (2). If 7, is defined with the aid of a point P, 


which moves along a curve /; and 7, with the aid of a point P, which 
moves along a curve />, a wave-function is obtained which possesses the 


2 . . 
, hence it 1s easy to see 
M | 


following characteristics :— 

Let particles be fired out from the different positions of @ so that 
they will travel along straight lines with the velocity c and hit either 
P, or P,, then if a particle is regarded simply as a moving point it 
will become a moving point singularity of the function V after it has 
hit either P, or P, This is evident because S(z,y,2,t,r) is zero for 
such a particle after it has hit either P, or P,. 

. Let us now consider the case when the particles which are fired out 
from @ hit both P, and P, and the time which elapses between the 
two impacts is infinitesimal. 

We may evidently write 


a (0)=S(T)+el(m)y (tr); 71(A:) =O (t1) + en(as) x (4); 
Bi (の ) 7) (71) + cm (71) x (71). rt y (71), 


(*) A. Liénard, L’éclairage électrique, Vol. 16. (1898), p. 5. 
(?) Annals of Mathematics, March (1914) 一 Dec. (1912). 
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On (G2) = (zz) + ol (72) (72), 72 (A2)=¢ (ca) + on (で) の (で 
(42) =7 (72) + em (72) (ex), O,=t2 + (72), 
where /(z),m(z), n(7) are the direction cosines of a line. The condition 


that the interval between the two impacts is to be small may then be 
satisfied by writing 


PT) = (7) + (7), 


where ゆ (<) is finite and e is a small quantity whose square may be 
neglected. Subtracting the two equations 


e+ の (41) P+ [y=A (0) P+ [ex (0,)}}/=0°(t — 0), 
[o-a2(0))} +[y- BOT +[-n(0)P=e0-0) 


and neglecting squares and higher powers of 7.—7, and 6,—46,, we find 
that 


M, (て —T) 





+ es (E (ea (A) ] +m(z) [y— 2. (0,)] 
CORONA 


In this equation the coefficient of eb(r,) may be replaced by the equiva- 
lent expression 


— 1 S(x,1 の, る 2, ¢ es 


ET) 
which is obtained by using the first of the two preceding equations. It 
is now easy to see that the definite integral 


ea IRE 0 で) な = oe 
Te 0(@,9y,2, 1,7) 5, の 2; t, Ti) 
reduces to 
Se (a O(t) Ar 
OM, Nay RT 
and so is of the form 





Now this is just the type of solution which occurs in the specification 
of the electromagnetic potentials of a moving point charge of electricity 
associated with the point P, and since for this solution P, is the only 
moving singularity it appears that there is a cancelling of the singulari- 
ties produced by P, and P, after the second point has been hit by the 
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particles from @; it is only on the infinitesimal interval between P, and 
P, that the singularities appear. In the case when P,, P. and @ are 
stationary and f(7)=1 it is easy to see that 


アニー (Jog Et 


LANGE lg HF), 
2 Rc 


D 
バー 一 の パー カー 
where 1=PıQ, p.=P.@ and R,r,,r, are the distances of the point 
(€, y, ) from ©, P, and P, respectively. When P,, P, and Q are collinear 
and P,/,=0 is infinitesimal, the above expression reduces to 


n 
(0) 


Ber, DL 

which is the electrostatic potential of a point charge of electricity at P,. 
To get a charge which is not small we must take f to be a large constant 
instead of unity. The solution of the wave-equation which is represented 
by our definite integral is evidently of some interest in connection with 
the theory of electricity which has been developed elsewhere(!). 

2. It should be noticed that a rather peculiar phenomenon occurs 
when the points P and @ describe straight lines with the velocity of 
light c intead of moving along curves with a smaller velocity. Let us 
call a particle which moves along a straight line with the velocity ¢ a 
light-particle, then it appears that P cannot be hit by a light-particle 
from @ until after it has passed a certain point Py on its path and the 
light-particles which are fired out from ©, after Q has passed a certain 
point @ on its path, cannot hit P. Likewise @ cannot be hit by a 
light-particle fired out from P until it has passed the point @,, while 
the light-particles fired out from アア, after it has passed the point Pp, 
cannot hit Q. To prove these theorems,’ ) let us take the line of shortest 
distance between the rectilinear paths of P and @ as axis of 2, then the 
motions of P and @ may be specified as follows :— | 


Te w=c(t+A) cos の y=c(t+A) sin a, z=ke, 

Q e=c(t4p) cosa, y=-—elt+u)sina, z=-—ke. 

A light-particle is at P and @ at times ¢ and t, respectively, if 
(h—t,+2— pp) cos a+(t+t,+4+) sin c+ 4h’ =(4—-1b). 


(1) Washington Acad. of Sciences, April (1917). A fuller account of ths mathematical 
theory has been offered for publication in the Proceedings of the London Mathematical 
Society. 

(?) These theorems are probably well known, but they are mentioned here to 
emphasize the desirability of a further study of the geometry of light-particles、 
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Writing this equation in the form 
[h—4][2(2— 2) cos jeu 2(2t,+ + u) sin’ a] 

+(7— 1)? cos a+(A+ pt 26,)” sin a +4k°=0, 
we see that 4—t, is positive or RO according as 

2t,+4+p+(4— u) cot° a 
is greater or less than zero. By putting this quantity equal to zero we 
may determine the position of @. In a similar way we find that the 
position of P is determined by the equation 

2 +A+ a + (a —)) cot? a=0. 

Since 4+A=(1—y)cosec a and t+u=(4—4)cosec 4, it appears 
that the points P, and @ are equidistant from the line of shortest 
distance between the paths of P and Q. 


3. It is easy to see that a solution of the n-dimensional wave- 
equation 


Cao A PTT A 
= 4- = ーー denen» + ニー 一 一 一 He 
Oxy" OL Ol? Gi tan 
may be obtained by using a definite integral similar to the above but 
—1 
with 87 in place of S. The simplification which occurs when P, and 
P, are hit at consecutive instants by the same light-particle from @ is 


peculiar, however, to the case in which n=3. 


Modified Extensions of Theorems of Bayes and Laplace, 


by 
MAGOICHIRO WATANABE, Tökyö. 


It is well known as immediate consequences from the theorem of 
Bernoulli and that of Bayes respectively that 

(i) If the probability that an event will occur on every single trial be 
p and the number of the happening of the event in the course of n inde- 


pendent trials be s, then the prabability that the difference is smaller 


S 
ーーー の 
n 








than an arbitrarily chosen positive number e approaches 1 as limit when n 
tends to become infinite. 

(ii) If p denote the unknown probability of an event and in n inde- 
pendent trials the event has happened just s times, then the probability that 
0 

n 
ber e approaches 1 as limit when n tends to become infinite. 

Of these results the former was extended by me by means of Tcheby- 
cheff’s criterion to some classes of dependent trials(’). Whether similar 
extensions can be made of the latter is a question still unsolved. No 
result has been obtained, so far as I can, for extensions in its original form 
even in the simplest case where any two trials 7," and 7," are inde- 
pendent to each other if |r,—r,| exceeds a definite finite number which 
is independent of p. It is easy, however, to derive a theorem which can 
be looked upon as an extension of it in a slightly modified form. It runs 
as follows :— 

If p denote the unknown probability of an event in a single trial a 
priori and the number s of the happening of the event in n trials dependent 
or independent is known to lie between two numbers n(P—2) and n(P+2)( 7), 
where P and 2 are definite positive numbers such that A< P<1—A, then the 
probability that the inequality | p—P |= ん holds approaches 1 as limit when 


the difference is smaller than an arbitrarily chosen positive num- 








(1) This Journal, Vol. 12. (1917) p. 24-42. 
(2) A may be taken as small as we please. 
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n becomes infinite provided that certain conditions be satisfied(* ). 

The deduction of the theorem and its further extension to some 
directions analogous to that treated by Laplace constitute the main subject 
of the present note. 

1. Let p denote the unknown probability of an event in every single 
trial, it being assumed that the probability in every single trial be the 
same for all the trials a priori and let F,(p; s) denote the probability of 
the happening just s times of an event in » trials, dependent or independent. 
Now if the number s of the happening of the event is known to lie 
between two numbers n(P—A) and n(P+%) where P and À are definite 
positive numbers such that A< P<1-—4, then the probability 7, that the 
inequality 

|p—P|S: 
holds, is given by 





eon 2), 1 
E 3) (1) 


provided that 8, does not vanish, where a, and 8, are some intermediate 
numbers between the upper and the lower integrals of 


P+} 1 
2'F,(p;s)dp and J >" E,(p;s)dp, (2) 
0 


LEN 
respectively, 2” denoting the summation with respect to s which satisfies 
n(P_})=s=n(P+4). 


Here the upper and the lower integrals in (2) may be taken in the sense 
of Riemann as well as in that of Lebesgue(*), and as similar discus- 
sions can be applied to both cases we shall take the former to show that 
T, tends to unity when n=oo if certain conditions be satisfied. 


(1) It can be shown in an almost similar manner to that given hereafter that when 
the same conditions be satisfied the inverse theorem also holds, i.e. 

If the probability of an event in every single trial is constant and is lenown to lie between 
two numbers (P—A) and (P+A), then the probability that the number of the happening of the 
event in n trials lies between n(P—A) and n(P—A) approaches 1 as limit when n becomes 
infinite. 

But this theorem will be of little value just now where we have a direct exrention 
of Bernoulli's result. 

(2) We tacitly assume the principle of equal distribution of ignorance. 

(3) The upper and the lower integrals of a function f(x) in the interval (a,b) in the 
sense of Lebesgue are defined to be the exterior and the interior measures (of Borel) 
of a two dimensional set of points (x,y) determined by a=x=b, 0=y=f{x). 
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bo 
トー 
トウ 


First consider the expression a,. Since 27 is the summation of s 
which. satisfies 


P-p-IZ — a +4, (3) . 


we have, if P—1<p=P, 
BUA = > F,(ps 9), 


8 
ー 一 | アー カーA | 
n 


for, in this case, the three relations 
アー ヵ ー4 ご 0, P—p+i>0, 
| P—p—A|=P-—p+s 


exist. 


Accordingly by Tchebycheff’s criterion( ' ) 


DE (pe) >. ADS 4 
(pis) > poss (4) 


where €,(p) denotes the mean error of the frequency ‚number s defined 
by 


GAG Ne > is—np}F,(p;s). 


So 


Similarly, if P<p<P+1, 
SUE ps 8) = er 





Isır-p4N 


&(P) 
n'(P—p + ap 


and therefore, by taking two arbitrary positive numbers e and e each 
smaller than A, 


ア + 入 一 @/ 
if 2 (3 8)dp 
ツ ん PA te 


= {ete ee e (p) +f [1-2 ee 
ae n° (P—p = su n° (P—p te A)? 


(o) Lo pi 24: 
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=n-.-.-[[" の かー ade), 
parse W(P—-p—i) に n°(P—p+4) 


Since SP) ig positive and limited(’) for all n and p(O=p=1) it 
n 
follows that 


P+\=e' 
lim N ME (p;s)dp=2—e—e!, 


N—> の Pen }+€ 


if the condition 


lim J | En(P) | あっ 0 (5) 


n 


be satisfied. Since again 2” 7,(p; s) is limited(*) for all n and p(0=p=1) 
and e, e’ are arbitrarily chosen positive numbers we shall have 


P+ 
lim if SF (p:s)dp= 1. 
P-) 


N—R 


On the other hand, it is easily seen that 


7Pıxr P+A 
24 三 Sur (p; 8) dp = 21 FE, C3 8) dp, 


P-A J P-A 


and then we must have necessarily 
| | Fri È 
lim a n= lim Del <8) time 24, 
Nn— の 7 一 > の の ご ん 


provided that the condition (5) is satisfied, 
Next consider the expression f,. We have again, if O<p<P-—}, 
by taking a positive number e less than アー ん , 


(1) ik and J are the symbols denoting upper and lower integrals respectively. 


It can easily be shown that, if f,(x) be integrable in (a, b) then 
rd b po b b 

| {S1(0)+f.(2)}de=| fi(0M)de+| f.(0)de=| Add {-f.(2)}de 
a a a a a 


lies between p and 1—p. 


A, 
(3) Z Fa(p; s) lies between 0 and 1. 


en (D) 
n 
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: en (p) 
7h ee ice 
i --|=P-p- 入 一 e 





for values of p satisfying 0<p<P—4—e so that 
YR DENS (の r9 
PA 





en (p) 
mp pie 
while, when p=0, 2” F,(p;s) vanishes. As 2° F,(p;s) is limited even in 
the vicinity of p=P—A—s for all n, it will follow that the upper 
integral 


pP-\-e 
[ 2’ F,(p;s)dp 


0 


and consequently also the upper integral 


バア ー ハ 
il 2'F,(p;s)dp 
0 


will vanish in the limit when n becomes infinite if the condition (5) be 
satisfied. 
Similarly the upper integral 


1 
J 3” F,(p;8)dp 
P+A 


vanishes when n becomes infinite. Since the corresponding two lower 
integrals can never be negative we shall have 


im f > > E,(p;s)dp= =tim [ na 2" F.(p;s)dp 
7 一色 の °J Per 
= 24 


which gives lim ,=24. 


N> N 


Thus we have obtained under the condition (5) 


lim Lea: ロリ ュー ん ck 
and accordingly 
lim z,—>1, (6) 


n— の 
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which is to be proved. 
1 
In case when the integral / e,(p)dp exists in the sense of Riemann 
0 


the condition (5) is replaced by 


lim p22 dp—0. (7) 
no] 0 N“ 
Since the above reasoning applies equally when the integrals are taken 
in the sense of Lebesgue we have the theorem : 

If p denote the unknown probability of an event in every single trial 
a priori and the number s of the happeniny of the event in n trials depend- 
ing in such a manner that one of the following conditions is satisfied, is 
known to lie between two numbers (アー ん ) and n(P+4) where P and 2 
are definite positive numbers such that A< P<1-, then the probability that 
the inequality |p—P|=A holds approaches 1 as limit when n becomes 
infinite : 


pl 
(a) lim = [ e,(p)dp—0, (5) 
Nn—> の 0 . 
the upper integral being taken in the sense of Riemann or of Lebesque. 


l 
(6) The integral [ e,(p)dp exists in the sense of Riemann or of 
0 
Lebesgue and 
pi 
lim —- fe (p)dp0. (7) 
n Jo 


ND の 
2, Simple sufficient conditions which are derivable from the fore- 
going will now be considered. 


(i) The condition (5) is satisfied if EAP) converges uniformly to zero 
n 


for all p between 0 and 1 when n becomes infinite; or more generally, if the 
set A complementary(') to the set of points p of uniform convergence of 
En(P) to the value zero is of the measure zero(?). 
n 
For if the set A which is necessarily closed has zero measure then 
all the points belonging to it can be enclosed in a finite number of 


(1) The set A is identical with the set of points of non-uniform convergence in the 


case when SE o for all p but not uniformly. 


(2) According to Borel’s definition. 
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intervals the sum of whose lengths is less than .an arbitrarily chosen 
positive number e. ‘The remaining part of the interval (0,1) consists of 


. . e . . € . 
a finite set of intervals within each of which Ep) converges uniformly 
in | 


to zero. Since SP) ; is limited for all n and p (O=p=1) it follows that 
n 


im | SP) Apo: 
0 


Nd & n° 


1 
(ii) In case when the Riemann integral i 5( の ) の の exists, the condition 
0 
(7) is satisfied if 
lim の 0 


24 一 > の n 
the convergence being not necessarily uniform ; or more generally, if the set 
€ 
A of points p of non-convergence of Ep) to zero, when the set is closed 
n 
by the addition of its limiting points, is of the measure zero. 


For if lim SAP) = (p), then .d(p) vanishes except at points of a 


N—% 
set A whose measure is zero and therefore is an integrable null-function 
in the sense of Riemann if the set A, when closed by the addition of its 
limiting points, is of the measure zero so that the Riemann integral 


| $ (p)dp 


vanishes. Since the functions Ep) and $(p) are limited for all n and 
n 


p (0=p=1) and also integrable we have 


lim (2 en(D) Tune -[ P(p)dp(” ), 


Nn— の 


and therefore 


n— RL n° 


lim [= en( P) a pee Oe 
0 


1 
(ii). In case when the Lebesgue integral J &,(p)dp exists, the condition 
0 


(1) Hobson: Theory of functions of a real variable, p. 539, $ 383. 
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(7) is satisfied if 


lim EAP) 0, 


2 一 > の 7 n 


the convergence being not necessarily uniform : or more genrally, if the set A 
of points of non-convergence of En(p) to zero is of the measure zero(*). 
n 


For, in this case, the function $(p) defined in the above is an in- 
tegrable null-function in the sense of Lebesgue and hence 
a RY. 1 
Tim i NOS f が (の の =0(*). 
el) n°. 0 | i 
3. The condition found in the preceding article may also be ex- 
pressed in a somewhat different form. 
I have shown in my previous paper(*) that if f,,(p) denote the 
probability of the concurrence of the event in two trials m™ and (m+r)"", 


the occurrence or non-occurrence in the other trials being disregarded, 
then 


E(p)=npg +2, (8) 
where 
g=1-p, Va=t{SmrP)-P}, 
the summation being extended over 
role nem mid. nl, 


and by aid of this formula that: if 
lim fn, (p)>p(*), 
r—> oo 


(1) This case includes the former case. 

(2) Hobson: le. p. 512, 7 384. 

In this case the derived set of A may have a measure greater than zero. For ex- 
ample let us define F„(p; s) as follows: 

if p be irrational all the trials are independent and if p be rational 

Fr(p; "=p, Fn(p;0)=1-p, Fa(p; s)=0 (LSsSn—1). 
That such a case may really occur can easily be seen. Then we have 
ex( の) =np(1—p) if p be irrational, 


ex( p)=n?p(1—p) if p be rational, 
so that the set A consists of all rational points while 4/ of all numbers between 0 and 1, 
Still in such a case the condition (iii) is satisfied and hence our theorem follows at once. 
Fe LO Daa, 
(4) A more general case may similarly be treated. But as it rarely occurs we shall 
not enter into the discussion of such a case. 
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uniformly for all values of m, then 


9 
. €, 
lim Ep) ー> 0。 
22 一 有 テ の m 
It can be shown, in quite a similar manner, that が f,,,(p) canverges 
uniformly within a domain of p and for all values of m to the value p*, 


then En(p) p) 
n 


converges also uniformly to the value zero within the same 


domain of 2. 
Accordingly we have the result: 
The theorem enunciated in $ 1 holds in one of the following cases : 


(a) When 
lim fanr(P) > pP; 


uniformly for all の (O=p=1) and for all integers m; or more generally, 

when the set complementary to the set B of points which îs such that in the 

vicinity of the point belonging to the set B and for all integers m the func- 

tion fm,r(p) converges uniformly to p° when r-> の, is of the measure zero. 
(b) When the Riemann integrals 


m= 1, 2.3 
mr >)dp 9 Hy Dy ue 4 
Jo (P)dy roba 
exist and also 
lim fin,» (Pp) > Db, 
r—> の 


for all p between 0 and 1 or except at points of a set which, when closed 
by the addition of its limiting points, is of the measure zero, the convergence 
being uniform with respect to m but not necessarily with respect to p. 

(c) When the Lebesque integrals 


1 
PRT ONG emt st の 
| (p)dp NES ioe 


exist and also 
lim fin, »(p) > Dè 
VD の | 


for all p between O and 1 or except at points of a set of zero measure, 
which, when closed by the addition of its limiting points, may be of any 
measure, the convergence being uniform with respect to m. 

In the case when fp, ,(p) is independent of m, the uniform convergence 
with respect to m is always satisfied by 
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F(P) ー DÒ, 


where 
Far r (p ) =f, (Pp) : 


As an example let us consider the case where any two trials r1" 
and r,'" are independent to each other if |r,—r,|=%, k being a definite 
number independent of p. In this case 


Smr(P)=p if r=k 
and therefore by the criterion (a) we have the validity of our theorem 
for the case. 
As another example( ! ) we take the case of a set of games played between 
two persons A and B which can not be drawn and in which 4’s chance 
of winning in the first game is p and in every following game it is 


p eat 
ニーー ぞ ーー or 9 ニーーー そ ーー , 
k+(1—k)p k+(1—k)p 
k being a positive constant less than 1, according as he wins in the game 


before or not. In this case it can easily be seen that A’s chance of 
winning in every single game is p @ priori. For 


p= 


pp+qq=p, where q=1—p. 
Again we have 
な (の ) モ (ター の 9 方 (の 十 29 >» 
a recursion formula for f.(p) from which we obtain 
FAP)—P=(P—-Difr-(P)—PS » 
=(P_9)p(P_p), 
» T—1 
«| Dil (ーーーー1 ) が (9) 
k+(1—k)p k+(1—k)p 

Accordingly by the criterion (a) or (6) we get the validity of our theorem 
for the case. 


4, We have shown in the preceding articles that 


lim z,— 1, 


Na の 
when certain conditions are satisfied. We shall now extend the theorem 
in the following manner. 


(1) This example was taken from my previous paper. 
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Let py, px,...+, pi denote the unknown probabili, es of the exclusive 
events Wi, Wz,...., Ww, such that 
Pi+pi+e tp =, (10) 
and let 81,8, ..., 8, be the numbers of the happening of the events w,, wz, 
..., w, in n trials dependent or independent respectively, so that 
& 十 ss 十 …… +s,=n, (11) 


then if it is known that 


si 6; 
Pj SSP +A, Po 42-32 =P+4,..06) 
n n 
S — 
LA AO (12) 
n 
where P,, P.,....P,-1 are positive constants whose sum is smaller than 1 
and A, hz)... À are positive numbers subject to the conditions 


Mail, Beh er [—1) 
1—1 l=1 
2P,<1—21,, 
s=l al 
the probability 2, that a system of the inequalities 


Pr Sp, = Pa, ea ee 


holds approaches 1 as limit when n becomes infinite provided that certain 
conditions are satisfied. 

As the general case may similarly be treated, we shall here consider 
the case when /=3. 

If p,, P2, ps be the probabilities of three exclusive events w,, w,, w; 
such that 


Pi + Di 3 = 1 


and if ,(p.;s) be the probability of the happening just s times of 
the event w, and Æ,/(p:;s) be that of the happening just s, times of 
the event w,, the occurrence or non-occurrence of the other events being 
disregarded in each case, then it can be shown that the probability that 


the inequalities 


Sì 
eo 4 = À 


ーー 一 


A Anl | Sn 
n 











hold is greater than 
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m n (p1) u) 1 | 
1 bi a ) (13) 


where en(pi) and ¢,/(p:) are mean errors defined by 


の リヒ ー Zia — np} EP; 81) , | 
#0 


(14) 


n 


En (2) = = np Fu (po; 82). | 
For we have by A ERE criterion 


2" aCDr: s)>1- a) di 


s onde 


x 


Pr, Fi! (9; 8 ape en m) 2 


Sy n 2 


if 2’ and 2” denote the summations about s, and s, respectively satisfying 


ey ss 
SI 
Res I 


n» 


SS ARMADA. >: 














and therefore 


ZE, (ni: 81)—2" Fu (pas s)>1-{- Sn (PI) 4 En (Pa) ト (15) 


Si 8, n° ir n° À 


On the other hand 2”F,(p:;s) and 2” F,/(p, ;8) may be written in 


5 に の 
the form 
72 一 8 
DIP) = 2 5 Cle, P25 8,8), 
SÌ エアー ルリ 
ai (16) 
S$, S2 S1 S2 


2 一 S。 
Sini (p23 ERO ET (Pi Pas 81382); 


si CR ET 
— JV SM SM NI, (17) 
Sa Si Sa Sy 


if FD: P23 81, 82) denote the probability of the existence of the numbers 
s, and s, of the happening of the events w, and w, respectively, 2’ and 
の 


(1) A result which can be looked upon as an extension of Tchebycheff’s 
eriterion. 
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2 denoting the complementary summations of 2” and 27. 
DA Da sy 


Since PIENA 


の の > CSS 
we get by (15), (16) and (17) | 
2 12 
(2/ 2 ツー 27! MARIA: S1) e) pt {Fd (7) + ESS (Pa) } 
Be Erg n° 41" n° As 
which gives 
“nt 12 
i っ LF, (91 Pa; S15 s,)>1— |e) ali, (18) 
S1 So : n À n° À 


of which the left-hand side is the probability of the existence of the 
inequalities 


Ss 
een 


n 


= it 








don 
n 





Having established the relation (18) it is now easy to show that, 
if pı and p, denote the unknown probabilities of w, and w, and if it be 
known that the numbers s, and s, of the happening of w, and w, respectively 
satisfy 


Si D 
ESA 
n 


ep 


n 


= À, 


= À, 














where P,, P, are positive constants whose sum is less than 1 and À, A, are 
two given positive numbers subject to the conditions 


e) 
P,+P,<1-(41+4s), 
then the probability x, that the inequalities 
—A=pP,-P, = À and —, = p— P; = À 
hold approaches 1 as limit when n becomes infinite, provided that 


DO LO 
lim SAP) 49,0 


n—> の 0 


and (19) 


yi evs 
lim [ #2) 19,0. 
N 


N—> oO J 0 
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The proof can be carried out in a similar manner as in $ 1 and 
therefore we shall not enter into the detailed discussion. 
In the general case we obtain, corresponding to (18), 


Par WE , 1 : 
> Pa OP te à > Fl Dis Pas ra DIET x da One 8-1) 
By 84 87-1 
りー em) 79) 2 
eae | nm (Pr) し (20) 
y =1 ni. 


where the symbols have analogous meanings defined for the case when 1=3, 
and we arrive at a sufficient condition for the validity of our theorem that 


no 


1 (r) 2 
im f | @) Vp +o. (SO A Testy al) 


5. Any value of p satisfying |p—P|=2 may be written in the 
form 


p=P+0% where 1- =0=1 
and by putting 
Reid = , /—1) (22) 


we have 
2-1 
m=P—-2 の ん , (23) 
r=1 
if p, satisfies (10) and P, be taken to satisfy 
i P+P,+ + P,=1. (24) 


Accordingly if we attribute a value w, of an unknown quantity to the 
event w, considered in the last article we get, from (22) and (23), 


I 1-1 
F2 (p.uw,—P,w,) |=] 2 0,4,.(w,— w,) |, 
r=1 r=1 


t-1 
= 31, | w,—w, |, (25) 
vel 


so that the probability 7, that a system of inequalities 

4 P,-,=9, Z=ZP+% 
holds is not greater than the probability 7,’ that the inequality (25) 
holds. Hence we have the theorem : 

In m observations dependent or independent set on the value of an 
unknown quantity, let s, be the number of the happening of the value w,, 
8, that of the value w,, and so on, s, that of the value w,. If it be known 
that s, lies between n(P,—4,) and n(P,+4,), 8. between n(P,—4,) and 
n(P.+4:), and so on, 8,1 between n(P,_1— 4.1) and n(P,-ı+A-ı), where 
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Pirate Pi} are positive constants whose sum is less than 1 and A, 
ん ーー VAC TATE given positive numbers u to the conditions 
CSU の 人 Mr won BL) 


1-1 1—1 
2 P,<1-24,, 
r=1 r=1 
and if 2) 2 の ーッ pi denote the unknown probabilities of the exclusive events 
Wi, Wa, <->. , w, such that 
Dt Pater fo), 
then the probability x! that the inequality 
| Pi wat Pa Wa +p, Uy — Pw— Py Wy — +++ —P,w, | 
1 e 7 一 1 
= 29,|w-w|, : (26) 
rel 
holds, where 
P=1-(P+P,+--.+P.), 


approaches 1 as limit when n becomes infinite, provided that the condition 
(21) is satisfied. 


Since the theorem holds however small 2,, As, --..- , A1 may be, we 
have a result which may be expressed in popular language thus: 
If n be very large and “1, P_...... , lie in the neighbourhood 
n n n 
TEE tappi SETTARE, , P, respectively, then it is tolerably probable that pui + pw, 
+... + p,w, lies in the neighbourhood of P,w, + Pyw,+---». + P,w,, pro- 


vided that the conditions (21) are satisfied( ' ). 
6. In the last article we have proved, from the nata of the 
relations 





| = hr (r=1, BEER e) (27) 


n» 








for all of the actual numbers s,(r=1,2,------ ,/—1) of the happening of 
the values w,, that the probability z,/ of the existence of the inequality 


? ? 1—1 
| = pruw,— à Pa, BE 1=2 1, | w,—w, | (28) 


for unknown probabilities p,(r=1, 2,------ の ) tends to unity when n> oo 
if certain conditions be satisfied. But we may start, instead of the relation 
(27), from 


(7) This can be looked upon as a modified extension of Laplace’s theorem on 
independent observations. 
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【 





to arrive at the same results if certain different conditions be satisfied. 
In this case we consider the mean error defined by 


2 
(Pi CE LS i 2 Pis) 
7 7 
” 4 H y 2 A £ 
Et 2 80, —N = Pr Wr) (の 1 の 2 が ドー DT 8p Say いい > あー) (29) 
s T= ya 
2 denoting the summation about s,, s,,------ , 8, Satisfying 
| 
8: + S2 + AT CT + S=. (30) 
Then by Tchebycheffs criterion 
vp | y i 1: en ( Pis Pz; + Pri1) 
=] な ( Pry Da; de PE LES ENST nes 32? , 81) > a eo ce 
where + denotes the summation about s,,8,,:--... 8-1 satisfying 
I 7 | 
1 Sy Wr 1 | 
ANA; 
r=1 N 2* 1 | 





and (30), è. e. satisfying 


11 ー | 
2 Ale テカ (w, — UW) | = TE (31) 


r=} n 





On the other hand, the Due Ty is given È 
ee = ’ 
0 


where a, and 8, are some intermediate numbers between the upper and 





the lower integrals of 
and 


respectively, if 2” denotes the summation satisfying 
1—1 


> Blow) や Ds イッ (w,— 1) = 


r=1 n r= 





7 being the domain in /—1 dimensions defined by 


1-1 1=1 5 
| 2 Pr (uw, — Uy) — + P,(w,—w) | = 4, 
f= = 
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Pi = 0, P: = 0, 0 で s Pier = 0, 
a +Pı-ı = do 
i.e. the domain bounded by two parallel planes 
1=1 ES à 
I p,(W,—w)-X P.(w,-w)=+À, . (32) 
v=1 Ne 
the coordinate-planes p,=0, p,=0, -----: » Pi-:=0 and also the plane 
Pit PIERRE +p.-1= 1, (33) 


Pi == 0, P2 = 0, SE » Pı-ı = 0, 


i.e. the domain bounded by the coordinate-planes and the plane (33). 
Now 2” is replaced by the summation about s,, 8,,------ >» S-1 satisfying 


1-1 1-1 AA Il 
S(P,-p,) (w,—w)—-4Z = 2 So) _ Y p,(w,—w) 
v=1 r=1 n Tl 


1-1 

= XY (P,—p,) (w,—w,) +4, (34) 

r=l 

of which, for a point (Pi, Pas‘ ‚ Pı-ı) within 7, the right-hand expression 
iS positive and the left-hand expression is negative, while, for a point 
(Diy Day re , Pi-1) without 7, the two expressions have the same sign. 
It follows as in §1 that 


lim 7, — 1, 


一 D 


if the condition 


‚lim = e (Pr, Das …… » Pia) dp, の:…… dp_—0 (35) 
LER eke) 
be satisfied. 

I have shown in my previous paper(') that if f,(m,j;m+r, K) 
denotes the probability of the concurrence of w, in the m” observation 
and w, in the (m+r)" observation, then the mean error defined by (29) 
will be written in the form 


2 {| . 
En (の 1) Des Pardi 1 Day 855 S155 ’ 8-1) 


l 7 
=n} 2 pw —(2 Pro} +27, 
j=1 j=l 


(1) L. ce. p. 39. There has been treated a more general case, as a special one of 
which the present case occurs. 
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where 
= 2 W;W, | fy (om m+r, K) — pipa, 
the summation being extended over i 
f=, Bre tf 4 王 1 9, NI: 
rei cda ‚n—m, m=1,2,--.. , ne 1 
Accordingly the condition (35) is satisfied when the relation 
lim Gil Sw wy |,(m,j; m+r, k)—p;px | dpi dpa +++ dp —>0 (36) 
nda NM (8) 


exists, p, being to be replaced by 
1-(pi+p.+-» + Pia). 

The new condition (36) also gives rise to several sufficient conditions 
for the validity of our theorem which are analogous to those found in 
$3. Among them I mention here especially the case where any two 
observations 7," and 7, are independent to each other, if |r,-r.| ex- 
ceeds a definite finite number which is independent of p,, pz, Ders 
as the case will be the simplest one which satisfies the relation (36). 


Tôkyô, July 1917. 


Ein von Brunn vermuteter Satz über konvexe Flächen 
und eine Verallgemeinerung der Schwarzschen 
und der Tchebycheffschen Ungleichungen 
für bestimmte Integrale, 


von 
MATSUSABURO FUJIWARA in Sendai. 


Es sei (K) die Mittelfläche zweier konvexen Flächen (XK) und (K;), 
und seien 0, の , und O, die Oberflächeninhalte von (X), (Kj), (Kz). Über 
die Beziehung zwischen O, O; und O, vermutete Herr Brunn(*), dass die 
Gültigkeit der Ungleichung O0=0,, im Falle 0,= 0,, sehr wahrscheinlich 
sei. Im folgenden werde ich mittelst der Hilbertschen Theorie der 
linearen Integralgleichungen diese Brunnsche Vermutung bestätigen. 

Inzwischen habe ich bemerkt, dass diese Ungleichung einer Klasse 
der Ungleichungen von der Form 


pi ide | frg,dx = fi Pa dx | fa Li de 


gehôrt. Die Betrachtung der letzteren Ungleichung hat mich zu einem 
Satz geführt, der den Schwarzschen und den Tchebycheffschen Satz 
als speziellen Fall enthält. Diesen Satz und seine einigen Folgerungen 
möchte ich hier hinzufügen. 

1. Nach der Minkowskischen Theorie( ? ) der gemischten Volumen 
haben wir 

0=3V (K,Kı,K), 0,=3V(K,, Kz, Ko), 

wobei V(S,,8,,8;) das gemischte Volumen von drei konvexen Flächen 
(S,), (S), (83) bedeutet und (4) eine Einheitskugel darstellt. Ferner 


O=3V(E, K, K)=3 (at m K;) 
== FR, Ki, K)+2V (Ki, KR) し (ん By Ki)}, 


dh." 4020,4-0,46V (CK, Ky, Ko): 








ニーーー- 一 ーー 一 


(1) Brunn: Über Ovale und Eiflächen, Münchener Dissertation, 1887, S. 31. 
(2) Minkowski: Volumen und Oberfläche, Math. Ann. 57, 1903. 
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Daher ist die Ungleichung 
2/0 =V 0 +10; 
mit 
3 V(K, Ko, Ko) =e 0,0%, 
url 
MA RP (KG; Ko, Ko) 

äquivalent ; oder nach der Hilbertschen Schreibweise mit 

V(H,.H;,R} = V(H,H,R)V(H,H,,R) 
äquivalent. 

Herr Prof. Hilbert(') ist von der Differentialgleichung 
LH EL 920, (L(2)=(W,1) 


ausgegangen und die Minkowskische quadratische Ungleichung 
V(H,, Hh, Hy = V(H,H,H)V(H,H,H) 


als Folge seiner Theorie der linearen Integralgleichungen abgeleitet. Da 
(H,R) die Summe der beiden Hauptkrümmungsradien der durch H 
charakterisierten Fläche darstellt, und folglich eine positive Funktion 
ist, kann man die Hilbertsche Theorie auf 


In(2)+22 2) 9=0, (L(9=(W,B) 


anwenden, Wenn man daher die Hilbertsche Schlussweise Schritt für 
Schritt verfolgt, so gelangt man sofort zu dem folgenden allgemeinen 

Satz: Sind 0,0,, O, die Oberflächeninhalte von drei konvexen Flächen 
(K),(Kı) und (K,), für welche die Relation 


K=tK,+(1-t)R,, (ed) 
besteht, so wird stets die Ungleichung 
VO =ty0+(1-{1 0, 


erfüllt, worin das Gleichheitzeichen gilt nur wenn (K),(X;) homothetisch 
sind. 

2, Versteht man unter H,,H,,H, die Stützebenenfunktionen von 
drei vollkommenen Ovaloide (X), (X), (K;), so ist nach Minkowski 








(1) Hilbert: Grundzüge ciner allgemeinen Theorie der linearen Integralgleichungen, 
1912, S. 242-257. 
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V(Ki,K,K)=7 [ART -28,8,+ RB) do, 


und das Volumen V, und der Oberflächeninhalt O; von (X;) werden 
durch 


V,=3V(K,,K, ‚R)=[H, (R, T -8)do, 


の 0 V (Ki, Ki, Re [HR T) de 


dargestellt, wobei (J) eine Einheitskugel und R,7;—S?, R+T, das 
Produkt und bezw. die Summe der beiden Hauptkrümmungsradien von 
(K,) bedeuten. Also sind die Ungleichung 


V(K, 1, Ko = V(K, Ki, ko) V (Ki, Ky, Ko), 
und die Minkowskische quadratische Ungleichung 
V(K 2 Ky ) Ky = V(K ? K ) K,) V (ky ) Ky, R;) 


in der Form 


[gi (R,+ 2) dw fax T.) de 
={ H(R;+ T,) do 1h H,(R,+ T)do, 
if H,(R, L—S,)do | H,(R, T,-8)de 


=} HT, (R,T,— 8) do i) H,(R, T,—8,/) do 


ausdruckbar. 

Mein erster Versuch dies direkt nachzuweisen blieb ohne Erfolg ; 
aber als Nebenprodukt habe ich eine Reihe der neuen interessanten 
Ungleichungen für bestimmte Integrale gefunden. | 

Also werde ich mich hier mit der binreichenden Bedingung für eine 
allgemeine Ungleichung von der Form 


[aA Li da fa 0, da = ff gate (fa da 


beschäftigen. Dazu bemerke ich zuerst folgendes. 
Die Schwarzsche Ungleichung 


fi al FEE f Fe) (x) de Ji 


a 
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die in der Analysis bedeutende Rolle spielt, wird bekanntlich aus der 
F(x) FY) 


Relation 
J ER g(x) ゅ (の 


abgeleitet. Als ihre Verallgemeinerung ergibt sich die Ungleichung(’ ) 


IL Fa) fx (€) de 


dx dy = 0 








= 0 








aus der Relation 


Andererseits hat Herr Franklin(°) aus der Betrachtung des Dop- 


pelintegrals 
f b Îl Db 


die Tehebycheffsche Ungleichung bewiesen, welche zuerst in der Her- 
miteschen Cours (2. Aufl.) mit dem Picardschen Beweise versehen, veröf- 
fentlicht wurde. 

Die gemeinsame Quelle dieser zwei Ungleichungen liegt in der 
Identität 


da dy 





Se) MR 9(y) 
ai ARCA 





2 


(2) ge (7) de 


welche von Herren Richardson—W. A. Hurwitz aufgestellt wurde. 
Geht man nun von der speziellen Relation 


1 Tp pe jA@ AW la) MW 
cd pip Axle) あ ( の 1 |p:(2) 2:(Y) 


b b b D 
=| ho de | あめ de al: A gd | Sag dr 


aus, und berücksichtigt in (1) die Beziehung 


f(x) Ay) 上 の i(?) の (の 
Le) SW) | | et) (の 


= f, (x) fs (y) gs (x) ps (4) ( de = 3 = X a a * rn ) 


(!) Richardson-W. A. Hurwitz: Note on determinants whose terms are certain 
integrals, Bull. Amer. Math. Society, 16, 1909-10. 

(?) Franklin: Proof of a theorem of Tchebycheff’s on definite integrals, 
Amer. Math. Journ. 7, 1885. 








da dy 
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so kann man unmittelbar behaupten den 


Satz: Ist f,(w)¢2(x)>0 in (a,b), und besitzen 


f(x) _ Ay) = F (2,7), Qi(x) Aly) _ = の (> の) 

Aa) +) AR) 9.0) 
für alle x,y in (a,b) stets dasselbe (oder verschiedenen) Vorzeichen, dann 
ast 


a7) の の の 
(2) | figidz | fi = (oda | fg da | fg de. 


Insbesondere gilt (2) zum Beispiel wenn f(r)e:(x)>0 ist und beide von 
A@)/F®), @(x)/e:(x) zunehmende oder abnehmende (oder ‘eine davon 
zunehmende und das andere abnehmende) Funktionen sind. 

Die Schwarzsche und die Tchebycheffsche Ungleichungen ent- 
sprechen den Fälle, wo f=, f:= 9: bezw. ,=%=1 sind. 

3. Nun werden wir diesen Satz spezialisieren. 

Setzt man 


ha, leg, af = 
Fe), ati in (4, 6); 4,8,7,0= 0, 
dann ist 
JG) = N Er 
BG) gt Pa(x) "e 
daher, wenn a/8=7/0=k ist, so ergibt sich f,/f:=(¢,/¢.)", folglich 
F(x,y) + D(x,y) 三 0 fur alle x,y in (ab). Also schliesst man sofort 


[se gt" de = fs" par fg de. 





Ersetzt man hier f**’, g7*® durch f, g, so hat man 


[ra [ed >| red | fra, 


wo 











a+ fp’ a+8” td” y+’ 
d. h. 
us SE bri p+g=1, 
was man aus a/8ß=y/d sogleich ersieht. Damit ist der folgende Satz 
bewiesen. 
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Sind f(x), g(x)>0 in (a,b), und p, の 0 p+q=1, so ist 
(3) f he | oda if アア erg f | flo dr. 
a a a a 
Ersetzt man weiter f"g', f'@* für あの in (3), so wird sie 
li | fo da f fier de = | "£m gn da f fonde, 
a a a a 


wo 
m=kp+lg, n=kq+lp, (p+9=1), 
d.h. m+n=k+! und m,n innerhalb des Intervalles (ん の) liegen. 
Also: Wenn f(x), g(x)>0 sind und k,l,m,n beliebige reelle Zahlen 
bedeuten, von der Art, dass k+l=m+n und (m,n) innerhalb des Inter- 
valles (k,l) liegen, so ist 


b の b b 
(4) | jede | fg da = | が の TOO da, 


Substituiert man weiter in (3) f*,f” für f und ©, wo a, B beliebige 
reelle Zahlen bedeuten, so bekommt man 


(5) se de | SP de = | だ da | “fP de, (f(v)>0) 


wo 
r=ap+Bg, d=aq+fp, p+q=1, 

d.h. «+B=7+0 und 7, 0 innerhalb des Intervalles (a, 8) liegen. Insbe- 

sondere 


(6) [ref ra = f 7 アイ da; (f()20) 


wenn a>ß ist. 
In diesen Ungleichungen (5) und (6) ist das Gleichheitszeichen dann 


und nur dann gültig, wenn f(x) eine Konstante ist, was leicht ersichtlich 
ist. 

Es ist auch ohne Weiteres klar, dass man in (2)-(6) de durch 
F(x)dx ersetzen kann, wo F(x) eine beliebige positive Funktion bedeutet ; 
und ferner sind alle bisherigen Resultate auf mehrfache Integrale auf- 
tragbar. 

Setzt man zum Beispiel in (6) 

7 
2 


1 


DE BUND 


== Paris a=1, 8= 





2 
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dann ist 
Lh sti) ah 
1 a il 1-k°sin°e 
> レー が ane da ppi 
0 o V1—Fsin?x 4 
och. 
T° x TT 
ao HENRI Et 
4 VAC (6) ES 


Es folgt auch aus 
| eretdt=l(a),  (a>0) 
0 


die Ungleichung 
Ka) >) LC) 
wenn 


atP=7-Fò; a>y,0>B>0. 


4, Zum Schluss bemerken wir, dass die Bedingung in dem Satz 
in $2 zu beschränkt ist, um die Ungleichungen in der Theorie der 
konvexen Flächen nachzuweisen. Aber aus jenem Satze kann man soweit 
schliessen, dass für zwei beliebige konvexe Flächen (K,), (K,) die Gültig- 
keit der Relation 


| Ai(,¢) _ Fh(%,¢') H な (の の ) _ (の , の ) }=o 
H;(0,9) H.(0',9")!\ L.(6,9)  L(6’,g) 

für alle Werte von の の の , の , ausgenommen den Fall, wo (X), (1%) 
homothetisch sind, unzulässig ist, wobei L; das Produkt oder die Summe 


der beiden Hauptkrümmungsradien von (X,) bedeutet. Für zwei konvexe 
Kurven (QC), (G), deren Stützgeradenfunktionen und Krümmungsradien 
p:(0), p:(0) bezw. (9), 0,(0) sind, gilt 


2r 2x 27 22 
| PıPı de | P202d0 = | Pi P2 de P2 の の 
0 0 0 0 


nach dem Brunnschen Satz 
VA =tvA;+(1-t) 1/4, 


wo A,, A, die Flächeninhalte von (C),(G) bedeuten, während A den 
Flächeninhalt einer konvexen Kurve (C), deren Stützgeradenfunktion p 
die Relation 


」 
EIN VON BRUNN VERMUTETER SATZ ÜBER KONVEXE FLÄCHEN. 935. 


p(9)=tp.(9)4 (1 —t)p:(8) 
erfüllt. Berücksichtigt man daher den Satz in $ 2, so ist die Gültigkeit 
der Relation 
(BO BY (の 4 (の ) )=0 (ie alle 6, a) 
P2(8) p:(0) Anl) pl) /T in (0, 27) 
unzulässig, ausgenommen den Fall, wo (C;), (C;) homothetisch sind. 











Sendai, Oktober 1917. 


On the Involutes of a Curve and Some Applications 
| of the Method of Moving Trihedral, 


by 
TsurvicHı HAYASHr, Sendai. 
2 


In this note, I will give some properties of the involutes of a curve. 
Most of them are got by using the method of moving tribedral. Some 
are new, but some are well known. They may be adopted as illustrative 
examples of the method. 

1. ‘Tangents to the involutes of a twisted curve at the correspond- 
ing points (lying on the same tangent to the twisted curve) are all 
parallel to the principal normal to the curve (at the point of contact of 
the tangent). 

2. Principal normals to the involutes at the corresponding points 
are parallel to each other and all lie on the rectifying plane of the 
original curve. 

3. Binormals to the involutes at the corresponding points are 
parallel to each other and all lie on the rectifying plane of the original 
curve. | 

4, Centres of curvature of the involutes at the corresponding points 
lie on a straight line passing through the point on the original curve and 
parallel to the binormals to the involutes. 

5. All the involutes have the same polar line at the corresponding 
points. 

6. All the involutes have the same polar developable. 

7. The rectifying developable of the original curve is nothing but 
the polar developable of the involutes. 

8. The necessary and sufficient condition for a twisted curve, 
that its involutes are plane curves, is that the curve is a cylindrical 
helix. | 
9. The change of direction of an involute to a cylindrical helix is 
proportional to that of the original curve, measured from the direc- 
tions at the corresponding points. 
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10, Let us treat the ruled surface, that is the totality of straight 
lines, each of which passes through a point on a curve and has constant 
direction-cosines a, b, ¢ with respect to the tangent, principal normal, and 
binormal at the point on the curve. Then the orthogonal trajectories of 
the generating lines of the surface are got by measuring k—as units of 
length along the generating lines from the points on the curve, ん being 
a constant and s being the arc-length of the original curve. It is note- 
worthy that the length is independent of b and ce. 

When a=1, the generating line is nothing but the tangent line of 
the original curve, and so the surface is the tangent surface of the 
original curve and the orthogonal trajectories are the involutes of the 
curve. 

When a=0, the generating lines come in the normal plane of the 
original curve. So the orthogonal trajectories of the straight lines on 
the normal planes of a curve making constant angles with the principal 
normals are got by measuring off constant lengths along the straight lines 
from the curve. 

11. Taking an arc of a space curve and the corresponding ares of 
its involutes, the points which would be the mean-centres of the arcs 
of the involutes, if the densities at the points of the arcs be supposed 
to be proportional to the reciprocals of k—s, k being the parameter, 
all lie in a straight line in general, or else are one and the same 
point. | 
12. For the involutes of a cylindrical helix, the curvatures at 
corresponding points of the involutes are proportional to the reciprocals 
of k—s(*). Hence for such involutes, the Steinerian mean-centres, 
namely the “ Krümmungs-Sch werpunkte ” after Steiner(*), of the cor- 
responding arcs of the involutes, lie in a straight line in general, or else 
are one and the same point. 

13. For the involutes of an arc of a plane curve, the same is true. 
Especially for a closed convex plane curve, of which the moving tangent 
Sweeps out an even multiple of 7(=2m7 say) when it revolves along the 
curve, the Steinerian mean-centres of the corresponding arcs of the 
involutes of the curve are one and the same point, which lies on the 
straight line perpendicular to the initial direction of the moving tangent 
and passing through the Steinerian mean-centre of the original curve, 





(1) This is a characteristic property of the cylindrical helix. 
(2) Werke II pp. 97-159 [p. 122], or Crelle’s Journal XXI, pp. 33-63 and pp. 


101-133. 
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from which the point is at the distance //2mz,/ being the perimeter of 
the original curve. 

If the angle swept out by the moving tangent be an odd multiple 
of 7, the Steinerian mean-centre of the involute traces the straight line 
perpendicular to the initial direction of the moving tangent and passing 
through the Steinerian mean-centre of the original curve, the distance 
between the two points being 2k—/ divided by the multiple of z. 

It can be easily proved that the Steinerian mean-centres of a closed 
plane curve and its evolute (closed) are one and the same point. So the 
Steinerian mean-centres of a system of parallel convex closed plane 
curves coincide with the Steinerian mean-centre of their common evolute 
and therefore are one and the same point.(!) 


14. If we treat the family of planes passing through tangents and 
making constant angles with osculating planes, all the characteristics of 
the family intersect the given curve. If the angle made by the plane 
with the osculating plane be equal to 45° or 135°, the characteristic lies 
in the normal plane and bisects the angles between the principal normal 
and binormal. If the angle be considered as parameter, the charact- 
eristics of such families of planes at one point on the curve form the 
cone 





referred to the tangent, principal normal and binormal as 5, 7 and € 
axes, 0 and Tt being the radii of curvature and torsion of the curve at 
that point respectively. Hence such cones at all the points of a cylind- 
rical helix are congruent. 

15. For the family of planes passing through principal normals and 
making constant angles with normal planes, all the characteristics of the 


(1) It is informed by Prof. Kubota that during his study about the locus of 
the ordinary mean- centres of parallel convex closed plane curves, he has substantially 
obtained, but overlooked, the latter part of this statement, and that Prof. F. Schilling 
has proved the first part of this statement for the curves of constant breadth in the 
Zeitschrift für Mathematik und Physik. Bd. 63 (1914), pp. 67-136 [p. 124]. Prof. Kubo- 
ta also adds that he has still substantially obtained the theorem: The Steinerian 
mean-centres of a system of parallel convex closed surfaces are one and the same point, 
the curvature being that of Gauss, ie. total curvature. For Prof. Kubota’s study on 
the locus of the ordinary mean-centres of parallel curve , see his paper “ Uber die 
Schwerpunkte der konvexen geschlossenen Kurven und Flächen,” which is to be published 
in Vol. 14 of this Journal. 
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family are parallel to rectifying planes and intersect the principal normals. 
If the original curve is a Bertrand curve, the angle made by the plane 
with the normal plane can be so chosen that the distance between the 
characteristic and rectifying plane is constant for all the points on the curve, 
and then the relative direction of the characteristic with respect to the 
tangent, principal normal and binormal is also constant. If the angle 
made by the planes with the normal planes be considered as parameter, 
the characteristics of such families of planes at one point on the given 


curve form the quadric 
Grue ): 
ーー テー ュー クーC・ 
( p T 


16. For the family of planes passing through binormals and mak- 
ing constant angles with normal planes, the characteristics of the family 
are not so peculiarly situated. If the angle made by the planes with 
the normal planes be considered as parameter, the characteristics of such 
families of planes at one point on the given curve form the quadric 
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{Yn } = {Gn M1 +@n2%2 +++ + Ann Xn } 

ガ 必 ズ 0 =aWKrzarvbRIBRPMLar Bra, RI=HV/) BREW WBavrav+rT 
+”. ED 


(a) lim (Gn1+@n2+----+Gnn)=0, 
n= 2 

(8) lim ank=0, k=1,2, 3, ----, 
n= の 


(y) | Gn1 + An2 + * +++ + Ann | <M 
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ナル 様 = n, m = BGR EM M ラ 定 メ 得 ル ュ ト . 
此 條 件 ト 定 理 (1) ) ノ 條 件 トノ 異 ナル 所 へ 只 其 第 三 ノ 條 件 = アルノ ミ . 
定理 (1) ぅ 基礎 トシ テ 他 ノ 婚 形 サ レタ ル 條 件 ラ 得 タル ト 全 ク 同 一 ノ ARI: 定理 (2) 
a Vir FRCP af? 2. WAY PRP {an } => {yn} 3A 
ne nu Tu ver her 
(REF FSR 7 (2), (02) (y) ラ 取 レベ 可 ナ リ . Im} WEAR 7 Heh 2 wv 
bx7Bea-Hrv7” (y) 具 一 ツタ ヲ 取 レバ 足 レ リ ・ 
HP {en} ラ 有 限 的 振動 表 列 トモ ル 時 = モ 和 精々 類似 セル 結果 ラ 得 . (SK) 


ひる べ る と ノ の 完 備 ノ 公理 = 就 イ テ 


BAFUBSNB LIE, EEE (Hilbert, Grundlagen der Geometrie KMU,» 
WS? FRET VD) = dara vx DÉMARRER ao AES A Wo ER AL LARE 
FULNESF TINA, MAMA =F v, 第 一 へ 所 調 ある ひめ で す J/AHFTYFUWE- 
Bs. 第 二 ム 完備 公理 ト 名 ケラ レタ モノ 軒 レ デア ル . BAAR MDF Kr: Er 
MX (Mh. 直線 , BM) Wat M7 7 BSR AUER AY ヾ ル ん 所 ノ 物 ノー 系 統 テ 
形 作 ル ト . 

此 命 題 ノ 意 味 へ 前 通 ある ひめ で す ノ 公理 = 至 ル マデ ノ 第 一 カラ 第 五 = 至 ル 公理 群 = 由 ツ 
TEX 3 VARE? RE. GR AEM? 系 統 が 最早 撫 張 ラ 容 サ ヾ ル モ ノ ナル ュ ト , FRB? I 
理 群 ラ 満 足 ス ル 要 素 系 統 ノ ーッ 以外 = 存在 シ 得 ザ ルコ ト デ ア ルト へ ヘラ レ テ デ 居 ル ヤ ウ デ アル . 
若 シ 然 ラ バ 此 虚 = 調 フ 完 備 ト ハム タダ え を え ぶ れん (Veblen) 7 Bye (categorical) ト 名 ケタ モノ ト 
同一 デア ッ テ , 現 = 氏 ^ 親 ク 解 シテ ひる べ る と ノ 完 備 テ は ん て ぃ ん と ん (Huntington) 7 所 調 充 
je (sufficient) トイ フ 語 = 営 ル モノ トト 見 テ 大 シル ヤ ウ ゥ ウデ アル (Veblen, A System of Axioms for 
Geometry, Trans. Amer. Math. Soc. V. p. 346, 1901). 併 レ シナ ガラ 本 ツテ 考 ヘ ルト ロニ ヅダ を え 
SRA APART SHAH KEI FUN ONE EN + チ = r REAR 
明 セ ラ レ ル ノ デ アッ ツテ, HEEB? CEFN RAS RAAF TUENF IF. Z 
ラ 信 理 ト シテ 損 ゲ ジル ノ ハ 径 デ ナ チイ ヤ ウ = 思 ハレ ル . 基 上 若 シ ひる べ ぺる と ノ 意 が 里 = 公 理系 流 
ノ 断定 性 = アル トス ルナ ラバ パ , Sh? DF HP Wha eee xn dey... 余 へ ひる 
る と ノ 完 備 ノ 公理 ラ 唯 其 命 題 ノ 語 名 クノ ク 上 カラ 公理 系 流 / 過 定 性 ラ 意 味 スル ト 解 スル ノ ハ 恐 ラ 
ク 氏 ノ 竜 ラ 得 タル モノ デハ アル マイ ト 因 フ . 

BRIN? ALTA = LY aM) DI RAID» Wo se ARR Trym. AMA 
FRA ARE? APRA? STH, BARRA EFT ER A, IR FR a FEN 
モノ デハ ナイ カト 思 フ . ある ひめ で す 公 理 = 至 シル マデ ノ 第 一 カラ 第 一 = 至 ル 公理 系 統 ム 有理 黙 
ノ 系 列 鶴 系 デモ 満足 セラ レ , RARE AAR ST St PUN FT VY FR ASHEN 
bA7=abrHERII. Sel? Az y FAHRT / RRTELSER 7 AY VLE/ ra 
トチ 規定 え ル = 至 ツ テ , BHR AHR AIR? CHE AY 7 UIL? FINN ERI Fw 
SDFFNRIAPMMBEC AULT FT nr. WAM AAR > x, HAI, HER + à 7 J ASE 
BAF eff) MR FR 2 7 Mlzn sy Fr. pra KR = Hv 7x rs 
fii? AUT ER AU) Br 7 D EUBTT/ A FL = 7 F ル べ キ 所 以 ガ 理解 セ 
ラ レ ル デア ラッ ツ 、 余 へ ひ SEE RT En FNI)FYTYF7T.,5=MiABMEN? AE + 4 
2 41 + GRAZIA? DASYIER FERNE) nr bd NE7. 固 ョ ヨリ 此 ノ 名 キュ 
poi? A= Er VOL EST BEN 
B= _E / A+ MP FP UN DJ Fr FA PREZ HK, HER=S-FHYFAH / HF Ze 
BABIS FTX (HB 元 ) 


條 均 曲 線 ニ 開 ス ル 極 大 極小 問題 
面積 A, A, ラ 有 スル ニッ ノ 閉 凸 曲線 C,, C。 7B C ma? A トス レバ , 
pria VE 97 2/ AZY A+ VA, が 成立 ス . 今 4,4。 ノ 値 ラ ー 定 シオ キテ C。 
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CO, EFT Bite vanti, AA WA= WA, +WA, PINUS = tp ber, avr C,, 
C, WHM= © SHU i= 7 NFR MV aba aMAvU FAWN. À ノ 艇 大 如何 トイ 
7 ME = 7A Ber A arth vy ben La RAR. avr CE» 
2 0,0, 7 Wh? MEET 117 HED 2 R/ A7 =BFe7rr. 

GO, ヌー 定 シオ キ , C。 777 WR —L?7 fl A, 757% \XKE=ME+MR7 ES 
シメ ル . BF 0, RUMI I, FRAY, 之 レ = 直角 ノ 方 向 ノ 幅 。 ラ 小 ナラ シュ ムレ パ , 
LL ライカ = 大 = シテ モ |, FZHE=- = rı N CL, /MRIVY TRA A = 目 マ ラ シ ム ル ュ 
ト ガ 出来 シセ デア ラウ. Ariel VITA =, nm) 1, ノ 御 = ョ リ 天 =, zw 
= 直角 ナル 方 向 ノ 幅 ハ へ C, ノ 相 営 え ル 由 ヶ年 き ミリ 大 デア ル . Cf ハハ 一定 デア ルカ ラ 1, サム 大 
ナラ シム レバ A チ シ テ イカ ホ ド ニテ モ 大 ナラ シム ル ュ ト ガ 出 夫 ル デア ラウ. 

ッ レ デ 間 題 ラ 次 ノ 如 ク 少 シク 締 更 スル : ©, RC, トラ 相 人 等 シ レキ 曲線 トシ タ で ゞ 相互 ノ 位置 
ラ 織 化 セ シメ タル 場合 , MAW -U ノ 面 積 ノ 種 大 如何 . | 

例 = き ミリ 050,0"7 p=+p;(0), p(0), D(6) RZ, 吾 テ ラク 場合 = テン の 50 ァ 
yy Vij r ANR + à 2 RSD RER TL 7, D.(0)=p,(0+a) ト オ ク コト が 出來 ルル. 

2 7 が (9) = の 」(9) 十 7。(0) =) VF 


27 
1400 | p'6) p(9d9, p(E) =P(0)+2/(0), 
0 


2x 
GET 4 A=2 a+] P1(8+a) p,(#)d8 
0 
ガ 導 カ ヵ カレル. = A J thE). à 7 FRE 


F(a) -| P1(8+a)p.,(8)d8 
0 


DYVFT ville, EB-Erın. HK=RkRar a 1» 


| ア ,(9+ gp(⑳29=0 
0 
ラ 満 足 シ ナ ケ レ バナ ラ ヌ . Arne p,(0) ノ 週 期 へ 一 般 = 2 ィ 7 デア ルカ ラ , 


2x 27 2r 
[ p/,(8+ an P',(0)p, era | p',(08+a)p,(0+2a)d0 
0 0 0 


733 Lv n. 之 = リ 直 チ = a=n VY) MET Arab, w= p,(0) が a <2r ナル 週 期 
FA AVA, a= で ダ タ ーッ ノ 解 答 チ 興 ヘ ルコ ュ ト ガ 分 ル . fr VED hike vs aw 
カム 一 抄 ミ = ミイ ヘナ イ . ・ 

定 隔 曲線 = アリ テ メ ハム ar ハー ツノ 極大 = 相 営 スシ コト, En 竹 形 = アリ テハ a= が 
AGES) = FARE A ab ERM FU, 一 般 ノ 場合 = 百 シ ョ リ 決 定 的 ノ 解 符 か 得 ラ レ 
マイ カ . 之 ラ ーッ ノ 間 題 ト シテ 提出 スル . (MF) | 


A ME 7 — HE 


Ace DEREK = RT ADE RNA — PR? RED. KR EE NAR==X 
元 ノ 空 間 ノ 助 ニ ミ ョ リ テ 容 上 易 = 解 キ 得 ラル シベ シト 難 , TEE, fi? TEM SARIZIZAMZ 
HB Fy. 

a) — Bj R= A,A,; B,,B, Fr U HP tr, —W7 FA, AL 79, 
Ax, 4g; Xx, D—HME=7 227 mac B,, B,; A, 7-HÄME=SFIIN 
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BURN 7 RE = LE + 2. 

6) —Rik= 4,,4,;B,,B,;0C,,0, Fr —=M7 BEV RA~ SF wn bX, —W BE X,, X, 
7%, A, A,; X,,X, FM L=7 VID MMM. By, BX, X, v-MAb=“7 
¥C,, C,, X,, X, F-MAk3s7r1B=WREt a. 

Hrn, EI 7 2 by, WR OR? An? Siam ar 7. (a) (bd) モ 
IS WG = EA IA. 

fini 1. ーー 年 面 上 = 三 双 ク A A, A,; B,, Ba; C;, Cs Fe 3 wv ゝ トキ , —W DIE 
Bear zu’ DAR A,,A,,4,,4,; B,, Be XA354,,;:C,, 00, XX 74M Lk=7 
ル 様 = 動 ク トキ ハ , XX 7 HE 2 Lin SHR 4,4, B,B,,0,0, = Yz rt 
線 N ヲ 包 ムペ シ . 

前 競 = 於 テ 逃 ベタ ル 如 用 球 ノ 中 心 ヨ リ 9 Ri Ren Ti OR ra O ョ リ 剛 形 ラ 
stereographically = 球面 上 = 射影 シ 。 4., 4。) B,,B,; 0,02 7HBIRA 4, @。 0,, da; 
1,6, bY, イィ, えッ ノ 射 影 ラ 夫 レ 々 1,2。 トス ルト キス へ 。 直線 Lido へ 三 直線 0, 42,0, by, 
e+6。 Em. = Lido ハー ッ ツノ 一 次 線 織 面 上 = アル ベク , FEET Y 7 HET LU 
X, X, » 4,A4,,B,B,,0,C, ナル 三 直 線 = 切 え ル ー 彫 氏 曲 線 À = 切 え ベ シ . | 

HER R ラ 決定 セン ニハ Xx, XX, JOM BR Lrririé7 AH> FU FR D + 


4,4, 755X1-[K C 7169, B,B, Br nr ESB, Br C hv tmz 0,,0,,0, 
ラ 過 ギル 任意 ノ 二 彫 ト トノ 根 心 ラ O。 by, 0,0, ラ 結 ビ 付 クル 直線 ラ 引 キ , 彫 @ +=} 
XX: = 於 テ 変 スラ シム ルト キハ , XX, ss hes). HE ラ 動 カ スコ トニ ョ リ テ 
何 穏 テテ モ ズ +。, イ 。 ノ 位置 ラ 見 出 ス ラ 得 ベク 従 ヒ テ 彫 名 曲 線 へ 決定 セラ ル ベ シ . 

YF WHE 1 7 ラ 用 キテ 前 貌 問題 ラ 解 カン ニハ , A, Ag; B,,B,; 0,0, =3 9 73 HIS 
曲線 R ラ 決定 シ , 同様 = お 」, Ba; 0,02; D,,D, ニョ リ テ Hé L ラ 決定 スル トキ ハム 
Rb Q トム 眺 = ニ ッ ノ 共通 切 線 B, B.,0,0, FAR. HIF PRB ROM KEL トノ 
他 ノ 共通 二 切 線上 = アリ . ヵ カク シテ 所 要 ノ 黙 へ 決定 モラ ル ベ シ . 

A 2. 一 下面 上 = ニ 双 ノ 叶 4,,4,; B,,B, WHA FA be, IU MERI, X wv, 
A, Ag; XX 7-BAEL=7r MEER D, B,; パ ィ , そ 。 が ーー 周 局 上 = アル 様 = 動 クト 
キハ XX, WREEM ZARA A, 4,,B,B, = 切 ス ルー 周 氏 曲線 À 742. 

EE 7 8 O ョ リ 球 面 上 = stereographically = 射影 シ , 4,, 42,0, 0。, 2 X, チ 夫 レネ A, 
An, B,,B,,X,,X, /4i&rea. 然 ル トキ っ 直線 e, x, へ 直線 a, a, REY RMB 
スル reciprocal polar 及 で 直線 0,0. = 変 ハ ル . 之 レ = 依り テッ ノ 射 影 ナ チル 直 線 X, X, » 
A, A,,B, B, ナル 二 直 線 = 切 スル 一 周 雛 曲線 À ラ 包 ふ . 

Misena R ラ 和 決定 モ セン = ニム 直線 さ 」 そ 。 ノ 三 ッ クノ 位置 チ 見 出 ス ヲ 以 テ 足 レ リ ト メス ・ EM 
A, A, テラ 過 ギル 任意 ノ 園 @ ラ 作 リ り B,B ラテ 過 ギ ん ル 任 意 ノ 二 彫 ト ⑥ トノ 根 心 ラ 0, ト シ , 
=: 0,70 = 開 ス ル 直 線 4,4。 ノ 極 周 = 結 付 クル 直線 ヲ 引 キ , ッ ノ 直 線 則 Cnr 
a7 X,,X, Rav ser AE, ORY). ラ 動 カス コト ニョ リ テ パパ 。 ノ 位置 へ 何 
糧 = ミ テモ 求 メ ラル ベ シ . カ クシ テ 周 名 曲 線 À ハム 決定 セテ ラル. 

之 ヲ 用 キテ (a) 7 fe ン =, XI? FEAR Aida 2; A,» Az; イッ T-BAL=7 ) ; 
B,, B,; X,,X, DRE 7 2 HARAS = DT b +, EA, XY, ハニ 直線 4.4。, 
B, B, =Uz,r Et Q FRA. 面 シテ で h L ト ハ 既 = 二 切 線 A, Ax, B, B, 7 dk 
Ar. Kl) SWF REA b +> PB? ZU NX, Seek? IU Rb ys 
容易 = 決定 モ セラ ル ベ シ , — Ir RE). 

fig 3. EO BYE 4.4。 ラ 球面 上 = stereographically = Yr, 25h 4,,4, + 
13, 直線 a, a, ノ 球 = 開 ス ル reciprocal polar FE), Zı 70 ョ リ 再 年 面 上 = 射影 ス 
ルト キハ , ツノ 射影 へ 線 分 4」 4。 ノ 算 直 二 等 分 線 チ テル ベ シ . 

ZU FEN RR = VRP AGRE AUF Db FAR PR FAR ne) by ay 下面 
FBANM EMF IV ber RA SBT WEz2r23 p+p91%v. 

vy ij E / Bh A,(é, n), Az, 1’) 7 射影 41,42 7 Alb EB 
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NE DER 2n Emil U Qn! 2 上 アタ ー1 
ety? tl? &4mn?+17 Em +1 82 十 72 二 1 7 &#2+4y2+41° &2+y241 
ナル ラ ヲ 以 テ , 球 = 開 スル 直線 0, a, 7 reciprocal polar ハニ ッ ノ 方 程 式 





2 と 27 E2+n2—1 
nn Tee CL 
Pin+l Pl Emil Ni 
E34 9/241 st: E24 4/241 y+ E24 9/241 cal (2) 


= 依り テ 興 ヘラ テル . 今 之 レラ (0,0,1) ナル 時 0 ョ リ ay Fk HB FRI TE HE 
式 ヲ 求 メ ン =, (1), (2) 及 


Cr y ne 
ar MR y rider rn. 
28 x/ 2n 4) +7?—1 
—“ a A ee ee ER EL 
en P+m+1l Zt En pori: via eine 
9 27 2 キダ ター1 
2 上 7 クー1 v(1-2)+ P24 9/241 y(1-2)+ E24y/2+1 ace 


a) 2 WAL KR vs 


b+? &2- N? 


2 =0 


(E-&#)x+(n-#)Y- 
73. 之 レ 4,4, HAMA? EE-FSTEF). 
RR Z2v=3) 7h 2 Ahr A, 4, EHLERS Wa. 
サテ (5) Ma vr= A, As +r ORD, 4,,4,; X,,X, »-AAE=7 1247 調和 
sieh, C,,C,,X, X, FAME = アル 様 = 動 クト キム , IE て ,, そ 。 Fehr ni 
ハ 直 線 A 4。 及 ビッ ノ 垂 直 二 筆 分 線 = 切 スル ー 周 凶 曲 線 % ラ 包 ふ . B=KIF RQ rx 
Hd, ニッ ノ 共 通 切 線 4, A, REM ALA, ノノ 垂直 二 筆 分 線 ラ 有 ス . Heil) 
ZU, SR, It FAT 7 fl” SEAL 器 ト シテ 容易 = 決定 セラ ル ベ シ . (LK.) 


AR = M スメル 一 Xx EB 


10 7 ERS => RR 0,0 ノ 和 = 組 形 モラ レ , 基 何 し カ が 3 ナラ が ルト キハ a=b=L 
(mod. 3) ナリ ト , 大 阪 ノ 山田 光雄 氏 報 ゼラ ル . 


東京 敷 移 物 理 光 信 特別 講演 合 


同 賞 第 十 入 回 へ 東京 状 國 大 學 理 科大 學 中 央 講堂 = 於 テ 大 正 6 年 (1917) 11 月 15 日 (木曜 
H) 午 後 6 時 生き リ 約 二 時 間 和 全開 カル . 其 演 題 , 講師 並 = 講演 要項 炊 ノ 如 シ 
量子 論 (quanta-theory) TANT 石原 ME 
1. 量子 論 ノ 起源 2. 量子 論 ノ 應 用 概観 
3. HF BREL / 意義 ノ 探 先 
a. 統計 力 光 = 於 ケル 量子 恨 謗 
6. DB=i8 7 ANNE 
c. SHAN) Aish (adiabatic invariant) トシ テ ノ 作 用 量子 
d. 制限 的 週 期 運 動 (conditionally periodic motion) 7 +f 
4, ESA 
同 浪 第 士 刀 回 へ 同 虎 = 於 テ 大 正 6 年 (1917) 12 月 20 日 (木曜 日 ) 午 後 6 時 生 ョ リ 約 2 
時 間 開 カ ル . KR Mr 
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HET 7 BREA GE b PE MA MAL 木下 BK 
1. 放射 性 物質 2. RF 3. Exa 
4. a #7 ZIRE PRIMER b 7 BAER 
5. 生成 物 ノ 原子 量 
6. 放射 性 物質 ノ 週 骨 律 表 中 = 於 ケル 位置 ト 環 錯 定 型 トノ 賠 係 
7. Atomie number. 8. Isotopism. 9. 終局 物質 
gee 20 Mo XE 7 年 (1918) 2 月 21 HERAN LENRER, 原子 講 造 謀 概 観 ノ 講演 
ニテ 開 カ ル ヽ 由 ナ リ . 


EBECHAMKA Rh = 就 


Smith RY = EAN IE ER à 7 ri PK vr History of Japanese Mathematics = » & 
テム ハム, 本誌 第 11 By 187 真 = 掲載 モ シ が 名 ク , 牧 = 本 誌 監 修 者 林 鈴 一 = 於 テ 其 ノ AMA 
取 炊 ラナ チ スベ シ . Wie $3 HAAR THAR BAAR VD. 迅速 中 込 マ ル 


“Ay. 


ZIALE Taos = az 


KIRCHE - BE REM BEIN = AU bre, BER SORA 
ル 多 キュ ェ , FRED BW=7, HERR) MH UWS Ks = Heke > v 22. BF 
AEB = STE 7 PPI TARA BRERA ラ 以 テ 購 入 ス え ベ シ . BED 
下 第 一 倫 第 四 豚 = 至 ル 間 ノ 各 有 組 モ が 同様 ノ 取 扱 ラ アナ スベ シ . 


山 


ME gb ch 7 TE A 2 < + f Be AL AE 


— 
ーー 


+ RASE HER 澤山 勇三 郎 氏 

三 容 及 ビ 四 次 ノ 線 羽 微 分 方 穏 式 = 開 スル ーッ ツノ 性 質 AE Z TE 

ic SERA, 柳原 吉 次 氏 

共 軸 彫 及 反 形 ノ 理 論 チ 避 ヶ テー 許 ノ 定 理 / 護 明 MAL 秋山 武 太郎 氏 
DAME, RIE 7 年 1 BRL 2 BR | 
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On Irreducible Equations Admitting Roots of the 
Form a+.e”, a and p Both Rational, 


by 
AUBREY KEMPNER, Urbana, Ill., U.S.A. 


The present paper is a generalization and continuation of a paper by 
the author on irreducible equations admitting roots of the form p-e”, p 
rational(* ). 

While some of the theorems of the present article are straight forward 
generalizations of theorems contained in the Archiv article (for example 
theorem I), most of the theorems, in particular all of those dealing with 
more than one circle of the syster» S (see ‘ definitions” below) do not 
have analoga in the simpler case. 

Since the complete proofs require hardly more space than would the 
formal generalizations, the full demonstrations are given in most cass, so 
that no knowledge of the, at present inaccessible, Archiv article is 
required. 

The results of the paper may be characterized as an extension, for 
a certain class of equations, of the theorem that, in an equation with real 
coefficients, the complex roots appear in conjugate pairs, and an examina- 
tion of the consequences of this extension. 


Definitions. 


Throughout the paper, unless specifically stated otherwise, our equa- 
tions shall have rational coeficients, and reducibility and irreducibility shall 
be understood to refer to the natural domain R (1). 

We consider in the complex plane the doubly infinite set of circles 
consisting of all circles of rational radii about each rational point of the 











(1) Printed in the Archiv der Mathematik und Physik, Berlin, under the title: 
„Über irreduzibele Gleichungen, die-.- zulassen.” Proof sheets were received in Septem- 
ber 1916, but cn account of the pıesent disturbed means of communication I do not know 
in which issue the article is contained. For a brief resume of the results see Bull. of 
the Amer. Math. Soc., 1914, vol. 20, p. 183. For some related theorems compare this 
Journal, vol. 10, 1916, p. 115, and references given there. 
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axis of reals as centres. . The complex number corresponding to any point 
on the circumference of each of these circles is of the form a+-e", a 
and © both rational, and conversely, all numbers of this type are repre- 
sented by the points on the eircumferences of the circles. In this sense, 


’ and “a num- 


we shall use the expressions “ point on one of the circles’ 
ber of the form a+ pe, a and p both rational,” interchangeably. 

The whole complex plane is covered everywhere densely by our 
circumferences, and, as is easily seen, an infinite number of the circles 
pass through the neighbourhood of any point in the plane. A point of 
intersection of two circles has an infinite number of circles passing 
through it. 

The circumference of any circle contained in our system we call, for 
brevity, a circle S, and the system of all circles S, the system S. 

Besides the system S we shall also need the system of circles obtained 
by considering all circumferences of circles whose centres are the rational 
points on the axis of reals, as before, but whose radii are the square 
roots of all rational numbers. This set of circles, which contains S as a 
partial set, will be called the system C. 

We shall consider chiefly the class of irreducible equations having 
any complex roots on any circle S. This class of equations consists, as 
will be seen, of 

1. all irreducible equations f(z)=0 having any (not necessarily all) 

complex roots of absolute value unity ; 

2. all equations derived from 1. by subjecting f(z) to a non-singular 

transformation z= At i 
cz+d 
In particular, all irreducible quadratic equations with rational coefficients 





with real rational coefficients. 


and of negative discriminant belong to our class ($ 2). Obviously 1. 
contains as a sub-class all cyclotomic equations for nth roots of unity, n 
prime. 

1. Theorem I. When an irreducible equation has a complex root 
a+ pe, a and p° both rational (p itself may be rational or irrational), the 
roots of the equation are distributed in the following manner : 

1) Besides a+ p-e*" there may be other pairs of complex roots with 

the same a and the same p, a+ p-e*"2 ele. ; 
p 


Tr 


is also a root ; 





2) . 7 の 28 a real. root, 


3) any complex root not contained in 1) may of course be written in 
the form a+r-e'?, where a denotes the rational quantity used above. 
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o で 
Then the four numbers a+r-etif, a+ le? are all contained 
Vi di 


among the roots of the equation(! ). 

Geometrically speaking, our theorem 2 that if an y complex root 
of an irreducible equation lies on a circle C, then all roots are distributed 
in the complex plane in such manner that the roots in the interior of 
the circle are the images of the roots exterior to the circle using the 
term “image” in the sense in which it is employed in the theory of 
analytis functions of a complex variable. 

Proof: Since z,=a+-e” and z,=a+4-0-e-” are both roots of our 
irreducible equation f(2)=0, we have 


(4—a)(2—a)=9", 4%—a(4+2)+(¢ — 0°)=0, 


and Der) =$P(a)=% 5 

therefore one root 2, is expressible as a rational function ¢(z,) with 
rational coefficients of another root, and iteration of the function ¢(2,) 
leads back to the variable z,. 

Hence, by applying a special case of a well known theorem due to 
Abel(*), all roots may be broken up into pairs so that the members of 
each pair are related by the same equation ; if z; is a root different from 
z, and z,, then there is another root z such that 


(3—a) (4—a) =p". 
Interpreted in the complex plane, this means that 23 is the conjugate of 
the image of z,, taken with respect to the circle on whose circumference 
z, and 2, are situated. In case z, is a real root, or a complex root lying 
on the circle, parts 1. and 2. of our theorem are satisfied. 
When 2; is a complex root not on the circle, then together with 2, 


(1) Parts 2) and 3) of Theorem I, and therefore also many of the later theorems 
hold also when there are no roots on the circumference of any circle C, but when it is 
known that there is at least one pair of roots 2,,2, such that z,,z, are images of each 
other with respect to a circle C. 

(2) Oeuvres, 2nd ed., 1881, vol. 1, p. 478. 

For proof of a theorem, according to which an irreducible equation of degree n, be- 
tween two roots of which a relation exists of the type 2, 2,+A(2,+2,)+B=0, where A 
and B are rational functions of the coefficients of the equation, must be of even degree 


n 
and is reducible to a quadratic equation by solving an equation of degree > and for some 


related theorems see J. Petersen, Algebraische Gleichungen, Kopenhagen, 1878, p. 136. 
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its conjugate Z,, and together with 2, its conjugate z, must be roots of the 
equation, since f(z) has real coefficients, thus proving Theorem I. 

By applying Abel’s theorem in its general form, the following 
theorem, which contains I, is proved in exactly the same way. 

Let f(z) = ay2" + a2" + +--+ + On 12+a,=0 be an equation with real, 
but otherwise arbitrary coefficients, irreducible in the domain R(a,, ı,...., An); 
and assume f(z)=0 to have a root a+p-e", a and p* both rationally ex- 
pressible in terms of dy, M1)... ‚4, with rational numerical coefficients, then, 
all roots of f(z)=0 are distributed in the complex plane according to 
theorem I. 

It follows from Theorem I that an irreducible equation having any 
roots of the form a+p-e”", a and 9° rational, must be of even degree 
(excluding as trivial, here and later, linear equations). In particular, 
when the equation has a root on the unit circle, |z|=1, the equation 
must be reciprocal, | 





F(Z) = di" + a+. + Uzn-12+dan=0, 
and 


Yeti, ati ete. 


By the use of Abel’s theorem, it is also seen that when an irredu- 
cible equation has two complex roots a+/%, a rational, then all roots are 
distributed in the complex plane symmetrically with respect to the line 
parallel to the axis of imaginaries through the real rational point a; so 
that, when a+y is any real root (7 then necessarily irrational), a—y7 is 
also ‘a root; and when @+.a’-+13’ another complex root (4 Æ0, 8"+3=#0), 
then the four numbers a+2/%,3" are together roots of the equation( * ). 

Since symmetry with respect to a straight line is only a special case 
of inversion with respect to a circle, we see that Theorem I still holds 
when we arbitrarily admit as degenerate circles in the sytem C ail lines 
parallel to the axis of imaginaries and at a rational distance from it. 
However, unless expressly stated, these straight lines will not be taken 
into account in our theorems. 

Combining our results, we may say: 

When an irreducible equation has any complex roots on any circle C, 
or on any straight line parallel to the avis of imaginaries and at a rational 
distance from it, this circle or this straight line shares the fundamental 
property of the axis of reals, that the roots are distributed on both sides in 





(1) See also the Archiv article already referred to. 
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such manner that the roots on one side are the images of the roots on the 
other side. 


2. Quadratic irrationalities. 


Theorem II. The (in the complex plane everywhere dense) points of 
intersection of two circles S are exactly the roots of the system of irreducible 
equations az’+bz+c=0, where a,b,c are any rational numbers and 
b—4ac<0. 

Proof. a) We first show that every point of intersection of two 
circles C is a quadratic irrationality. The points of intersection of two 
circles S then are of course also 
quadratic irrationalities. The situa- Y 
tion is illustrated by Fig. 1. Let 
P be the point of intersection, 


de i ses 19 
P=a;+pre"1=a;+ px の 
01,0, 01, 05 all rational. 

We must show that the two 
complex numbers =%+iy and 


‘ &=&—ty are the roots of a 
quadratic equation with rational 





coefficients. i 
We shall have 


Bigel 


(ムー タオ ザー の yY+(e-a)=p1; 
22( a, — a) = 07 — py’ + ai —ay, 
and « is rational, while y=/p,—(«x—a,)° is the square root of a rational 
number. But z=a+i-V 6, where a and b both rational, is a quadratic 
irrationality. 

b) To show that the roots of an irreducible equation az +bz+c=0, 
a,b, e rational, 5’—4ac>0, are points of intersection of two circles S, we 
proceed as follows. 

From < ニッ エーーー( 一 0 上 iv 4ac—b?) we see that リーーー VE, 

a | 


ーー 


where © and R=4ac—?>0 are both rational. We have to show that 
we may choose in Fig. 1 the four lengths a, @, 91, 02 all rational. As- 
suming 0,=2, we shall have 
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1 
PESO) の ーー ツー ッ ター の 





R 
and ーー = py —(4,—&) =(0,+4,—2)(0,--a +2). 
4a’ 
Let 2a(0,—a,+27)=R,, where À, is any positive rational number, then 
dea ; R+R 
2a(P.+ 4,—2%) =, where R,=—— is also rational, and 0,= A 
Uy A 


The quantities a, and a, are then also rational (from 2a(o,—¢,+”)=R,). 

Theorem II is thus proved, and we may even choose the radii of 
our circles to be equal. It is easily seen that an infinite number of cir- 
cles pass through each point of intersection of two circles S. 

While the system C yields also all real quadratic irrationalities, as 
the points of intersection of the circles with the axis of reals, the set S 
does not yield the real irrationalities. 

Since all points of intersection of circles S are at the same time 
points of intersection of circles C, we see from our theorem that the 
everywhere dense set of points of intersection of the circles S is identical 
with the set of points of intersection of the circles C. 

As a corollary to Theorem II, it follows that while any complex 
quadratic irrationality may be represented in an infinite number of ways 
in the form a+p.e”, a and p both rational, any root of an irreducible 
equation of degree n>2 can be represented in only one way in the form 
a+p.eé(*), if it can be at all so represented; consequentiy, for n>2, 
Oy + Pi 1 =a,4+ 02-02, a, Pi, Q, P, all rational, implies =, 0:,=+/2. 


3. Roots on more than one circle S. 


Theorem III. An irreducible equation cannot have roots on more than 
one circle S unless the curcles intersect. 

Proof: Assume two circles S, and 8, exterior to each other, and 
assume 2, roots on S,, 24, roots on 8,7). Let n=2m be the degree 
of our equation, then there must be, by Theorem I, exactly m—y roots 
inside S,, and as many outside. For the same reason, there are m— 1, 
roots inside 8. Let 4 =O be the number of roots exterior to both circles, 
then we shall have 

M— wy =A+24,4+(m—fpy) A=—p— {x 


(1) Not counting as distinct the two representations a+ p.¢!?, a—p. ei(m+9), 
(2) When a real root lies on §1 or on ざ 。, the equation is linear 
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This is impossible, since zz, 4 are positive. 

When one circle contains the other, say S, in S,, we may transform 
S; into the unit-circle about the origin by a transformation 4=72+6 with 
real rational coefficients, and by a transformation ,=z"" carry the circle 
into which S, is transformed by 1=y2+0, and which now lies inside the 
unit-circle, into a circle lying outside the unit-circle. Since neither the 
degree of the equation nor its irreducibility are affected by the trans- 
formations, we are reduced to the case just treated. 

The proof requires no modification in case the circles touch each 
other on the axis of reals, internally or externally. 

When the circles intersect, we know that the points of intersection 
are quadratic irrationalities. Excluding this case, we have to answer the 
question: Can. roots of an irreducible equation of degree n>2 lie on 
both of two intersecting circles? The answer is given by 

Theorem IV. On every circle S there are roots of irreducible equations 
of degree n>2, some of whose other roots lie on an intersecting circle. 

Proof: It is only necessary to prove the theorem for any particular 
circle S, since all other circles S are derivable from any one by a linear 
transformation with real rational coefficients, and the transformation does 
not affect the irreducibility of the equation. It follows from Theorem I 
that the lowest degree for which 
an irreducible equation may have 
complex roots on two distinct 
circles, excepting n=2, is n=6. 
To form such an equation, we 
choose (see Fig. 2) the unit-circle 
about the origin as centre for 
one of our circles, 8, and the 
circle of radius unity about the 
point (1,0) for the second circle, 
S, Draw through the origin 
any straight line which intersects 
in the upper half plane the com- 
mon chord of the two circles, in 
the point €, and let s。 be the 
point of intersection in the upper half plane of the line with &. Draw 
also the line through (1,0) to &, and call & the point of intersection of 
this line with S,; finally, let ¢_,, ¢_2, ¢_3 respectively be the conjugate 
points to €, &, &. 
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Let ¢,=r-e®, r>0, so that 7 is the distance from the origin to &. 
From elementary geometry we see that |e,-e.|=1, and obtain, making 
use of the obvious relation r=2 cos の the six equations 


er アー (cos 6 +i sin H)=(2r)"- (rtiV 4-1), 


(rt ET), 





en=r - (cos 0-7 sin #)= 
. . iy . PS いて 
es =1—cx=1-rcos@tirsin0=—(2-rtirv4-7). 
+3 F2 5 


The points ¢, ¢_, lie on the line parallel to the axis of imaginaries 


through the real rational point > and therefore, by $ 1, if e,, e_, are 


to be roots of an irreducible equation, the other roots must be sym- 
metrically distributed in the complex plane with reference to this line. 
In particular, if any one of the four values ¢,, 53, €_2, €_3 is a root of the 
equation, all of them must be roots. We shall show how to choose r so 
that the six quantities ーー , €_3 are the roots of an irreducible equa- 
tion with rational coefficients. | 

From the relations (see Fig. 2 and the expressions for the e derived 


above) 


& +E_1—=1, E) °€E 1—) 2 
e, +e_3=2r cos d=r), eve de 
e,+e_3=2—r°, N 


we see that the quadratic equation whose roots are &, ¢_; is 
e—z+r7=0, 


while the equation with roots ¢, ¢_, is 


2 


2-r°z+r°=0, 
and the equation with roots ¢3, €_3 is 
デー(2ー) 2 十 1 三 0. 

By imposing on 7 the first restriction that 7° shall be irrational, we ensure 
that none of these three equations has rational coefficients. But if our 
sextic equation were reducible in (1), at least one of these equations 
would have rational coefficients. Therefore we only have to show that r 
may also be chosen so that €,,.--... , €_3 will be the roots of an equation 
with rational coefficients. 

The equation with roots ¢,------ pad TAUX 


ENG: 


2-32 +y. 23 (27—5)+7-2°—32+1=0, 
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where y=77°+3+3r°—r4, and we must select 7 so that: 


/ . . . 
1. ° is irrational, 


2. r7?+3+3r7—r* is rational. 


writing =a, we have x-1+3+3x—a°=7, and we choose, if possible, 
for 7 an integral value which will make 1+ (3-7) 2 +3! -"=0 ir- 
reducib‘e, and so that at least one root x is real, positive, and between 
zero and four (because 0<r<2). This happens, for example, for 7=7, 
x —83x°+4x—1=0. Condition 1. is of course also satisfied; therefore the 
equation with roots &, €_1, &, €2, &3, €_», Where 7 is to be taken equal to 
the positive square root of the real root between zero and four of the 
equation @®—32?+4=—1=0, has rational coefficients, is irreducible, and 
has roots on both circles S, and S,. 

From Theorems III and IV follows: An irreducible equation f(z) =0 
can have two roots «+ pre, a,+pee82, a), 4, 0, 02 all rational and 


dd, only when 


| -p|<|aı-a,|<9+ Pr 


4, Determination of « and ?. 


Theorem V. When an irreducible equation f(2)=0 has complex roots 
of the form z==a+p-e”, a and の rational, the quantities a and p can be 
found by a finite number of rational operations and the extraction of a 
square root. 

Our theorem implies that when an irreducible equation has a root 
on any circle S, this circle can be constructed by ruler and compasses. 

Proof: Let f(z)=a) 2" +a, 27" +... +a,-12+an=0, f(z) irreducible, 
and z=a+0-%, z;=@°, a complex root, where & and © are rational. 


Then 
f(2)=F(4+ pa) =¢(a) 


(n-1) F(m) 
Sa (a) De ee di ied 02,7 
(n—1)! n! 


ーーー . = 
=Co tC, る 十 AR lia + Cn_1°21 ONE s 


and y(z)=0 is of degree n and irreducible. But since ç(z)=0 has a 
root 2,=e”, it must, by Theorem I, be (of even degree and) reciprocal, 
= + Cn = +. Writing for convenience f(a)=f, f#X(a)=f,, 


Ei 
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and [ が の (の ドニ だ な が, the equations cy=c¢, and ¢,=c¢,_, yield the relations(?): 





oe METODO 
rst 4 
Dr Co 
po) が 5 
Me Na+ 
‘Therefore 
pa Bihar (neat a) 
ーー ee 2 
A Ih do hh 
n N 
Wahi a (NON AT 2 eee 
and p"=(0") i co IAA 
coef AI 
dd) De N VR 
a) naar)? fF mast AF, 


which may be written, more ON 


n n 
ni fi? だ TLC PEN 
This equation with rational coefficients must be satisfied by our a. To 
find the rational roots of such an equation, only a finite number of ra- 
tional operations are required. It is readily seen that the equation does 
not reduce to an identity, since one side of the equation contains the 
coefficient a,, while the other does not. However, the apparent degree 


of the equation (1) in a, that is — (nn), is not the actual degree of 


the equation, since, besides the coefficient of the highest power of a, a 
considerable number of leading coefficients seem to vanish identically for 
any given polynomial f(z) of even degree. 

Only for n=2 does the method break down. This case, however, 
has been fully treated in § 2. Once «a is determined, the corresponding 


p is derived either from p”=++— I È ) , or (by extraction of a square root) 


(n ay ata) f (a) 
Go f (4) 
Example:  f(2)=16: +72 +96 z Fr 0. 
Equation (naa+a)? f =a)? ri gives 
(64a +72)? (160 +720 + 9602 + 60a + 15) =16 (64a? + 2160? + 1920 + 60), 
(1) These equations are the first two members of a set which may be expressed 
_ (m+A)! "fm 
(ゆー に が TA 


from の = 


に | 3 


by the formula p’A , Where n=2m and A=1, 2,...., m—1, 
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which is satisfied by the rational value = ーー The corresponding value of 


p is — Asa matter of fact, the given irreducible equation has two real roots 


1 ar E DT 4 ie ae 1 1 i 3 
2193041020, and on the circle hs. two 


_ 


1 SEI ‘ 01 
complex roots, -—{+v2I-9x/30— 10 21}. 


5. Necessary and sufficient conditions for the 
existence of complex roots on circles S. 


We still have to find necessary and sufficient conditions for the ex- 
istence of roots a+p-e’, の and p rational, because in $ 4 nothing 
has been said concerning 6, and therefore the equations for « and have 
only the character of necessary conditions. 

We make use of a known theorem which gives necessary and 
sufficient conditions for the existence of complex roots of the form ge? of 
any equation with real coefficients(!), and obtain without difficulty the 
following theorem which, while awkward in application, theoretically 
completely solves the problem : 

Theorem VI. An irreducible equation f(2)=0 has complex roots 
a+p-e°, a and p rational, when and only when both of the following 
conditions are satisfied : 

1. The system of equations for a, © 

P°-do 年 (の 
pu (na a+a)=f'(1) 
has a rational solution (a, 0); 
2. letting z=a+ 0-2, and forming the expressions 


Kate) A 
= EEE) た 969=W の ) 


2」 十 ? 
then the equation d(u)=0 must admit at least one positive root. 
To apply the test, we should find all rational solutions (4, 1); 


(G2, Pa); >>: of 1., and then apply 2. to each of these solutions separately. 





(1) Kempner, this Journal, Vol. 10, 1916, p. 115. 

(2) The operations indicated in the next two steps are justified because 6(z,) con- 
tains only even powers of z,; it is, in fact, a polynomial in z* with real coefficients. 
Compare l. c. 
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6. Applications. 


The equation a p"=f(a) of $ 4 can be stated as follows: 
Theorem VII. When an irreducible equation f(2)=0 has a complex 
root 1+p-e?, a and の rational, then the diophantine equation 


Ay Y= Ay Wy UP +... Hart 40, 
has a rational solution (x and y rational). 
From this, some interesting corollaries may be deduced : 
VII“ When a and 0 are both integers, then 
hy Y= Ay B+ A, a+. +1 T+ An 
has an integral solution (x, y). 
The circles in the complex plane in this case consist of all circles of 
integral radii about all integral points of the axis of reals as centres. 
VII» If f()=a02"+a, +. +a,=0 has a complex root on 
any circle of rational radius touching the axis of imaginaries at the origin, 
then the equation obtained by omitting the highest power of z, 
Q 2714 a BPA ee eee 4a, ==0 
has a rational root. 
The conditions of VII” are satisfied, for example, by the equation 
(see $ 4) 
1624 + 722° + 962°+ 602 + 15=0. 
The equation 


722 + 962?+602+15=0 


admits the root z= — 


| に 


Letting our system of circles consist of all circles of radius unity 
about all rational points of the axis of reals as centres we find : 

VII° When f(2}=an2"+a2"74...... +a,=0 has a root on any of 
these circles, the equation 

Ay U" + aa... + An = 
has a rational root; or, as we may say instead, 
ay U'+a,u"10+...... +a,v=0a,v" 

has an integral solution (u, v). 

As a second application we mention that every irredueible equation of 
degree n<10 with a root on any circle S is completely solvable by radicals. 

This is obvious, when one remembers that a and may be deter- 
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mined, and that €(2)=f(c+2)=0 is, as an equation in 2, of even 
degree, and reciprocal. Its degree is therefore not greater than eight. 
But such equations are always solvable by radicals. 

As a last application, consider the figure obtained in the following 
manner: Given the set of circles of radius one-half with centres on the 
axis of reals at 0, +1, +2, ------ in inf., and also the system of straight 
lines parallel to the axis of imaginaries which are tangent to these circles. 
Reflect in each circle (by reciprocal radii) all given circles and straight 
lines, and continue this indefinitely with all circles. In this manner, in 
the limit, a figure is obtained, consisting of a set of circles such that, 
through every rational point on the axis of reals, circles of rational radii 
(and therefore with rational centres) pass; no two circles of the whole 
system intersect( ' ). 

Therefore the conditions of Theorem III are satisfied, and we see 
that an irreducible equation cannot have roots on more than one circle of 
this figure. | 

When for an irreducible equation it happens to be known that all 
roots lie on a circle S, the exact location of the roots on the circle may 
frequently ke determined by transforming the circle into the circle of 
radius unity about the origin and making use of the following theorem(*). 
“ When all roots of an irreducible equation with integral coefficients are 
‘of absolute value unity, and the coefficient of the highest power of the 
unknown is unity, then all roots are roots of unity.” 


(1) This figure, at least as far as it lies in the upper half-plane, is one of F. Klein's 
famous “ Modul” figures and is well known in the theory of elliptic modular functions, 
continued fractions, and reduction of binary quadratic forms with positive diseriminants. 
Compare for example 

F. Klein, Elliptische Modulfunktionen, 1890, Vol. I, p. 273, or Mathematische Annalen, 

NOI ALY, pi 119; 

G. Humbert, Liouville Journal, 1916, p. 104; 

H. St. Smitb, Collected Papers, Vol. II, p. 224. 

(77 -Aronecker, Werke. Vol, I, p. 107. 


Note on Dr. Muir’s Paper on “A Theorem Including 
Cayley’s on Zero-Axial Skew Deierminants 
of even Order” (:), 


by 


[7 


WırLıam H. METZLER, Syracuse, N.Y., U.S. A. 


The principal object of this note is to give a very simple proof of 
Dr. Muir’s extension of Cayley’s theorem connecting a skew-symmetric 
determinant with a Pfaffian. 

Starting with the determinant 


x a —T —X 

0 a—x b—x e_ax 
ター@ 0 d-x e—x 
ター6 x-d 0 f-x 


a—e x-—e x—f 0 


Ill 
a a Hi «Hi mm 


we find, by adding x times the first column to each of the other columns, 
that 


2%—b 2x-d a i 
Dux—ce Qa-e 2a—f の 

be) Ser a b e 
2u—a x d e 


2%—b 2a—d x ie 


2a—c 2x-e 2x—f x 


= M, say, which is Dr. Muir’s form. 


(1) This Journal, Vol. 11, 1917, p. 205. 
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A gain 

0 -ax -x —% — 2 
1 0 a-x b-x c—x 
A。 三 | 1 x—a 0 d-x e-x 
1 x-b a-d 0 プー る 

1 a-ec x—e a—-f 0 
0 aa b—x C—2 
ター 0 d—2 e-x 








ター の x—d 0 ナー の 

| ター2 a-e w-f 0 
=$S,+P say, where P, is the Pfaffian square root of the skew-sym- 
metric determinant of order four. 


Since S; is a skew-symmetric determinant of odd order and therefore 
vanishes we have 4 


and tlıerefore 
Ural: 
The method usel here obviously applies to any even order. 
The simplest way to get the corresponding relation for the case of 
odd order is to do as Dr. Muir suggests and put c=e=f=0 in the case 
of the next higher even order and get 


OUT bre] 
ター 0 d-x 一 1 








Agi 
x—b x—d O 一 1 
1 1 iy Sal 
ー の 。 Ma. 
If we denote the skew-symmetric determinant 
0 RN 
= (Pa as 
Sh a me) 


ee 


by S., or Sm_1 according as the order is even or odd; and the bordered 
determinant 


268 METZLER: NOTE ON DR. MUIRS PAPER. 


i a RE ee 
1 0 a BOO 
10605, 0 preti 
1 -b 一 e 0 …-- 


nt mme nm cest er | 


by A,,,, or A,, according as the order is even or odd, then from what 
precedes we sec that the following statements may be made: 

I. AÀ,,,:=8,, or the determinant る 。 is not altered by being border- 
ed in this way. i 

II. A skew-symmetric determinant of even order is not altered by 
adding the same number to each element. 


TIS Aaa wiiere 
N oe es IA 


1 0 a の 2 
* So ーー 1 I 0 Gioi... 
ae Due DR 


oC Cees ogvan s Ras a Se Sw 


October 1917. 





Sur une propriete de la courbure de certaines 
courbes associées au triangle, 


par 
R. GOORMAGHTIGH, Londres. 
1. Soient A, A» A; le triangle de référence et P un point de coor- 


données barycentriques 44, > 3» La‘transformation isotomique fait cor- 
respondre au point P le point P’ de coordonnées barycentriques relatives 








et. | : 4 : 5 
ーー・ y —— Parmi les cubiques qui se transforment en elles-mêmes 
i a 3 

par cette transformation, considérons celles 


+ 2 PA TUE 

2a, fn (tr — ps) =9, (1) 
qui sont les lieux des points P tels que la droite qui joint P à son con- 
Jugué isotomique P’ passe par un point fixe @ (a, 4, 4). D’après des 
propriétés bien connues, la cubique correspondant aux coefficients 4), 4, 








. e . 1 
03 passe par les points de coordonnées barycentriques (a, 4, 4) et ( ’ 
U. 
1 1 . . È . . x : 
3 =) ainsi que par le centre de gravité G du triangle où elle 
day 


touche la droite GQ. Nous nous proposons de demontrer d’abord, au 
sujet des cubiques (1), cette propriété que nous croyons nouvelle : 

Le centre de courbure de Vune quelconque des cubiques considerees au 
centre de gravité du triangle est le même que celui de la courbe anhar- 
monique d’Halphen qu la touche en ce point. 

Dérivons l’équation (1) par rapport à l'arc s de la courbe; nous 
aurons 





Sa, (pi — ps") a +224 fu (4 cha — ts; <A )=0 


En dérivant encore une fois cette équation par rapport à s, on a 


Na, (pi — 1,7) Si +42, (m. ca SARI ) dpr 
ds? 





ds ds 
+220, 1 (day (de) +224 {i (1 KIN “tt )=0. 
ds ds ds’ ds’ 


Si l’on considère comme point (4, 42, (4) de la cubique le centre de 
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hd 1 . . . 
gravité, on a pla et les deux relations qni précèdent s’écri- 
vent plus simplement 

du. du. 
a ( ee は )=9 (2) 
\ ds ds 
UA du Ie fd it, du. 
2a ( Para eta i) ー + al — — HA 
ds ds ds 3 ds ds 








+20, ( の ) -( u) ]=0. (3) 
ds ds: / 

Soient 2%, 2, 2% et Yı, Y2, Y les distances, prises avec leurs signes, des 
sommets A,, As, A; du triangle à la normale et à la tangente à la cubique 
(1) au centre de gravité ; d’après les formules de la Géométrie intrins- 
èque( ! ), on aura, en désignant par le rayon de courbure de la cubique 
(1) en @ et: par a? Vaire du triangle A, A, As, 


«= 

















din _ Yo—Ys die, _ Y=% dis カー の (4) 
ac GO el SÉ ‘I A CT ee x 
ds a ds a ds a’ 
di, | Gr dpi の 二名 の Ma a — hy (5) 
re TP ap u 0 
8 の の 8 の の 8 ny 
L’équation (2) s’écrira done, puisque 2y =0, 
Sa, y;=0; | (6) 
on a par conséquent 
Yı na V2 Sas Y3 (7) 
dg ds Gata eus 


L’équation (3) s'écrit ensuite, en tenant compte de la relation 2x = 
24h=0, 
M ASSUNTI 


Cette expression peut encore s’écrire, en égard aux égalités (7), 


p 


ーー の る (ln—Yy) _ at 


= à RARES 
3 2 yf) (Y2— Ys) 27 か Yo Ys 
On sait que si y,, y», y; désignent les distances des sommets A,, A 
y Yz 3 5 1) 2) 
A; à la tangente au point (y, 12, 43) de la courbe triangulaire symétrique 
2 B, p*=0, le rayon de courbure de cette courbe en ce point a pour ex- 


pression( ? ) 





(1) Cesaro, Vorlesungen über natürliche Geometrie, p. 124. 
(2) Cesaro, Voriesungen über natürliche Geometrie, p. 129. | 
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AL LE de aie 
n—1l YU: | | 

dans le cas limite où n est nul, la courbe triangulaire devient une courbe 
anharmonique 4,61 {2,2 és =const, où G+e+e=0. La valeur du rayon 
de courbure de la cubique (1) au point G est done égale en grandeur et 
en signe à celle du rayon de courbure de la courbe anharmonique qui 
touche la cubique en G, ce qui démontre le théorème énoncé ci-dessus. 

2. Lieu géométrique des centres de courbure des cubiques (1) au centre 
de gravité du triangle de reference. —Il résulte des considérations qui précè- 
dent que le centre de courbure de la conique circonscrite au triangle 
A, A, A; qui touche la cubique (1) en G est le milieu du rayon de courbure 
de la cubique en ce point. Par conséquent la recherche du lieu géomé- 
trique des centres de courbure de toutes les cubiques (1) au point G 
revient à celle du lieu des centres de courbure d’un faisceau de coniques 
en l’un de ses points de base. 

Considérons donc les coniques passant par quatre points A,B, C, D 
et déterminons le lieu des centres de courbure de ces coniques corres- 
pondant au point de base A. Une droite menée pir A rencontre en p 
et q les droites BD et CD, les perpendiculaires élevées en A sur AB et 
AC coupent en の et p’ les perpendiculaires élevées en g et p sur pq; si 
R désigne l’intersection de p’g’ avec la perpendiculaire élevée en A sur 
pq, le milieu w de AR est le centre de courbure en A de la conique du 
faisceau qui touche pq en A(!). 

On déduit aisément de cette construction que, lorsque la droite pq 
rarie, le lieu géométrique du point の est une cubique dont les asymptotes 
sont perpendiculaires à AB, AC, AD. En particulier, quand les angles 
BAC, CAD, DAB sont de 120°, la courbe obtenue est une trisectrice de 
de Longchamps(*), courbe polaire réciproque de l’hypocycloide à trois 
rebroussements. 

On a donc le théorème suivant: 

Le lieu géométrique des centres de courbure des cubiques (1) au centre 
de gravite du triangle est une cubique dont les asymptotes sont perpendicu- 
laires aux medianes ; quand le triangle est equilatéral le lieu géométrique 
considere est une trisectrice de de Longehamps. 

3. Generalisation.—L’equation (1) est un cas particulier de l’équa- 
tion 


Zu f(t) [g(r2) — e(13)]=0; (8) 


(1) P. Serret, Géométrie de direction. 


9 


(2) G. Loria, Spezielle ebene Kurven, t. I, p. 92. 
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nous allons démontrer pour les courbes représentées par cette équation, un 
théorème qui généralise la proposition établie au paragraphe 1. 

En dérivant deux fois Y’&quation (8) par rapport à s, on a successive- 
ment 


uf ale) ee + Val) lee  =0, (9) 








Sf") [e(g) — (4s) ] at + Zu fm) Lee) —p(us)] 
+22; f'(u) Leu) LE — o' (1) ae! on 


SSA le Nees du; Me) (1, (ee dit; ) 


ds 
+9'(1) TR gl an Se |=0. (10) 


Si Von fait dans l’équation (9) n= == et si l’on tient compte 


des relations (4) ainsi que de la relation Iy,=0, on trouve 
2 a y=0, 
relation identique & (6). On a donc cette proposition qui généralise une 
propriété bien connue des cubiques (1) : 
Quelles que soient les fonctions données f et 0, la tangente à la courbe 
(8) au centre de gravité du triangle passe par le point dont les coordonnées 
barycentriques relatives sont の 」, G2, 43. 


A i il 
En posant de même dans l’équation (10) 2,=,= ir, on trouve, 


en désignant encore par の le rayon de courbure de la courbe (8) au 


EME =)? ARR) Sy ae 
peed) 2“ VCL 
LG リタ (3 の (3③- ダ (3③* は )| Yyı Ys 


Le premier facteur étant une constante pour des fonctions f et の données, 


point G, 








on a le théorème suivant: 
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Quand f et の désignent deux fonctions quelconques données, le centre 
de courbure d'une courbe (8) au centre de gravité du triangle divise dans 
un rapport constant le rayon de courbure de la conique circonserite qui la 
touche en ce point. | 

Si f(z)=p et o(u)=##, on retrouve le théorème établi au paragraphe 
1; plus généralement si f(u)=#" et e(2)= on trouve cette généralisa- 
tion de la propriété des cubiques (1) démontrée plus haut : 

Le centre de courbure de la courbe 

2 ay Ar (ue? — pi?) =0 
au centre de gravité du triangle de référence est le même que celui de la 
courbe anharmonique qui la touche en ce point. 

Enfin, des développements qui précèdent et du résultat du paragra- 
phe 2 résulte encore le théorème suivant : 

Quand f et の désignent des fonctions quelconques données, le lieu geo- 
métrique des centres de courbure des courbes (8) correspondant au centre de 
gravité du triangle est une cubique, qui devient une trisectrice de de Long- 
champs quand le triangle est equilatéral. 


On the Null-system, 


by 


“ 


YOSHITOMO OKADA, Sendai. 


The object of this paper is to find some properties of certain geo- 
metrical figures gotten from the null-system concerning a given system 
of forces. First we prove the theorem that the reciprocal polars of the 
tangents to a circle with its center at the null-point of a plane generate 
an oblique circular cone whose vertex is at the null-point and ene system 
of whose circular sections is parallel to the plane. If we call the circle, 
the cone and the locus of centers of this system of circular sections, the 
null-circle of the plane, the null-cone of the null-circle on the plane and 
the axis of the null-cone respectively, we find that the axis is independ- 
ent of the radius of the null-cirele and that only one null-cone on the 
plane is orthogonal in the sense of Schröter. Then we call the two 
generating lines perpendicular to the two systems of parallel circular sec- 
tions of this orthogonal null-cone its principal generator and bigenerator, 
and study the relations among the axis and these two particular genera- 
tors. These two generators characterize the orthogonal null-cone, so that 
it seems to be worth while to study the properties of these lines. Since 
the principal generator, however, is the same line as the “ Verschieb- 
ungslinie” in Prof. H. E. Timerding’s Geometrie der Kräfte and has 
been already studied in that work by him, we have tried to study the 
so-called bigenerator only. 

1. Let the co-ordinates of a given system of forces referred to a 
rectangular co-ordinate system be A, Y,Z; L, JM, N. Then(*) we have 
for the null-point (o, %, 2) of the plene 

(1) uct+vy+uz=1, 

X+ Nv- Mw 
Xu+ Yo + Zu, 
(2) Be Y + Lw— Nu | 
Xu+ Yv+ Zw 
(1) H. E. Timerding, Geometrie der Kräfte, 1908, pp. 92 and 93. I greatly owe 


to this excellent work during my investigation, and refer to it several times throughout 
this paper by the abbreviation Tim. G. d. K. 


ay 


Way 
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トウ の 
= コ 
Cr 


Z+Mu-1Iw |. 
Xu+ Yo+ Zu | 


る ) 一 


while if equation (1) be taken as the null-plane of point (2%, %y %), 
L-Zy+ Ya _ 
La, + My) + Na i 
M— Xx + Zan 
Lay+ Myw+ Na | 
パー Yayn+ Xp 
La, + My + Na 








From these equations, it can be easily proved that all the null-planes of 
points on a straight line pi pass through a fixed straight line p, and 
vice versà; so that we call p, and p, reciprocal polars as usual. 

Now, take any plane z in space and take a rectangular co-ordinates 
system with it as xy— plane. Then for the given system of forces whose 
co-ordinates are X, Y, 7; I, M, N, the co-ordinates of the null-point of 
plane 7 become 


(4) o M7, る テア ガク m=. 


@ 
Hence if a circle with center at the null-point of a plane and with any 
radius be called a null-circle of the plane, the equations to a null-circle 
(radius 7) of plane 7 are in parametric form 


(5) a=—M/Z+rcos0, y=L/Z+rsin0, 2z=0, 
and the equation to the surface generated by the reciprocal polars of the 
tangents to the null-circle (5) is 


7 
9 


A 
a 





(6) (Zy— Y:-L)Y°+(X2-Zx—M)= 


と 4 ツメ 


SIR (7 
where 
T= XL+ YM+ZN. 
For, the equations to any tangent to the cirele (5) are 
a = —M/Z+r cos 6—t sin 6, 
Y=L/Z+r sin 0 +4 cos 6, 
Za 
t being a parameter, and 2%, Yo and 2, being the current co-ordinates of 


a point. * Substituting these values of %, Yo, % in the equation to the null- 
plane of point (av, Yo, 20) gotten from (1) and (3), we have 
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r Ze sin 6—r Zy cos 9-( テー Ycos#+r Xsin 9) z+r ん cos の 十 7 Msin 6 


+ (Zx cos 6+ Zy sin d— (Yin 04 Xcos0)z:—Lsin0+Mcos 0) t=0. 
Hence the reciprocal polar of.the tangent has the equations 
rZesin0—rZycost—(1/Z—r Ycos6+r Xsin0)z+r Lcos9+r Msin9=0, 
2% cos 6 + Zy sin 0 —( Ysin 6+ Xcos@)z— Lsind + Meosd=0, 
i.e. 
di 


Zr 


a 





2 


1 i sin 0+(Yy— Yz—L) cos 9 ニー 


(グッ ー Yz—L) sin 9 一 (タッ ー ク グー M) cos 9 三 0. 


Eliminating の from these equations we arrive at equation (6). 

It is easily seen that the surface (6) is an oblique circular cone 
having its vertex at the null-point (4) and that the equations of the two 
systems of its parallel circular sections are 


(7) ンー シナ も 


2 9 
(8) 2ZXx+2Y Ly i xt y+ 7") 2+2MX-2LY=B, 
where « and B are two arbitrary constants. | 

If we call the cone (6) the null-cone of the null-cirele (5) on plane 
mz, we have the following result:—The null-cone of a null-circle on any 
plane is an oblique circular cone and one system of its circular sections 
is parallel to the plane, the null-point of the plane, the center of the null- 
circle and the vertex of the null-cone being coincident. 

2. We will now investigate the null-cones of null-cireles on plane 
mz with special radii. 

1. If radius r become infinite, then the corresponding null-cirele 
becomes the line at infinity on plane 7; and consequently its null-cone 
is the reciprocal polar of that line at infinity and has the equations 

x+MIZ _ y—-L/Z _ 2 


9 PER og PA ME asa 
(9) X Ve Z 


On the other hand, we know that the locus of centers of the system of 
circular sections parallel to plane 7 is the straight line (9). If we call 
this locus the avis of the null-cone (6), then, since (9) is independent of 
r, we can say that all the null-cones of the null-circles on a plane have 
a common axis, that is the reciprocal polar of the line at infinify on the 
plane, passes through the null-point of the plane and has the direction 
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cosines (referred to the rectangular co-ordinate system, @—and y—axes 
lyiug in the plane and z—axis perpendicular to it) proportional to the 
components of the given system of forces along the axes of co-ordinates. 

2. If radius r be 0, then the null-circle becomes the null-point of 
the plane 7 and its null-cone becomes the plane 7. Hence if we con- 
sider a point as a circle with radius zero, then the null-cone of the null- 
point of a plane is that plane itself. 

3. If radius r=7/(ZV X*+ Y~) numerically, then the null-cone has 
the equation 


(10) (Zy— Yz—L)y+(Xz—Ze— MY =(X74+ Y? 2, 


of which two straight lines 








(11) a+ M/Z _ y—L/Z N 
0 0 pr 

(12) e+M/Z _y-L/Z _ 2 
‘ - er NEE 


are two generating lines, and from (7) and (8) the two systems of its 
parallel circular sections have the equations 

(13) eg, 

(14) 2X +2Yy+ =}, 

a and 3 being two arbitrary constants. ‘Therefore the straight lines (11) 
and (12) are perpendicular to the planes (13) and (14) respectively. 
Hence the null-cine (10) is orthogonal (!) whose two generating lines are 
perpendicular to the two systems of its parallel circular sections (13) and 
(14). The generating line (11), which is perpendicular to the plane 7 
at the null-point, is the reciprocal polar of a certain tangent to the null- 
circle with null-cone (10). Conversely a certain tangent to the null-cirele 
with null-cone (10) is the reciprocal polar of the generating line (11). 
Hence if the reciprocal polar of the straight line, perpendicular to any 
plane at its null-point, be a tangent to a null-circle on the plane, then 
the null-cone of that null-cirele is orthogonal. 

We call the generating lines (11) and (12) the principal generator 
and bigenerator of the orthogonal null-cone (10) respectively. Then 
from (9), (11) and (12) we can prove that the axis, principal genarator 
and bigenerator of the orthogonal null-cone (10) lie in the plane 


(1) According to the denominution of Schröter, Journ. f, Math., Bd, 85, 1878, 
pp. 41 and 79. Also see Tim. G. d. K, p. 114. 
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(15) Y(e+ 7) アリ 


Let the angles between two of the three straight lines (9), (11), (12) 
be Lai Pis Pray then 


cos” の 27 
Wal Faletti 
PCA ES ae AD 
È VA. 
(16) COS” の j> = 


; PP ud 
a 2 上 VILZO14 DI We 1 

3. We will next obtain the relations among the moments of the 
principal generator (11), the bigenerator (12), the axis of the orthogo- 
nal null-cone (10) and the null-circle(!) with null-cone (10), with re- 
spect to the given system of forces (X, Y,Z; L, M, N). If we denote 
these moments by N,, M, M, and 6, respectively, then, since the line 
(11) is perpendicular to plane 7 at the null-point, 

(17) M’=(L- Zy+ Ya)’ + (M— Xz) + Zu) + (N- Yan+AYo)}, 
where 2, % and z are the co-ordinates of the null-point-of plane 7. Hence 
by (4) 

(18) Me= 12/2? 

The moment IN of a straight line making an angle の with the line 
(11) and passing through the null-point of plane 7 with respect to the 
given system of forces is represented by the equation 


2 But 
COS Ya, sole 





(19) M = M; cos & (*), 
so that 
Ma = M" cos Pr, 
whence 
(20) MP =T/{4(X°+ Y?) +274. 
Similarly 
0 ′ Me PE Ye 2) 


The moment © of a null-circle (radius r) on the plane 7 with re- 
spect to the given system of forces is represented by the equation 





(1) The moment of null-circle means the moment of tangent to null-circle. 

(2) By equation (19) we know that the moment of the straight line which is 
perpendicular to a plane at the null-point is the greatest of all the moments of the other 
straight lines passing through that same point, 
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(22) 6%) 
so that 
(23 0j=T°/(X°+ Y?). 
Therefore from (18), (21) and (23), we have 
i 1 1 1 
24 ーー 
(24) 6 mi Me 
and from (18), (20) and (21), 
(25) De id 1 





pepe QU Et 

Wie Uy. OU 

These two equations are the required relations among the named four 
moments. 


4, ‘Thus far we have concerned with a fixed plane in space, but 
we will consider with interest the case where the plane is moving accord- 
ing to some law. 

For convenience, we take the central axis of the system of forces as 
z—axis of the co-ordinates system, so that X=Y=L=M=0. By the 
central axis of the system of forces we understand as follows(*). From 
(17) the moment NM at a point (2, の :) (which means the greatest of the 
moments of all the straight lines passing through the point (x, y,2)) is 
represented by the equation 


M=(L- Zy+ Vz) +(M-Az+ZeY+(N- Ya+Ay). 
Differentiating with respect to +, y and z respectively, and putting all 
the results equal to zero 

(M— X2+ 7%) グミ (パー Yu+ Xy) Y, 

(N— Yu+ Xy) X=(L-Zy+ Ye) Z, 

(L-Zy+ Yz) Y=(M— X2+ Za) X. 
Since these equations are not independent they represent a straight line. 
From the construction of the equations the moment of any point on that 
line is extremum. This straight line shall be called the central axis of 
the system of forces. 

If we take this central axis as z—axis, t=y=O, so that 
EIFEL 


and consequently the resultant force of our system of forces is 


ーーーーーーー ーーーーーーーーーーーーーーーーーーーーーーー ae =ーーーーー 一 ーーーーーーーー 一 





(1) Tim, Gd. K, p. 94. 
Tim, EEK, p..100, 
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h=VAr sr p2 =z; 
and its sense is the same as the positive sense of z—axis, so that È is 
always positive. | 
Referred to this new co-ordinate system, the equations (2) for the 
null-point (x,, Yo, 2) of the plane 


(1) ur + vy +wz=1 
become 
(26) d=kvlw, y=—kulw, aA=1ljw; 


while if the equation of the null-plane of a point (@, Yo, 2) be taken in 
the form (1), then 


(27) u=—yYlkz, v=ty/kt, w=1/2%; 


where k=N/Z=Z/R. This constant ん is the parameter of the null-system. 

Now, taking any plane in the form (1), and passing through any 
point on the plane, draw three straight lines whose direction-cosines are 
proportional to 4, L, 3; m, m, m3; and n, N, 3, where 


パーリ i te ei, 
(28) | m=—-(0+0°), m=uv m=Uuw; 
N, ーー U, N; ーー の , N; = WwW. 


‘Then 


3 3 3 
min DR PEN 01 
= 


i=l dl i 
Therefore these three lines are perpendicular to each other. If\we denote 
the components of the system of forces along these three lines by X,’ Y’ 
and 77, | 


(a9) „ar EP OE E 
(0° + w?)? ((0+w)(u? +0 + w2)} ? 
VANS wh 
‘à 
(U +0 + uw)? 


Take these three lines as 2/—, y- and z'-axes. Then, from (9), 
(11) and (12), the direction-cosines, referred to these axes, of the axis and 
the principal generator and the bigenerator of the orthogonal null-cone 
of the plane (1) become proportional to X’, Y’, Z’; 0,0,1; and 2X’, 
2Y', Z'. But, from (28), referred to ダー, y- and 2/-axes, the direction- 
cosines of a-, y- and z-axes are | 
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E li pi ep A IRA 
(e+ の 9(@ et et 
10 UV の 
PR ee (pt 
—v uw w ; 
(w+ uw)? {(0°+w)(u + 0° + we}? (w+ tur)? | 


so that the axis and the two generators have the following direction- 
cosines referred to a, y- and 2-axes : 


0, 0, be 
u v w 
ee te 1; 
(U+0+w)? (u +0 + w?)? (+0 + w?)? 
—uu// 8, —w/VS8, Au +) +} /V//S; 


where | 
S=u vw + 0? w°+ {2 +0) Hu}? 


Since these three lines pass through the null-point (26) of the plane (1), 
their equations become 


a—kvfo _ y+kufw _ ター1/ の 
0 0 i 
a—-kv/w _ y+kufw _ z—1/w 
u v we 
o—-kv/w _ y+kufw _ —a—l/w , 
— uw — vw 2(u+ v7) + w* È 


or when we express these equations in terms of the co-ordinates of the 
null-point (%, y, %), by using (26) and (27), 


we have 








T — Xo Y-% _ 27% 
(0 RAO a à 
(30) ター _ Y— Yo 22m 
— Yo 90 k 
2 で 0 4 に 0 2— 2% 
Yo k ー る ん ety )+tk 


5. We will rotate the plane considered around a fixed axis. In 
this case, the locus of the null-point (a, %, %) of that plane is the re- 
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ciprocal polar of that axis. Hence, let the equation to the reciprocal 
polar of that axis be 

(31) calata, Yo—=M +0. 

From (30), the equation to the plane, which contains the axis and 
the two generators of the orthogonal null-cone of the null-plane of a 
point (x, Yo, 2)(*), is 

(32) do (e -) + Yo (YY) =. 
Therefore, from (31) and (32) we know that when the plane rotates 
around a fixed axis (its reciprocal polar being (31)) the plane envelops 
the surface 

(33) 12 (la+mb)—(le+ my)}?2+-4 (E-+m)(ax-+ by — a? —b?)=0, 
where /, m, a, 6 can not be zero at the same time. 

This surface is a cylinder of the second order. The condition that 
it may be broken up into two planes is 


(34) (+ m°)(am—bl)=0, 
Pale 
I; mel, 
2, 2 た バース 
or, 
De ae =" —n (=const.). 
a b 


When any of these conditions is satisfied we can verify that equa- 
tion (33) expresses two coincident. planes. 
Case 1. In this case, (31) become 
P= 0, =D, 
and consequently the axis of rotation is the line at infinity 
ay—be+kz=0, k=0(?). 
(1) x» % are not zero at the same time, for if so the plane (32) becomes indeter- 
minate. 
(2) From (1) and (27), the null-plane of a point (a, Yo, 2) is 
(i) Yo や ーW。 Y-k(2-2)=0, 
as is well known. The reciprocal polar of (31) (i.e. the axis of rotation) is obtained from 
equation (i) and 
(ii) al +4, Yo=mMme+b, 
substituting (ii) into (i), 
be -—ay—lz4(me—1ly+l)z,=0. 
Therefore the axis of rotation is 
be-—ay—kz=0, me—ly+k=0. 
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を 


Hence the rotation in this case is the translation of the plane. 
Case 2. Equations (31) become 


Bla ye mz; 
and consequently the axis of rotation is 
me—!y+k=0, 2=0; 
so that this axis of rotation is prependicular to the central axis. 
Case 5. Equations (31) become 
z=apz+a, y=bpz+b., 
and consequently the axis of rotation is 
[ bx —ay—kz=0, 
pbx — pay +k=0 ; 


= 


be—-ay+k/p=0, z+1/p=0; 


so that this axis of rotation is also perpendicular to the central axis. 

But, of these three cases, the case in which the axis of rotation is 
the line at infinity on a system cf parallel planes normal to the central 
axis does not occur, since all of /, m, a, 6 can not be zero at the same 
time. Hence if the surface (33) degenerates into two coincident planes, 
the axis of rotation must be the line at infinity (not lying on planes 
normal to the central axis) or perpendicular to the central axis. The 
converse of this theorem is also true, and moreover, we know that the 
surface (33) is a parabolic cylinder whose generating lines are parallel to 
the central axis, excepting the case in which (33) becomes two coincident 
planes. Therefore the plane, on which the axis and the two generators of 
the orthogonal null-cone on each plane of an affine axial pencil, or an 
axial pencil whose axis is not a line at infinity and is perpendicular to the 
central axis of the given system of forces, lie, in a fixed plane parallel to 
the central axis; and that of any other axial pencil, except an axial 
pencil whose axis is the line at infinity on the planes perpendicular to 
the central axis, envelops a parabolic cylinder whose generating lines are 
parallel to the central axis of the given system of forces. 

6. As we have already seen, on the null-plane of a point, there is an 
orthogonal null-cone whose principal generator and bigenerator: pass 
through that point. We will find a certain properties of the bigenerator, 
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while the principal generator has been already studied in Prof. H. E. 
Timerding’s Geometrie der Kräfte( * ). 

The point at which the bigenerator meets the null-plane we will 
call its foot. ‘Then from (30) the equations to the bigenerator at the 
foot (ty Yo, 20) are 





€ le の US 23% vee 8 
(35 di i a 
) Yo k ー% ん 2 (to +Yo) +k i 
which may be written in the form 
(36) a=r2+0, y=8+0, 
if we put 
Plata Yo ん ei IA Yo る 0 ん 
RE te n md i ee ES 
(37) 2 (xy + Yo) +h 2% + yo) +h 
— Lo ん Zo Co k 
アー 
2(ty +Yo) +h 2x0 + Yo) +h 
From (37), 
38 i IO VE CR 
( ) 0 tr » Yo str 2 0 + a 2 
where 


7=ps—ro. 

We can verify that (37) satisfy 

(39) Da + kg +? (8? 47°) =0. 
Hence the bigenerator at the foot (2%, %; %) belongs to the quadratic 
line-complex (39). Conversely any line belonging to the complex (39) is 
a bigenerator at the foot (a, %,%). Equation (39) being a quadratic 
equation with respect to た a bigenerator belongs in general to two 
quadratic complexes corresponding to the two values of k. That is to say, 
a bigenerator of one null-system is in general also a bigenerator of an- 
other null-system with the same central axis. But in the case k= ER 
bigenerator belongs to only one null-system. Such a line belongs to a 
line-congruence | 
/ s +i"—=1/8, 
29°+k7+k(s8°+r°)=0, 





(1) The principal gererator of the orthogonal null-cone on the null-plane of a point 
(0° Yo 2) is perpendicular to that plane ut that point, so that this line is the “ Verschieb- 
ungslinie” in Tim. E. d. K. p. 108. 


ON THE NULL-SYSTEM. 985 
8+r°=1/8, 
(40) | 
49 +k=0. 
From (38) and (40) we know that the locus of the foot (x, Y, %) of 
such a line is a right circular cylinder with the central axis as its axis 
and with the equation 


り 


A 





(41) Lo + Yo = ‘el 
2 

Therefore the foot of a bigenerator belonging to only one null-system 

lies on a fixed right circular eylinder with the central axis of tbe given 

system of forces as its axis. 

It is well known that all the lines of a quadratic line-complex pass- 
ing through a fixed point form a cone of the second degree with the 
point as its vertex. In our case, all the lines of the complex (39) pass- 
ing through a fixed point (x, y, 2) form a cone of the second degree 


(42) 2(9*ー の 49ーw の (ダー の だ ("一 の だ (の ーー0, 
where 2’, y’ and 2 are current co-ordinates. For, we obtain (42) by 
substituting 


ya—aY 2 の 00 MEY 


aa MT 


2 一 る ダー る ダー タ る 
into (39). On the other hand, if we put の instead of ko in (35), 


U=(e—gy)/(1+¢"), 


Le (QP B gt kg tk gt 
agi e à 
k(1+9°) 


where x, y and z are constant and @ is a parameter. These express the 
locus of the feet of the bigenerator of the null-system passing through 
the fixed point (x, y,2). Hence (43) must satisfy (42). From the first 
and second equations of (43), we have 

(44) + Yo — LL, —YYo=O, 
which represents a right circular cylinder, so that the curve is either 
the complete intersection or partial intersection of this cylinder (44) and 
the cone (42). The complete intersection is a space quartic, which con- 
sists of a straight line and a space cubic, but that straight line can be 
no part of the required curve. Hence the curve (43) is a space cubic 
on the cone (42). 

From (44), we have 
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f= 2/2, の 
(45), b=r/2+r = 4 
Yy=y/2+r sin 6, 
where r=Va?”+y’/2 and の is a parameter; and from (45), and (43), we 
have 


(45), 2=2—Kksin(0—7)/(1+cos(0—7))— ーー r° sin? (の 一 て ), 


where 
ター ク 27 COST, y=2rsinT. 

When we develop the cylinder (44) on a plane, the space cubic 
curve on it becomes a plane curve, which can be traced out by using 
(45), and (45), for a given set of values of k and r. The cubic passes 
through the given fixed point (+, y, 2). 

We know using (40) that there exist two bigenerators belonging to 
only one null-system passing through the given point (x,y,z). There- 
fore, among the bigenerators of a given null-system passing through a 
fixed point there are only two belonging to that null-system only and a 
cone of the second degree is formed by them; and their feet form a 
space cubic curve on that cone. 

7, It is well known that the lines of a quadratie line-complex ly- 
ing on a given plane envelop a curve of the second class. In our case, 
the feet of the tangents to the curve enveloped by the lines of the com- 
plex (39) lying on a given plane, i.e. the feet of the bigenerators of 
the given null-system lying on a given plane, form a curve on the plane. 
At first let us find out this curve. 

By a rotation of the æ— and y—axes around the z —axis and by a 
translation of the @y— plane in the direction of the z—axis, we can bring 
the equation of any given plane in the form 


(46) Bay. 
From (35) a bigenerator of the given null-system at the foot (x, Yo 20) 
is 
a=ttY ke, 
(35) Y=Y— Go kp, 
2 = 20 +2 + Yo) p + ¢g. 
When such a line lies on the plane (46), the relation 
zo+2(00°+w)p+E p=a (y—% kp), 
zo AY+(220°+240+akx0+R)p=0 
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must be satisfied by every value of e. Hence 
る 一 の 0 三 0, 


2 (a +y,;)+akuy+kh=0, 
i.e. 





(47) | Ha: 
| di, ET STAR) + cat: De 
(«+2 4) +% = 16 k(*). 

Equations (47) express the locus of the feet of the bigenerators of 
the given null-system lying on the given plane (46). This locus is in 
general an ellipse with z-axis as one of its axes. Therefore the feet 
of the bigenerators of the given null-system lying on a given plane form 
in general an ellipse with a straight line perpendicular to the central 
axis of the given system of forces as one of its axes. 

Next, we will find out the bigenerators of the given null-system 
lying on the plane (46), and the curve enveloped by these lines, i. e. the 
curve of the second class enveloped by the lines of the complex (30) ly- 
ing on the given plane (46). 

As a bigenerator of the given null-system lying on (46) also lies 
by (35) on the plane 








the equations to that line are 
(48) edf) A= Oy, 
Yo To 


where x, and y are the co-ordinates of a point on the curve (47). We 
transform the co-ordinates system (x,y, ) into the‘new one (x,y, 2’), such 
that the given plane be the xy/— plane of the new system. Then since 
the transformation of co-ordinates is expressible by 


の が 

y=y cos の ー タ sin a’, 

z=y sin a +2" cosa’, 
a=tan a’, 


equation (47) becomes 





(1) If a—8=0, the curve represented by (47) is imaginary or one point. Hence 
we consider only the case where a?—8 is positive. 
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% =0, 
(47) l (+) Yo” a c—s E: 
4 1+ 4° 16 
and (48) becomes | 
(48) (e-) v+y (y’ —y/) cos’ a’=0, !=0. 


Hence we obtain as the envelope of the lines (48) 
TO の AR 4)" a 0 
(a —8)k° (1+ 0) だ 


that is in general a hyperbola whose asymptotes have the angular coef- 


3 


ficients +m which are determined by 

m°=8 (1 十 の )/( ゲ ー8): 
so that the angle between the two asymptotes is independent of the para- 
meter of the null-system. From (41) and the second equation of (47) 
we get the abscissa u = —2k/a. of the foot of a bigenerator belonging to 
only one given null-system on the given plane; hence by (47) the co- 
ordinates of these points are 


2 ニー2 ん 6 Yo=tV R—Ssecea'ki(V 2a), 2 —0. 
Therefore the number of these points is two, and consequently by (48) 


the angle 20 between the two bigenerators of the given null-system 
passing through these points respectively is expressed by 
tan?’ = /(w” cos’ a)=8/(a—8). 

This angle is also independent of the parameter of the null-system. 
Therefore the bigenerators of the given null-system on a given plane 
envelop a hyperbola in general, whose asymptotes make an angle in- 
dependent of the parameter of the null-system and one of whose axes is 
perpendicular to the central axis of the given system of forces; and only 
two of the bigenerators of the given null-system belong to that null-system 
only and make an angle independent of the parameter of the null-system. 

As the bigenerators of the given null-system belonging to a line 
complex, those lines intersecting a fixed straight line belong to a line- 
congruence, so that there are o* of such lines; and since there exists one 
foot corresponding to such a bigenerator, all the feet of these bigenera- 
tors intersecting a fixed straight line form a surface. The intersection of 
that surface with a plane through the fixed straight line consists of that 
line and the locus of all the feet of bigenerators of the given null-sys- 
tem on that plane. 
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Hence if a plane through a fixed straight line be z=ay, what we 
can assume without loss of generality, then the intersection of the surface 
with this plane must be the fixed line and the ellipse (47) in general. 
Therefore we know that, if that plane be fixed, a part of the above in- 
tersection, the ellipse, is invariant, however the line be assamed on that 
plane. 

8. All the bigenerators of the given null-systern whose feet lie on 
a fixed straight line form a ruled surface. We will study this surface. 

By a certain rotation of the x— and y-axes around the z-axis and 
by a sliding of the xy-plane along the z-axis, we can write the equation 
of a fixed straight line in the form 

Wore Wore (ET, 
0 m 1 
or 
2o 三 @。 Y=Mi, H=t. 
From these equations and (35), we obtain the following equations to that 
ruled surface : 
e=a+mkto, 
(49) y=mt—akp, 
2=t+2(a+m ©) 0+k° 7. 

This surface is clearly a cubic; and one system of parametric lines 
g=const. are parabolas, except the given fixed line, and the system of 
lines #g=const. on it are hyperbolas. If we will determine the locus of 
the vertices of the parabolas, find the expression to the curvature of these 


parabolas, 
ーー =16W(1T 4 の 9 の 7 (LH 2) + (L+ 4m pt}}, 
p 


and differentiate this equation with respect to ¢ and put the result equal 
to zero; then we have 


gt= — 1/4m°=const., 


which is a hyperbola. 


Binary Forms and Duality, 
by 


KINNOSUKE OGURA, Osaka. 


Clebsch(') established the relation among 3 binary n—ic forms 
and the Jacobians of the Jacobians formed from the given forms; 
this result has been extended by Rosanes(*) to the case of 4 binary 
n—ic forms and also by Lindemann(°) to the case of 4 binary cubic 
forms. In this short note I will generalize these results to the case of 7 
(8 =r =n+1) binary n—ic forms, the method of proof being based entirely 
upon the principle of duality, the starting point of Clebsch. 

1. Take n binary n—ic forms: 


fi (5, 52), Je (5 6。), 人 ES 2 a (en È») 
and form from them the following determinants : 
K (fü, fie, “+, fim) = Ki, ds "9 im (の ds tg, ーー E 2, ll, 2 Sa m = n) 


amo fa om! i ES, Ort 


Te er Der 
Be Wein on fa 
wt Gen 95 CEE 


eefe e る 。 | 。 TI neue | odo | rs Etes. 


CHRIS Gao linet om-1 Tim 
DEI GE on Dea 


(1) Clebsch, Über eine Eigenschaft von Funktionaldeterminanten, Journ. f. Math., 
69 (1868), p. 355. See also Pascal, Die Determinanten (1909), p. 236. 

(2) Rosanes, Uber Funktionen, welche ein den Funktionaldeterminanten analoges 
Verhalten zeigen, Journ. f. Math., 75 (1873), p. 166. 

(3) Lindemann, Über die Darstellung binärer Formen und ihrer Covarianten 
durch geometrische Gebilde im Raume, Math. Ann., 23 (1884), p. 111. He stated “.... 
die in....aufgestellten entsprechenden Relationen für ein System von....cubischen For- 
men....auf Systeme binärer Formen nter Ordnung erweitern lassen. Es würde mehr 
umständlich als schwierig sein,....und es mag dies deshalb unterbleiben.” 


BINARY FORMS AND DUALITY. 291 


Ki, ix is the Jacobian J( fi, fiz) of fa and fo; and Ki, à, +, in is 
the covariant which was called the Rosanesian by Prof. T. Haya- 
shi(*). For the sake of brevity, when 


Fü = (fin, Fü, Paige Für), arr し 2 Fim mai K (fim Fim aid Tan); 
we will denote K (fi, fi, «++, fin) by 
Kin ing …・ 


dry eee cee y mi im2 ... imre 


It will be seen, by successive applications of Euler’s formulae for 
homogeneous functions, that the following identities hold good : 











hd) A Mare ; rt: 
di sn n SEA i 
fa dal | Zr 2 
S1 S2 


1 = tai Æ に >” 
ーーー(S」 ds, 一 5 な) Kin, iz, 


n 
Ja の d fa Zi Perte az 
fia Yn P fi i. Kin, in,is 55 &d&+4d8, dé dé, 
Sis Tis d° fis AM die, dé 3 
1 


ーー ————— (る dé, 6 dé). FE 129 43) 


nn nn nn nettes 


fi dfi, are dr ー F0 


(1) Tis の Ka: detta dx hee 1) (BE 2) 23) Ki Due, ER 
eae Stes cake ee le dès: (m—1)"- n(n—1)...(n—m+2)""t 
{DE Afim 。。 ss se arts 
BE DE e a. dem-1 
cita (m—2) oT Sa da HET dE, ei a dé 
x} SE (m) dé +26" SE, dé, ……… dem: de? 
ee A EA のみ 
main, Im Mo 
A o Var E A ) ( ) ンー と - 5 (だ, 一 È, dé)” a Ki, tay °°" im 


(m—1)"~*. n(n—1)---(n—m+2)"" 


(+) Hayashi, Some theorems on binary forms, Science Reports of Tohoku Imperial 
University, 6 (1917), p, 123. 
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2. Now since the case of 3 forms has been treated by Clebsch('), 
we begin with the case of the 4 forms: 


(2) Uy =fi(i, 6。), x,=fp (51, È»), =, (és 62); =f, (Sn Ea). 


If we regard 2, 2, %, x; as the homogeneous point coordinates in space, 
(2) represents a rational curve of degree n, を & being homogeneous para- 
meters. Then it follows from (1) that the plane coordinates of the 
osculating plane at the point (&,¢,) are given by 


PU — Da K (a2, Ta, 4), 


LU = — だ ュー —K (@, %, 2%), 


(3) 


PU K,, nos K (4, Li, Lo), 


\ PW= —K,,23= KK (a, Lay Ua). 
Since (3) may be considered as the equations of the space curve (2) in 
the plane coordinates, the principle of duality shows us that 


K (uz, uz, Us), —K(uz, ug), Ku, Uh, Us), —K(U, Ur, Us) 


must be proportional to 


respectively. Hence 


— 


(4) Kay, 4129123 2 Ko, 1239 234 Ky235 2349 Al __ Kou; 3415 412 — が や 
CR TA SEN ee 


fi J2 Ss Si 
Next we have from (1) the radial coordinates of the tangent to the 
space curve (2) at the point (&, ¢.): 


o Px=Kip=K (x, x), (i, k=1, 2,3, 4) ; 
and the axial coordinates of the tangent are | 
ひ ‘A = P43) o "023 = Pas o "Qi = P42; 


7 PE / っ PS ld er, 
O Qu = Pz O Qa=P31) O ]43= Pire 


(1) Clebsch’s result is 


Ks31:12 de K,2,23 hl Koss — 183) 


fi fr fs 
When f,,f2, fa are quadratic forms, the proportional factor k@) becomes constant. 
If binary quadratic forms be referred to the normal curve in a plane, the above equations 
are equivalent to the following theorem, which is self-evident: In a plane, the polar 
triangle of the polar triangle of a given triangle, with respect to a fixed conic (the nor- 
mal curve), coincides with the given triangle. 
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But by the principle of duality, gx must be proportional to K(u, 4) ; 


so that 


(5) Passa _ Asa a _ Kun m 
Ky, 3 K,, 1 seni Kyo 
ここ KR, Zr Kız Ph Ky, 412 = N, 
yoke Ener, 


When jf; (i=1,2,3,4) are cubic forms, 5? and た become con- 
stant(*). If 4 binary cubie forms be referred to the normal curve in 
space(*), (4) is equivalent to the following theorem, which is self-evident: 
The polar tetrahedron of a given tetrahedron, with respect to a fixed 
space cubic (the normal curve), coincides with the given tetrahedron. 
The given tetrahedron and its polar tetrahedron are mutually inscribed. 

8, We pass now to consider the 5 forms : 

Fo MERE = hie, と 
(6) mMEfiEi,&2), Bell) Ts = JE So), 
beta Fe と RES le = 
UM ELlFi, る), BEE 5). 
If we regard 2, +, %:, %,, % as the homogeneous point coordinates in space 
of 4 dimensions, (6) represents a rational curve of degree n, &,¢, being 
homogeneous parameters. ‘Then it follows from (1) that the hyperplane 
coordinates of the osculating hyperplane at the point (€,, £) are given by 
pu=K,, 8,4767 K (0), U3, Ca, Xs), 
PUz= Ks, 49591 = K (%, Ty TL xi), 
(7) PpU3z= K,, 59 19 = K (x, Us, で) Ca), 
PU = K;, 11258 K (ts Vis U2, ws), 


pus=K,, 29 3) 47 K (a, Uz, U3, ©). 


But by the principle of duality, 
luz u), KH (Un, Ug, ‘Ug, th), KR (Un, Us, th, Ur) 


K (Us, U, U, Us), K(u,u, Us, Us) 





(1) For this case Lindemann gave 


K123, 234, 341 =p Ki, 234 4). 
fs = HE II? 


and determined these two constants. 
(2) Fr. Meyer, Apolarität und rationale Curven (1883), p. 46. If fi, f2, fa be given 
points in space, K1,2,3 represents the pole of the plane passing through the given 3 points. 


+ 


For another interpretation of Kı, 2,3, see Hayashi, loc. cit. 
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must be proportional to 
Vs Uz, sy Ty, % 
respectively ; so that 


(8) Kan, 45129 51239,1234 __ K 519; 51239 12349 2345 __ K 19 1234» 23455 3451 


oe _. 


Fi Sa Ss 


Jola Kiss, 23459 34515 4512 __ Kos, 34515 45129 5123 =? 


Ja Js 
Next we have from (1) the radial coordinates of the tangent to the 
curve at the point (&, &): 
Pa = Ki x= K (%, %), (i, k=1, 2, 3, 4, 5). 
Further let the plane 
| Di Ci Vo La + Vz Us + Va Va + Vs Us = 0, 
Wi Uy + Wa Lo + We %z + Ws La ーー Ws Us — 0 


have the contact of the second order to the curve (6) at the point (&, &) 
and let us put 


Vv Ug 
Tip 








W; Wr 
Then it follows from (1), by aid of Grassmann’s theorem('), that 
ん Zs 三 K;, 4 5) À = KR, 4) 59 iny= K, 3) 59 1% =K, 27 3° 
At3= — 29 4) 5) Atty = — Ky, 3, 5 AT 5 = — Kj, 2, 4 ; 
Any= Koss Arts= Ky, 3543 
IN = 442) 39 4° 


But by the principle of duality, (©) must be proportional to p;(u), 
and p,x(u) to zx); consequently 


(9) りく の 5123» 1234 に Kası, 51239 1234 ___ Ka; 45129 1234 
K, 2 a “Ay 3 Peep 4 
Led Kası, 4512» 5123 __ Kos, 12» 184 ,,.. Te (5) 
PT ip ar uo Vans ad n ° — 人 77 » 
— K, 5 > Ko, 3 


and 





(1) See Fr. Meyer, loc. cit., p. 1. 


de cina 
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(10) Ka, 3451 ge Koss, 4512 ーー Kos, 5123 





r 
Ks, 495 ali Ko, 495 K;, 39 5 
— Kuss sou ous wo _...... #5) 
— IK, 394 K,, 4) 5 


When fi (i=1, 2,3, 4,5) are quartic forms, kf, KP and kG} become 
constant. If 5 binary quartic forms be referred to the normal curve in 
space of 4 dimensions, (8) is equivalent to the following theorem, which 
is self-evident: The polar pentahedron of the polar pentahedron of a 
given pentahedron, with respect to a fixed space quartic (the normal 
curve), coincides with the given pentahedron. 

These results can be easily extended to the systems of 6, 7,……| 
or n+1 forms respectively. 


Takedao, January 8, 1918. 


On the Algebraic Correspondence, 
by 


T. KuBoTA and S. KAKEYA, Sendai. 


In this note we shall prove the theorem: all point-transformations 
between two planes by which all the straight lines on one plane will be 
transformed into algebraic curves of order n on the other plane are neces- 
sarily algebraic. 


Let 
D) (ci 7), 
y=9 (5,7) 
be the equations defining the correspondence, where f and g are supposed 


to be analytic but not necessarily uniform. Take any two points (a, 6), 
(c, d) on the (5,97) plane and consider two systems of straight lines 


7—b=K«(Ë-a), (1) 
9—d=A(Ë—0), (2) 
where « and À are parameters. 
Let 2,7%, be one of the points corresponding to (a,b) and %, % be 


one of the points corresponding to (c, d). Then, for the algebraie curve 
C corresponding to (1), we have at the point (2,4%) 





(di) = la +9. be 
da eat 


( Da. ) = [{gee(a, 0) + 29. (a, の を 二 9 の (6 の eK (6 6) +F,(a, の る) 


da? 





ea 0) + 21 (a, 6) Eko, be ga, 6) + la 
+ { fela, 6) + ef,(a, の が 


È 0 04 0 è 0 4 ee eee nest 


Similarly for the algebraic curve CA corresponding to (2) we have 
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( dy BE ge(c, d)+9,(¢, の 4 
de 7。 f,(e,d)+f,(e, の 2 


7 : 
fi y )=[izee b)+29¢,(a, の 4 寺 の (の BF} { fa, 6) +f,(a, 6)2} 


da Ja 
ー) fac, 4) +2 f,,(c, DA+f,.(c, の だ 74(2 b)+9,(a, の 4 ] 
+ À Ra, 6)+Zf(a, b)}°, 





Now the equation of an algebraic curve of order n will algebraically 
be found in terms of a certain number of differential coefficients of the 


n(n+3) _ 
2 


curve at a point (in general (n) -1= 1 differential coefficients 


of the curve). 


Two cases may arise: namely the case where after a certain dif- 

. . d'a . . . 
ferential coefficient ae the above expressions on the right hand sides 

gr 

become indeterminate for every value of (a, 6) and (c,d), in which case 
f and g are readily shown to be rational integral functions of x and y. 
Otherwise we can find (a6), (cd) so that the above expression will not 
be indeterminate. Then the rational integral equations to C. and Ca are 
found to be 


F(x, y, k)=0, 
Gia, A); 


where Fand で are rational and integral in æ and y, and algebraic in 
x and 4. These equations may be looked upon as the equations defining 
the correspondence. 

Now « and 4 can be replaced respectively by 


er and フー 2 


一 の fo. 
and consequently x and y are algebraic functions of ¢ and 7. Thus the 
theorem in consideration is established. 

Let us next propose the following problem: to determine all point- 
transformations between two planes by which all the straight lines on one 
plane will be transformed into circles (or straight lines) on the other plane. 
This problem has been already solved by G. Scheffers in the Leipziger 
Berichte, 1898. 
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We shall solve this problem by using the above mentioned theorem. 
The transformations in consideration must be necessarily algebraic by the 
above theorem and must be necessarily (1,1), (1,2) or (2,2) correspon- 
dences. 

They cannot evidently be (2, 2) correspondences( ') and consequently 
they must be contained in (1,2) quadratie correspondences of de Paoli 
and H. Liebmann(’), or in circular transformations. 

All (1, 2) quadratic transformations can, as is known, be transformed 
into the following form by proper composition of certain collineations : 
Take two points I, J and a conic passing through J and J; draw two 
tangents at the points J and J to the conic and let O be the point of 
intersection. Take a point P on the plane and find its polar p with 
respect to the conic and let the points of intersection of p with the conic 
be X;, X, and join X, 1, X, J and X, J, X, J, so that X I, X, J intersect 
in 9, À J, X%,f in @, If we let correlate the point P to the points 
の の, which are collinear with O, we get a (1,2) quadratic corres- 
pond ence. 

In our case Z and J must be necessarily the two imaginary circular 
points at infinity, and consequently the conic must be a circle. ‘Two 
cases may be distinguished, according as the radius of the circle is real 
or purely imaginary. All circular transformations can, as is known, be 
transformed, by proper composition of certain collineations, into inver- 
sions. ‘Thus we have the following three possible reduced forms: 


1. Liebmann’s transformation with a real fundamental circle. 

2. Liebmann’s transformation with an imaginary fundamental 
circle. 

3. Inversion. 


If we wish possibly to avoid imaginary operations, we proceed as 
follows: passing through the point P draw any chord AB of the. 
fundamental circle ; also draw the circle À passing through A, B cutting 
the fundamental circle orthogonally. The line joining the point P to 
the centre of the fundamental circle cuts the circle ® in points Q,, @,, 
which are corresponding points of P. In the case where the fundamental 
circle is imaginary, the above method of construction requires slight 
modifications. 


5 


ーー 


(1) T. Kubota, Uber (2, 2) deutige quadratische Verwandtschaften, Science Report® 
of the Töhoku Imperial University, 1918. | 
(2) H. Liebmann, Dissertation in Jena, 1395. 
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It would be especially important to notice here that the above 
method of solution can immediately be extended to the space of three 


dimensions while it seems to be impossible to extend Scheffer’s method 
to three dimensions. 


January 1918. 


Un theoreme sur les continus, 


par 


W. SIERPISSKI, Pologne. 


Le but de cette note est la démonstration du théorème suivant: ・ 

Théorème. Un ensemble de points dans l’espace à m dimensions, 
borné et fermé, qui ne peut être décomposé en deux ensembles fermés sans 
points communs, ne peut être aussi décomposé en une infinite denombrable 
d’ensembles fermés sans points communs deux à deux. 

Démonstration. Soit Pun ensemble de points donné dans Pespace 
euclidien à m dimensions, borné et fermé, ne pouvant être décomposé en, 
deux ensembles fermés sans points communs, et supposons que P est une 
somme d’une infinité dénombrable d’ensembles fermés sans points com- 
muns deux à deux : ) 


P=P,+P,+P3+ rr : 


Il s’ensuit immédiatement de notres hypothèses que l’ensemble P est 
un continu (cantorien). Pour tous deux points p, et p, de P et pour 
tout nombre positif e existe done une suite finie de points p’, pl# ---, p™, 
“appartenant à P et tels que chacune des distances p, p’, p’ pP", p” pl”, ---, 
p p, est<e. Nous appellerons une telle suite chaîne entre p, et p, par 
rapport à e. 

Les ensembles P, et P, étant bornés (comme parties de P) et 
fermés, la distance de P, & P, est positive: désignons-la par 20 et con- 
sidérons l’ensemble Q de tous les points de l’espace m—dimensionnel 
dont la distance à P, est = 0. L’ensemble の sera évidemment fermé, 
et à l’intérieur de Q existera au moins un point p, de l’ensemble P;, et 
à lexterienr de Q—au moins un point p, de P, (puisque l’ensemble P, 
est évidemment tout intérieur à Q, et l’eusemble P,—tout extérieur à 
Q). 

Nous démontrerons qu’il existe un continu contenant le point p> et 
un point de la frontière de @ et contenu dans Pet Q(*). . 


(1) Cf. S. Janiszewski: Thèse, Paris 1911. Théorème IV (p. 22). La démon- 


stration de M. Janiszewski s’appuie d’ailleurs sur un lemme assez compliqué. 
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Désignons par C' l’ensemble de tous ces points p de l’espace à m 
dimensions, appartenant è @ et pour lesquels il existe par rapport è tout 
e positif une chaîne entre p, et p, dont tous les points appartiennent à 
P et à Q. Je dis que la frontière de Q contient au moins un point de 
l’ensemble €. 

En effet, l’ensemble P étant un continu, il existe par rapport à 
tout ¢ positif une chaîne entre p, et p,: soit p(e) ce point de cette 
chaîne, qui précède le premier point extérieur à Q; la distance de p (5) 
à la frontière de Q sera évidemment ご s, et il existera une chaîne entre 
Ps et p(e) par rapport à s, contenue dans P et dans Q. Considérons 


. , . 1 3 
maintenant l'ensemble des points ヵ ( 一 ) (n=1, 2, 3,---) tous ces points 
n 


appartenant à ©, et l’ensemble @ étant borné (comme formé des points 


x 


dont la distance à l’ensemble borné P, est = 0), l’ensemble des points 


1 ° + . . . に 3 . © 
p (一 sera aussi borné, et parsuite il existe une suite croissante d’indices 
n 





Ny, Na, Na, +++, telle que la suite des points »( i ) (k=1,2, 3, ---) est con- 


Ny 


Pe . . . 1 . 
vergente. Désignons par py sa limite: le point p{——) ayant une dis- 
n 


tance ee de la frontière de ©, le point p, appartiendra évidemment 
n 


à la frontière de Q. Or, le point p) étant limite des points の (=) 


Dx 


1 ; : 1 
et entre の 。 et p =) existant une chaine par rapport à —— contenue 
A ; Nz » è N; 


dans P et dans Q, nous concluons (d’après limn, =») que le point po 
appartient à C. tig 

On voit sans peine que l’ensemble C est fermé et qu’il contient le 
point p,. 

Or, je dis que l’ensemble C ne peut étre décomposé en une somme 
de deux ensembles fermés sans points communs. En effet, admettons 
qu’il existe une décomposition C=A+B, où A et B sont des ensembles 
fermés sans points communs, et supposons, par exemple, que À contient le 
point p, Désignons par 2d la distance entre les ensembles (évidemment 
bornés) A et B, et par À —l’ensemble de tous les points de l’espace à m 
dimensions qui ont une distance =d de A. Soit 5 un point donné 
quelconque de B. Le point 6 appartenant à C, il existe, par rapport à 
tout s positif une chaîne entre p, et 6, contenue dans P et Q: comme 
plus haut, nous en concluons sans peine qu’il existe pour tout s positif 
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un point de Q ayant une distance <e de la frontière de R, d’où résulte 
ensuite que la frontière de R contient au moins un point de l’ensemble 
C. Ce point ne pourrait évidemment appartenir ni à A ni à B (ayant 
une distance =d de chacun de ces ensembles), c’est ce qui est impossible, 
d’après C=A+B. Nous avons donc démontré que l’ensemble C ne 
peut être décomposé en une somme de deux ensembles fermés sans points 
communs. Or, l’ensemble C étant fermé et contenant plus qu’un point 
(puisqu'il contient py et p,), nous en concluons que C est un continu. 
L’ensemble C est évidemment un sous-ensemble de P=P,+.P,+2P, 
+ (puisque tout point de C'est, comme on voit sans peine, point 
d’accumulation de l’ensemble fermé P): nous pouvons done poser : 


C=CP,+CP,+CP,+...... 5 (1) 


où les termes du côté droit sont des ensembles fermés ou vides, sans 
points communs deux à deux. Or, l’ensemble CP, est non vide, puisqu’il 
contient toutefois le point p, Si tous les autres termes du côté droit de 
(1) seraient vides, nous aurions C=CP,, ce qui est impossible, puisque, 
comme nous savons, l’ensemble C contient le point p, qui n’appartient 
pas à P, Or, l’ensemble C' étant un continu, il est impossible que C 
soit une somme d'un nombre fini = 2 d’ensembles fermés sans points 
communs deux à deux: il sen suit que le côté droit de (1) contient 
nécessairement une infinité de termes qui sont des ensembles non vides. 
La formule (1) fournit donc une décomposition : 


CH= hth tite, 


on nea. sont des ensembles fermés sans points communs deux 
à deux (A, BE, Fy, «+++ sont ici des termes non vides consécutifs du dé- 
veloppement (1)). De plus, l’ensemble C, qui ne contient aucun point 
extérieur de l’ensemble @, ne contiendra aucun point de P.. 

Pour les ensembles C, A et F, nous pouvons répéter le même raison- 
nement que nous avons fait pour les ensembles P, P, et P,, ce qui don- 
nera un nouveau développement 


C= Git Got Gate, 


ou C, est un continu contenu dans C, sans points communs avec À et 
Gi Ga. GO) sont des ensembles fermés sans points communs deux à 
deux. 

En répétant notre raisonnement pour les ensembles G, G, et G, 
nous trouvons un nouveau développement 


UN THEOREME SUR LES CONTINUS. 303 


C,= H,+ H,+ Hy+------ 4 


où ©, est uu continu sans points communs avec Gj, contenu dans C, et 
ainsi de suite. 

On voit sans peine que le continu C, sera sans points communs 
avec P,+ P3+ 6 + Pat Pars 

の C,, Ci, CG, étant une suite infinie d’ensembles fermés dont 
chacun est contenu dans le précédent, il existe au moins un point p 
communs à tous les ensembles C, (n=1, 2,------ ). Le point p serait done 
un point de l’ensemble P (dont les C, sont sous-ensembles) ; or, C, ne 
contenant aucun point de P,+P.+----:+P,4 le point の ne peut pas 
appartenir à P=P,+ P,+ , C’est ce qui implique une contradiction. 

Notre théorème est donc démontré. 

Remarquons que pour les ensembles fermés, mais non bornés, notre 
théorème ne subsiste pas en général. On peut p.e. construire sans peine 
un ensemble fermé de points dans l’espace à trois dimensions qui ne peut 
être décomposé en deux ensembles fermés sans points communs, mais qui 
peut être décomposé en une infinité dénombrable d’ensembles fermés sans 
points communs deux à deux. Or, on pourrait démontrer sans peine que 
dans l’espace à une dimension notre théorème reste vrai même pour les 
ensembles fermés non bornés. Il serait intéressant d'examiner si notre 
théorème est vrai pour tous les ensembles fermés dans le plan. 


Repeated Solutions of a Certain Class of Linear 
Functional Equations, 


by 


R. D. CARMICHAEL, Urbana, Ill, U.S.A. | 


1. In a fundamental system of solutions of a linear differential 
equation it is clear that no given solution is repeated ; fur, if so, the set 
would not be linearly independent. Hence if we are to have in linear 
differential equations the analogue of multiple solutions of algebraic 
equations in one variable it must be through some modification of the 
definition of multiple solution so that a solution need not be repeated 
unchanged in that fundamental system of solutions so as to meet the 
requirements of that definition. 

For the linear differential equation 


Go D y+ a DT yo... +an-1Dy+any=0, (1) 


in which の denotes d/dx and the gs are given functions of x, we shall 
say that y, is a solution of order r, or an r-fold solution, if not only % 
but also cu, æ Yi, rrr se, are solutions of (1) while ey, is not a 
solution of (1). We shall say that a solution y, of (1) is simple when 
xy, is not a solution of (1). A solution which is not simple will be 
called a repeated solution. 

Let y, be a repeated solution of (1). Then y=zy, also satisfies this 
equation. Substituting vy, for y in (1) and reducing by aid of the fact that 
Y, itself is a solution of (1) we find that y, must also satisfy the equation 


nay D y+(n-1)a の "タッ 十 …… agli =O, 


Therefore, if y is a repeated solution of (1) it also satisfies the equation 
obtained from (1) by formal differentiation with respect to D. This will 
be recognized as analogous to a corresponding theorem in the theory of 
algebraic equations. 

If y, is an r-fold solution of (1) it is now clear that it must satisfy 
each of the equations obtained by successive formal differentiation of (1) 
r—1 times with respect to D. 


4 
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With reference to the converse of this result, let us suppose that y, 
satisfies (1) and the | equations obtained from (1) by r—1 successive 
formal differentiations with respect to D. ‘Then it is easy to show that 
LYyy sve ,*7 y are also solutions of (1), so that % itself is an r-fold 
solution of (1). 

From these results it is apparent that the theory of multiple solution 
of homogeneous linear differential equations must have many analogies 
with that of multiple solutions of algebraic equations. It is also clear 
that relatively few of the properties of the symbol D will be needed in 
developing the elements of this theory. This suggests a postulational 
treatment based on certain properties of the symbol D which it has in 
common with cther functional operators. In this note we develop the 
first elements of such a theory for a functional operator D including as 
special cases the operator d/dx of the infinitesimal calculus and the operators 
E and E, of the difference calculus, namely, 


Ef@=fer+),  ESf®)=/q%), 


where in the last g is a constant different from unity in absolute value. 
On first reading one who prefers to do so may treat the postulates 

of the next section as theorems about the operator の , =d/dx, and think 

of the discussion as applying differential equations alone. 

«2. We are to consider multiple solutions of homogeneous linear 

functional equations of the form 


ae) Dy + (0) D y+ + an (0) Dy ta,(a)y=0 (2) 


in which the の s are given functions of @ and the operator D possesses 
properties which may be described as follows : 
_A. If u and の are any two functions of æ then D(u+v)=Du+ Dv. 
B. There exists a class {C'(x)} of functions C'(æ) of x such that for 
any C(x) of this class and. every function u (x) we have 


D{C(x) u(x)} = C(x)D{u(x)}. 


We suppose moreover that a function C(x) satisfying the relation 
DiC(x) u(x)}=C(x)Diu(x)} for a given non-vanishing function u(x) 
belongs to the class { C(x)}. 

For D=d/dx these functions C(x) are arbitrary constants ; for D=zE 
they are arbitrary periodic functions of period unity ; fon. DSB, they 
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are arbitrary g-periodic functions, that is, functions such that. C(qx)= 
Ok). 

C. The class of functions $C(z)} contains the particular functions 
0 and 1. 

D. The general solution of (2) is of the ER 


y=Cy+GYy+ EL + Cn Yny 


where Ci, CG, +--+ , C, are arbitrary functions of class C(x) of postulate 
B and the y’s are such that the determinant 


Y 1 y gi rose JB 
Date. Dy ene Din 
G(a)= Dy, Dry +: Dyn 


is not identically zero. 

E. There exists a function ¢(v) of « such that for every function 
ua) of x the value of Dux) at a point «=a depends solely on the 
values of u(x) in the neighborhood of the point æ={(a). 

We denote by s(x) the inverse of this function. For D=d/dz, E, E, 
we have t(x)=x, «+1, qx respectively. The corresponding values of 
s(x) are x, æ—1, x/q. 

F. There exists a function p(x) of x such that for every function 
wa) of © and every non-negative integer ん we have 


D¥§ p(x) ua)} =p(e) D' u(@)+ED"! uft(0)}. 


For the values d/da, E, E, of D we have for p the functions 2, 2, 
log +/log q respectively. 

G. Operators H, F, F exist such that for every pair of functions 
u and v of x and every non-negative integer k we have 


Diwa)D* v(2)} =) Dt {o(2)} + Hju(a)} . D’[otte)}] 
=Fu.D"v+HFhu.D"v. 
Moreover, if HC=0, then it is necessary and sufficient that C* shall be 


of the class { C(2)}. 
For D=d/dx, E, E,; we have ガー の の の, A, è, where 


REPEATED SOLUTIONS OF FUNCTIONAL EQUATIONS. 307 


Af@)=fe+1)-f@), A f(e)=f(qr)—F (0). 


Also, for D=d/de we have F=1, F =D ; for D=E we have F=E, 
F=0; for D=E, we have F=E, F=0. [The operator 1 turns every 
function into itself; the operator 0 turns every function into 0.] 

3. We shall say that a solution y, of (2) is simple if py, is not a 
solution of (2). If both y, and py, are solutions of (2) we shall say that 
y is a repeated solution of (2). If %, py, P° Yy ore ‚p'"'yı are all solu- 
tions of (2), but p”y, is not a solution of (2), we shall say that y, is an 
r-fold solutson of (2), or a solution of (2) of order r. 

Let y, be a repeated solution of (2). For y in (2) substitute the 
solution py, of (2) and reduce by means of (2) itself and postulate J, 
Thus we have 


na (x) DT y, ft (x)} +(n—1) ay (x) D yi ft (x)} 
REI + ni (x) it (x); =0. (3) 


In this equation replace 2 by s(x) and drop the subscript from y. Then 
we have 


nay{s (©)} D" y (a) + (n—1) is (の 1 の 9 (a) 
|. + An1{8 (x) ty (x) =0. (4) 


We observe that this equation may be obtained from (2) by formal 
differentiation with respect to D and the replacing of x by s(x) in the 
coeficients of the resulting equation. A repeated solution y, of (2) is 
clearly also a solution of (4). 

Again, let y, be a common solution of (2) and (4). Then y, satisfies 
(3). Add (3) to the equation obtained from (2) on multiplying by p 
and replacing y by %.. Making use now of postulate が we see that py, 
also satisfies (2). 

Thus we have the following theorem : 

Theorem. A necessary and sufficient condition that a function y 
shall be a repeated solution of (2) is that it shall satisfy both equation (2) 
and the equation obtained from (2) by formal differentiation with respect to 
D and the replacing of x by s(x) in the coefficients of the resulting equa- 
tion. 

The equation thus gotten from (2) will be called the (first) derived 
equation of (2). The (first) derived equation of the latter will be called 
the second derived equation of (2); and so on. 
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An application of the preceding theorem leads immediately to the 
following general result : 

Theorem. A necessary and sufficient condition that a function Yı 
shall be an r-fold solution of (2) is that it shall satisfy (2) and the first 
r—1 derived equations and shall not satisfy the r"* derived equation. 

4. One naturally raises the question as to whether there is the 
same intimate connection between repeated solutions of (2) and repeated 
factors of its first member as holds in the case of algebraic equations. 
That the question is to be answered in the negative is readily shown by 
means of an example. Let us consider the differential equation 


d 2) ( d ) d 
sil mb Zee) Age, 
(È da 9 da J 


This reduces to 





d° y d y 4 dy 
+2rxr +(a +1) = 
! da? de ( ae 
If y is a repeated solution of this equation it must also satisfy the 
equation 
302 Y + de + da (+ Dy=0 ; 





and hence also the equation obtained from this one by differentiation 
with respect to x, namely : i 
| dy d y dy 
3— +4 + (a+ 5)—4 + 2ay=0. 
dx” HET da? IE pet 
Multiplying the last three equations in order by —9, 22,3 and adding 
we have a first order. equation which y must satisfy : 


(246) a + (22°+ 8x)y—0. 
db) 


Hence if our differential equation has a repeated solution it must be 


i pa 

| y= Ce"? (9? +8) 2 

But this does not satisfy the second order equation above. Hence the 

differential equation in consideration has no repeated solution even though 

its first member may be factored so as to exhibit a repeated factor. 
Again, the equation 
| 3 2 
ply LITI Log _ 
da dé da? 
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has the fundamental system of solutions 1, x, 2’, x‘, containing the two 
repeated solutions 1, ©. ‘The equation may be written in factored form 


as 
(22-2). (© 4). Er EN, 
da de da 


In this form one factor is repeated corresponding to the repeated solu- 
tion 1. But the other factor is not. repeated. One may also put the 
equation in the form 


( d 1 d 1 d d 
PA) (EL): a 
dx x da x da de 


so that there is a repeated factor corresponding to each repeated solution. 
Or, again, one may break the equation into factors in the form 


d 1 d 1 ) ( d 9 ) d 
ーー 0, 
(5 x ) (z na x da x de ia 


in which no factor is repeated. 

From considerations of this sort it is clear that there is no such 
suitable connection between factorization and repeated solutions as would 
make it convenient to’ investigate repeated solutions by aid of repeated 
factors in some one factored form of the equation. 

_ Similar remarks may obviously be made about difference and g-differ- 
ence equations. 

5. It is obvious that a differential equation of the second order with 
a repeated solution may be solved by quadratures; for by the first 
theorem of section 3 the repeated solution 7, satisfies an equation of the 
first order. Then y, and xy, form a fundamental system of solutions of 
the given equation. 

In general, let us suppose that equation (2) of order n (n>2) has 
a repeated solution 7. Then y, satisfies (2) and (4). On account of 
postulate G one may operate one equation (4) with D and obtain a re- 
sulting equation of the form (2). Between this equation and (2) and (4) 
one may in general eliminate D" and の "ー and thus obtain an equation 
of order n—2 which is satisfied by %.. 

Let us apply these considerations to a differential equation of the 
third order with a repeated solution : 


quei CH ai È Y 
vr E 








+ +a; y=0. 


The repeated solution also satisfies the equations 
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RUE 
n dx? 


d y ( day d y (2 ue E dy ce da, ): 
3 ee, =0. 
i da” di dx 4 da? 4 da via dx a dx m 


We may eliminate from the last three equations the second and third 
derivatives of y with respect to x and thus obtain the equation 


da da d 
2a? — Bay + 6G) na, 5 my 
( a a da da da 




















+ (cia: Ben 9% Ax + 34 da, — 3» day ) y == 0. 
da da 


Two cases arise which we treat separately. 

If the coefficient of dy/dx in the last equation is not identically zero 
we have a first order equation satisfied by 1. It can be solved by 
quadratures. Then % and xy, are two linearly independent solutions of 
the given equation of the third order. An additional solution in a 
fundamental system of solutions may then be found by quadratures. Hence 
in this case thc general solution of the given equation may be obtained. 
by quadratures. 

Suppose next that the coefficient of dy/d in the last equation is identi- 
cally zero. This is just the condition that the second order equation 
above has a repeated solution (see section 6 below). Such solution y, may 
be found by quadratures. Then %, 2%, © y form a fundamental system 
of solutions of the given equation of the third order. 

Hence we have the following theorem : 


Theorem. If a homogeneous linear differential equation of the third 
order has a repeated solution the general solution of the equation may be 
obtained by quadratures. 

In a similar way one may prove the like theorem for difference and 
q-difference equations. 

It is easy to see farthermore that such an equation of order n may 
be solved by quadratures in case it possesses an n-fold or an (n—1)-fold 
solution. 

6. We shall now obtain, in terms of the coefficients alone, a neces- 
sary and sufficient condition that equation (2) shall possess a repeated 
solution. For this purpose let us consider the equations obtaned from (2) 
and (4) through operating upon them repeatedly with D. The repeated 
solution of (2) must satisfy every equation so obtained. 
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In view of postulate G it is clear that the equations resulting from 
(2) by operating with D*, k=0, 1,--.... , n—2, may be written in the 
form 
dix DUE y dara dl ATI at SRE: + Onsen Y=0, k=0,1,--.... » n—2, (5) 


where the coefficients a,, are functions of x which are expressible in terms 
of the coefficients a), a,--+--- > An of equation (2). Similarly those equations 
resulting from (4) by operating with D*, k=0, 1,---... , n—1, may be 


- written in the form 


Dir Derk y+bıx ‚Dr+k-2 Yrs se ST y=0, 
k=U, I, nn ロ n— 1, (6) 


where the 5,, are functions of x which are expressible in terms of @, 
ーー > An We may look upon the 2% 一 1 equations (5) and (6) as 
consistent homogeneous algebraic equations involving the 2n—1 unknown 
quantities y, Dy, パー…… の ター クッ. The determinant of these equations 
must vanish identically. Hence a necessary condition that (2) shall have 
a repeated solution is that the determinant A (x) shall be identically zero, 


where 





Ao,m-2 d1, し この UT Na x, n—2 Ans, Dia 2 a Qon-2, n—2 

0 do, n-3 On: rs" Aon-3, n- 

| 
0 Oi a Ao, 0 Up cessa CIRCO 
A (eo) == 0 O ...... 0 bo, Ol CR ea DT, 0 . (7) 

0 OA gr bo: DRE MAS が 

0 do, (Leb lai Dei n-2 6。 E | bon-3, n-2 
by, SSR by PRET by, Cr ya, lg asce Ova LS 


For the differential equation ay +a y’+a,y=0 this condition re- 
duces to 
du — 4 d +2 a a’, —2 a’, a, =0, 
since &0. For the differential equation y”+a,y"+a3y=0 this condi- 
tion is 
4az+6a,a",-3a' 2-18 a, a, +27 a =0. 
We may replace the determinant A (x) of order 2n—1 by a deter- 
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minant of order n which defines the same function of x as A eis itself. 
For this purpose write equation (4) in the form 


Po (9) = Co DE Go DI yan +Cn-,09=0. (8) 


Operate upon this with D and reduce the order of the resulting equation 
by adding to it some multiple of equation (2) ; thus we have 


P, (y)= Co D y + Gy DY? yt eee + Cn-1,19=0. (9) 
Operate again in a similar manner ‘and reduce the equation similarly to 
P{y)= CD Lay + C, の *- 2y+ DU NERE +.Oh oy sys: (10) 


We may continue this process until we have a system of n equations. 
Then it is clear that the functions A(x) and M(x) are identical, where 
M (x) is the determinant of this system, namely : 


Coo Co Co eee ee Cn-1,0 
C C CT Sweet Ce: 

M (x)= 01 11 21 LA (11) 
Co, n-1 G, n-1 Co, n= 11 ee Cit n-1 


A necessary condition that (2) shall have a repeated solution is that 
A(x), or M(x) shall vanish identically. We shall now show that this 
is also a sufficient condition. 

Accordingly, we suppose that M (x) vanishes identically. Let y, y, 
ces » Yn be a fundamental system of solutions of (2). Then not all the 
quantities 


Py (y), Pi (Y2), ER ’ PYn) 


vanish identically, where P,(y) is defined as in equation (8); for, other- 
wise, the determinant G(x) in postulate D would vanish identically con- 
trary to the hypothesis that y,, y, ……… » n form a fundamental system 
of solutions of (2). 

Consider the system of equations 


AGP: (y;)=0, J=0, 1……… , N— 1, (12) 
4=1 


involving the unknown quantities C;, the P’s being defined as in equation 
(8) and following. The determinant of this system obviously factors into 
G(x)'M(«) ; it is therefore identically zero, while its rank is not zero. Hence 
it suffices for determining functions G, ------ , C, of x For the arbitrary 
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element or elements in this solution of (12) we take functions belonging 
to the class {C(x)} of postulate B. By the use of the latter part of 
postulate @ it may readily be shown then that each C; is of class 
{C(2)}. 


With these values of C; form the solution 


ya DIG Yi 
isl 


of equation (2). In order that it shall be a repeated solution it is neces- 
sary and sufficient that py shall be a solution of (2). If we substitute 
py for y in the first member of (2) and reduce by means of the fact 
that %, Ya, …… > Y, are solutions of (2) we obtain as a result the first 
member of the first equation (12). This has the value zero. . Hence py 
is a solution of (2); and therefore 7 is a repeated solution of (2). 

Thus we have the following theorem : 

Fundamental Theorm. A necessary and sufficient condition that 
equation (2) shall have a repeated solution is that the determinant A (x) in 
(7) [or the determinant M(x) in (11)] shall vanish identically. 

If equation (2) is written so that a, is unity we may call A (x) the 
discriminant of (2). It is clear that the relation between A (x) and (2) 
is closely analogous to that between an algebraic equation and its discri- 
minant. 


December 1917. 


Group-Theory Proof of Two Elementary Theorems 
in Number Theory, 
by 
G. A. MILLER, Urbana, Ill, U.S.A. 


Let s and è represent two group operators such that all the conjugates 
of s under the different powers of t are commutative with each other. If 
we employ the notation 


ニー 6 = ー1 ー1 
(80 = 8 Gs; CF 8; Su ee Mi e 


a being any positive integer, it results that 


DS AH (per Te Bin reves Si 8, 
ère pra) 02, tee ‚n—1. Hence it follows that 
(sy—tsth Bst vn. pur gn, img 
ga BE ar S%ー1 ts 
The exponents of s, 5, ……… y Sn-1 in the last expression are the 
sums of n—1, n—2, ------ , 1 figurate numbers of orders 2, 3, --.... N: 


respectively(*). When n is a prime number p each of these exponents ex- 
cept the last is known to be divisible by p. We proceed to prove this 
elementary theorem relating to figurate numbers by means of the proper- 
ties of a very elementary substitution group and thus exhibit additional 
contact between group theory and number theory. — 

Let で represent the Sylow subgroup of order p”*! contained in the 
symmetric group of degree p°. If s represents a cyclic substitution of 
order p contained in G while t is of order p and of degree p° and also 
non-commutative with s it results directly that G is generated by s and 
t. The subgroup H generated by the conjugates of s under the different 
powers of ¢ is abelian and of type (1, 1, 1, …… ). Its index under G 


(1) Cf. GS. Carr, A Synopsis of Elementary Results in Pure Mathematics, 1886, 
p. 96. 
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is p. The central of @ is generated by s,_,(*) and contains the pth 
power of every substitution found in @. 

Since (ts)? is generated by s,_, it results that the exponent of each 
of the operators s,, 8, ……… > Sn-2 18 =0, mod. p. In fact, if one of these 
exponents were not =0, mod. p, we may suppose that sg, 8 <p—1, is the 
first one which satisfies this condition. As all the operators sa ……… 
8, generate a group which does not include sg it would result from this 
that € would not be commutative with (¢s)’. This is contrary to the 
known fact that this power is found in the central of G and hence the 
hypothesis leads to a contradiction. 

From the fact that (ts)? is generated by s,_, it follows therefore 
that the sums of p—1, p—2, --:--- , 2 figurate numbers of orders 2, 3, 
ーー » P—1 respectively must be separately =0, mod. p, p being any odd 
prime number. This theorem could clearly be extended by letting n re- 
present powers of prime numbers in the formulas stated above. 

A more elementary theorem in number theory which can be directly 
obtained from the given formulas is as follows: If p represents any 
prime number then each of the coefficients except the first and last in 
the expansion of (g 十 6)? is divisible by p. In fact, if we let n=p+1 
in the formula at the end of the first paragraph the exponents of s,, 8, 
ーー » Sp-1 may be obtained by adding to the preceding exponents of these 
substitutions the coefficients in order, beginning with the second, of the 
terms in the expansion of (a+6)". All of these exponents except that of 
Sp-1 must again be =0, mod. p, while that of s,_, must be =1, mod. p, 
since (t s)?t*=¢ s. 8,1. 

The main element of interest in these developments seems to be due 
to the fact that they may serve as another illustration of the fundamental 
concepts involved in group theory. The fact that these very elementary 
theorems in number theory are by-products of the study of a special 
substitution group and that they are thus proved anew by considerations 
which are essentially different from those upon which the well known 
simple proofs are based seems to merit emphasis. 


(1) American Journal of Mathematics, vol. 23 (1901), p. 176. 
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On a Certain Functional Equation, 
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TsuRUICHI HAYASHI, Sendai. 


oF FA GS of ARSE —E A TS = + 5 v 2 rh Über die perio- 
dischen Lösungen in der Variationsrechrung 7 中 = 訟 テ (AFR 149 A 
ョ 7 第 154 Rie Man) RK’ mare ENT I. 
BUT AE 
Po + Pi V+ pad + OR (1) 
7 RL? RBM Ap ee 1+3TFr ro) ARTE, 
Po YX) + Pr ye+1)+p:.y(0+2)+-<+pny@+n)=4 (2) 


PERU A= ADH a PRAYED A X. MY Po Pur, Pn 
Re ^ > it? RMR BRM Az x (1) 7M? REM” 1 
= 等 シク 其 ノ 振幅 が 7 7 RRS be HIRT a FHM 7 
SEITHER (2) GEM = a FAY 2 TI eZ. 

RAR A Ne = Ske vy rar BIA We? HEL => 7e 
SENT RITA, ARR? ky. SD? TER CITE 
用 ノ 結果 ラ 示 サン トス ルケ テア 7『T. 


1. 画 敷 方 程 式 | 
Po W(X) + pr ya+1)+p ya+2)+ +pnylatn)=i (2) 
MIET 


À = (Po +p, + Po +e... + Pn) A 


| Pot Pi Por une: + Pn 
=(mtpAtPp te pn) 


(|) BRRIAAZALEMREAGER AUF HDRES 1 Fr Br y RN SMF» 
本 誌 第 10 BE 115 H=M#rr Kempner KA F2Mrry. 
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ト 書 き 改 メ (”), 之 ラ 左 湯 = 移 セ モバ 
Poty(@)-X5+p{y(0+1)—2}+pa{y(c+2)—X} | 
十 ーー 填 2。77(? 十 2) 一 #ー0 
743 MEISTER (2) AI = 
Po Ye) + Pr Y@+ 1) +p Y@+2)+ e+ pry(w+n)=0 (3) 
ヲ 取 り 扱 ヒ と ヲ 可 ナ リ . 此 画 数 方 程 式 = 有 理 週 期 《 FH ArH 
アリ トシ 周期 7 my =7R> var PB bo TE? KE = VY FAH 
+2 AY a > HA primitive period ナリ トス . Aarau BA 
an a RZ Fr re) vr. #7 an FARFA 
kan + wv PHI TE? RE k TREN LY ka モ 赤 優 週 期 ナ リ . Ab 
ka Ja =FRoVR) bv RB (8) が 0 JA=SE/ EM z 
ラ 週 期 ト スル 達 績 的 解 ラ 有 モ ザル 條 件 ヲ 求 メン トス . 
FENG) 7 
Po Y®)+P YC+1)+pry(0+2)+-----+pa1Y@+a—1)=0 (4) 
PV DFN a リ 大 ナル Dp ota 7 |) VAR. 
HEN (4) = 7 © 249 = v+1, v4, ……… > e+a—1 ber 
AE = 3) a ya) ノ 週 期 チ ルン ラテ 


Po Yya+1)+pı yet 2)+ ps Y(t 3) +o + Par (2) ee | 

PP ARV PAO) pees Paty El). =O. ag 

Po Y@+a—1)+p, y(@)+p2y(@+1) ++ par (x + a—2)=0 
743. 

次 ギ ニ = ニニ 項 方 程 式 

1—2*=0 
> 根 ラ 
Lea ane , ot! (6) 

by, 其 ノ 中 ノ 任 意 ク ーッ ツラ ヲ 0 aFTKRRe 73,0 MRUEFIHAX 

(3) = X キ 0 テル トキ PotpitPet--~-+Pn+0 R/BE7Kx. 然 レ ドモ aad 


トシ テ 論 誕 ス ル 本 節 ノ 定理 = DotD1+P2t-::-+Pn#0 トノ 優 設 ラナ ス ・ = AT) Eier 
A=0 ノ ト キ ニ モ AHO ノ ト キ = モ 眞 ナ リ . 
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Po + py © + Pa の 十 Te OL + Dy 2 =0 (1) 
ノ 根 ナラ ザ リ シ トス . 
HER (4) 及 (5) = 夫々 


pr atta: par 
IRL FHM FZ 1 
pol yx) +ay(e+1) +o°y(et2) +--+ +o ydata—1)} 
+0 'p.{y(®)+0y(+1)+0"y(c+2)+------+0*’y(e+a—1)} 
+0!p.{y)+oyc+1)+0"y0+2)+------+0%’y@+a—-1)} 
+97 Dpa_15Y()+0y(0+1)+0%y(c+2)+-.» +o°!ye+a—1)}=0 
BI + ‘ 
{ py bo pita pt +07" par} 
x {y(@)+oy(a+1)+o°y(c+2)+----.- +o* y(&+a—1)}=0; 


然 シ = G Bl (6) ノ 中 = ニア リ テ 2-1=0 7HII. Rvs o 
DIS #—-1=0 Mr). WL = AI (6) ク 中 ニア (の = の ~~ スハ 方 程 
式 (1) ノ 根 ニア ラズ . Ms 


Porto” pita”? potest oO) pH. 
He = 
y(x) + oy(e+1)+o° y(a+2)+----- + ot y(@+a—1)=0. 
JE 7 o = 敷 列 (6) ノー ッ ヲ 順次 置換 スレ 
ya)+ ya+l)+  y(e+2)+----+ y@+a—1)=0, 
ya)+o yc+1)+@° y@+2)+ +0" ye+a—-1)=0, 
yaya ye+1)+@! — y(e@+2)+-- + a%Yy(a+a—1)=0, 
Y +e +1)+@Py(0+2)+-+o0-DAe+a—1)=0 


745 Are 


sal nigi I +0°!=0. 
= E? a fi? WRN AM 7 vo 
y(x)=0. | 
K-R/EET7M. 
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DI? RIBATTE 


Pot Pi + Po ダ 十 …… +Pn%"=0, n<a, 
が 共通 根 ラ 有 セ ザル トキ ム っ 画 敷 方 程 式 
Po YX) + pr (2 士 1) 十 の ye +2)+ + pn ye +n)=0 
>» 0 >= à ZE rw à. 
> F RK? FEHB 713. 
ECHT FEX 
Po + Pi E+ Pa +... +Pne"=0 
RZEÄHER 
l-ax*=0, a>n, 
2 BEF BE PeFN Lx BOT BSN 
Po ya) + Ps y(@+ 1) + pz y(@ +2) +--+ Pn 負 2 十 9 三 4(「 ) 
AERO = AP 2/8 FMA REF Ber. {Hy 8 > 
ER? EE = 77 à 公約 敷 ラ 有 ス ルケ ュ ト ラ 妨 グズ 
是 本 論文 ノ 冒頭 = 掲 ゲ タル EA eM = 77 其 ノ 適用 ノ 4 
> A=). 
il? = (À) が 連 績 的 解 ラ 有 ス レバ ベッ スハ 双 (cH=l トス 
ンー) 
Y+y@+1)+y(+2)+------+gy(e+a—1)=0 
ノ 解 ナ テア シュ トラ 知 ル ん. à FIRUTOLI ASMA (6) ノ 中 = 1 アア 
IWF (c ニ ー1 トス ンジ) HGR 
y(%)—y(wt+1)+y(%+2)—-------y(@+a—1)=0 
2 fr na +7. KM=a7>R 
Ye)+y@+2)+y@+4)+----+y(0+a—-2)=0 
2frnar74. 面 シ テ ュ ス 文 
Pot Pit pst + Pn=0, 
Pr— Prt Pare +(—1) pn=0 


(1) AMA, ME" ABZ 0 / RU = IE 2 7H. 
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FMAKFYVSEVI. MR? BE ZF. 
代 敷 方 程 式 
Pot pi C+ Pa +. +p,et=0 (1) 
ガ +1 FRR EE LV NETTER 
Po YX) + pr Y@t+1)+ pr y@t+2)+ ----+pnye+n)=0 (2) 
7fRa=V7 n 3 VK+ N TERRI a 73; rane? A 
ye)+ye+1)+y(0+2)+-----+y@+a—-1)=0 
ノ 解 ナ リ , ZEr (1) #41 RE -1 ヲ 根 ト セ ザン レバ (2) ノ 解 = シ 
Fn a) RIVIERA « ラ 週 期 ト スル モノ へ ス 有 刀 
yC)+y®+2)+y(0+4)+---+y@+a—2)=0 
MT). 
2. 更 = 前 節 ク 定理 ノ 別 誠 明 ラ 握 ゲ ント ス ("). FAX (④⑪ ト (5) ょ 
RI UZ HEAT A 
Po Ye) + yet )+pry@+2) +--+ pur We t+a—1)=0, 
Por Y®)+P0 YM+1)+p1y(@+2)+------+pa-2y@+a—1)=0, 
Pa-2Y(C)+Pa-1 YU(®+1)+poy(®+2)+-----+Pa-39(0+a—-1)=0, 
Pıy@)+p UC+1)+psy(0+2)+---<+pD ye+a—-1)=0. 
USP « BMI FER? z fi RAM y(0), y(x+1), y(x+2), = 
y (x it 2 2 M ERAK Te] AH FRA Yb SAA SR? BEL 
ョ リ 成 立 スル 行列 式 っ 


Po Pi Pa were Pa-ı 
た Po Pi AS Ses Rt, 
Pasta Piel” Po aes P:-3 
Pi Pi Ps POP BIT Po 


= シテ 輸 換 行列 式 circulant +). = W. Spottiswoode = fie F 


た 
Lote の と + Da の + NER +Po-1 gia) 


(1) Ar = % +7 oH Ms ER Fer RI EFT). 


或 画 MX 方 BK = R 7. 821 


BI F 
k 
HI (pot p0°+p0%4+-...--+pn0"%) 


=. {ivy o - 2°1=0 ノ 根 ナリ . 然 ケ = 前 節 ク 定理 ノ 優 設 = 
IE’ FR FARA 0 = 等 シカ ラズ . 故 = 彼 ノ 輸 換 行列 式 へ 0 
= 等 シカ ラズ . = kit Hwy et we Rizr => 
y(@)=0, ya+l)=0, %x+2)=0, …… > Yeta-1)=0. 

Be = ERR Ae FURY. 

3. 格段 チル 場合 トシ テ n=2, a=3 bY RAM Ddr 7 BE 
© EIA ER 

PYC)+qy(@+1)+ry(e+2)=2 

ガ 週 期 3 ヲ 有 スル 解 ニ ョ リ テ 満 足 セ ラル ル 條 件 ラ 見 出 サ ント メス . 

(1) p+9+r=*0. 

À 


ER ———— = Bi nz ++ 
の 十 9 十 7 
PIYG)— Ni + gf y(e@+1)—23 +7 {y(e+2)— à} =0, 
de = 
| y()-X=y (a) 
b a7 


PY(C)+9y:(C+1)+ry(c+2)=0. 
地方 程 式 が 0 7 FP MGMT A => BOT 
1—2’=0, 
p+qx+rx=0 
カ 少 クト モー ッ ノ 共通 根 ラ 有 セ ザル ベ ペ カ ラズ . MF の ラ 1 ノ 立方 基 根 
cubic primitive root トス レー バニー 方 程 式 
P+qu+ro®=0, 
P+q0+r0=0 
ノ 中 少 ク トモ ーッ ガ 成 立 セ ザル ペ カ ラズ . 然 シ ニー みみ の 7 ART). 
BL = 
p=q=r. 
PR = SED HER. 
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Ya) +y(a+ 1) +9(0+2)=— 


AN 





(= + cos 27 x. (の) 
Wy 3 


ナル 解 ヲ 有 ス . 117 Ye) » 1 Fr army 7 À > 0 ナル 
ÆH 7 Y. 

(2) p+g+r=0. 
HR = EMA RI it E-= YF (本 誌 第 11 BR 153 
E) 4 キ 0 ナン 全然 解 ナ ク y(x)=const. x 72 bh FH» x 

A=0 トス ン 所 題 ノ 方 程 式 ヽ 

Piy@+1)-y()}=r{y(@+2)-y(@+1)}. 

ァ ノ 代 ハ リー a+l 242 rE7 


plul@+2)-ya+l)}=riy@)—-y@+2)}; 
の 9(④② 一 9(? 十 9))  =riy@+1)-y@)}. 
= ya+l)-ya)=0 ナル シュ ト 能 へ ダレ バ 此 三 等 式 ヲ 相乗 ジテ 
Pm 
x= DE 


EL = Pd? FAX = 3 Y 

y(x+1)—7y(x) 
> 1 FAM ar RY. 427 Yo) ria, 70)=T (a). Pla) 
ト ス レー ヾ 


g(e)=x+(£ w. p. 1), 


ya) P(x) .x+ ¥; (x), 
但 シ Ya) + V(x) FE 1 FAN FIT). EFT 
ト 固 ヨリ 可 ナ リ . Ar rer シテ Ba2rve7> Wx)=0 ナチ シェア 
ラ ザ ン と 3 ラ 週 期 ト セ デ . Xx Yx)=0 ナル モ ェ 3 FRI Pee. 
M=K? 定理 ラ 得 


或 画 vga = KR 7. 393 


REX p, の 7 FIR N MA FE 
py(e) + que +1) +ry(x+2)=2 
ハメ ノ 名 何 = 拘 ハラ ズブ 
Pp=qad=r 
ナル ニア ラ ザ ン ズバ 3 FEA zr ER Ae. 耐 シテ 其 ノ 
時 = 於 ケル 格段 テル 解 へ 


Re LA 








Di Gas: pe) 


+). 
4, RXE= n=2, a=4 トシ 双 係 敷 の の 7 TER VRR TER 
pute) + ua+1)+ry(e+2)=4 
WAH 4 Hr) FELL Fr N ET HS DT 2. 
(1) p+g+r+0 b > Gib an? 
2+(p+qg+r)=}?, 
y(x) -A=y(®) 
tir 
pue) + que +1) +ry(v+2)=0. 
UH HERG 0 27 AH rR 7 A 2 = SRP 


1—2*=0, 
p+qr+ra =0 
ダ ガ 少 クト モー ツノ 共通 根 フ 有 セ ザル ベ ペ カ ラズ ・. = 
p—g +r=0, 
p+gi-r=0, 
p_gi+r=0 


2 中 少 ク トモ ーッ カ ガ 成 立 セ ザル シベ カラ ズ . M=vR-93 72722» 
後 ノ ニッ ガ 同 時 = 成立 ス ア コト ナシ 残 ケ ス 次 ノ 場合 ナリ 


(@) p—qg+r=0, qt0. 
(6) gq=0, P=T. 
(c) g=0, p=—T. 


第 一 ノ IBA (a = 於 テハ 9 ノ 代 ハリ ニ p+r rEr7 
piy(z)+y(at+1)}=—r{y(e@+1)+y(e+2)} 


Dot 林 da ー: 


Piyn(e+1)+y(e+2)} = —rin(et+2)+y(e+3)}, 
piy(e+2)+y(@+3)} = —r{y(e+3)+y(0)}, 


Pin(e+3)+y(@)} = —riu(@0)+u(e+1)}. 
= y(e)+v(c+1)=0 FETT IST THE = eGo 
Den 


Hy p=r トス ンー q=2p. K= Ma? TER» 
yi(e+1)+ y(a+ 2) == athe) +y(c+ 1)} 


PI». = 
yılz)+ ya + 1)=Ee*. (£. w. p. 1). 
Ht = 
Ya) = (2) の (f. w. p D 
Em 
P@)— g(e+1)=1, 
AL = 
g(a) = —x+(f. w. p. 1), 

Ht = 


y(w) =e} a P(x) + P(0)}, 
Hy Vp 7, トス 共 = 1 ラ 週 期 ト スル 画 敷 ナ 9. (ays 4 758 
Hb ex. 
REZ p=—r bav-° q=0. SZriEt=-K=. 
m= yw(a)+yi(e+1)=0 
ナル シュ トラ 有 要 ス . = 
Ye) erst wm.]), 
Pride. 
第 二ノ 場合 (⑳ =IR7 > 
p—gtr+0. 
= JE? RAR ptgtr+0 トラ 併 も 考 フ レズ 所 設 ノ 方 程 式 = 解 アル 
トキ 第 2 節 ッ 未 端 ク 注 意 = ニ ョ リ テ 其 ノ 解 へ 
y(t) + yl@+2)=0 
JAF). H= 
(x) ue (f. w. p. 2). 


x 画 he 方 BN = MR 7. 395 


= 4 7 SGAM + à PTE = 2. 
第 三 ノ 場 合 (の = 於 テハ q=0, p=—r. Kehl,’ FF 
n(t)—yn(x+2)—0. 
= 
y(x)=f. w. p. 2. 
ao 4 ラ 基 周期 ト セ モズ. 
Keim) ptqtr+0 Fr px = >> 9 三 0, の ニア 7 br#7 2 47 
基 週 期 ト スル 解 ヲ 有 ス . D> 
ue (f. w. p. 2) 
+). 
(2) p+g+r=0 Fr Av.» (1) 
piy(e)—y(x—1)}—riy(e+1)—y(x +2)} = 
= PET Fy bX => 


/=-(p-r)=4 
RE 
y(æ)—y(x+1)—-2 =yıl®) 
bia > | 
Py@)=ryl@+1), 
= 
y(a)= -(2) SI we neh), 
it = 
y(@+1)— ae (て iy (f. w. p. 1) 一 7 
是 = 於 テ 
y(x)= (x). (2): (f. w. p. 1)—A'x 
ト ia 7 > 


po(e+1)—ro(e)=r. 
= r+0 ナチ シベ ケン レン 


p(x)= Es )ews a 





mi. 


(1) 3-75 3 ff (2) ノ 如 ク 論 ズル ラ 得 





x 
2 ( 2) Ta), 
ーー ゲ rv 
ara» 4 ラ 週 期 ト ナナ ズ ・ 
次 ギ ニ p=r bh A vVoŸ p+0 ナノ レベ ケ voy 


9-9e+1ー (+-+ 2) = 
x= 
y(a+1)—y(x)=(f. w. p. 1) +o 
Le 
ya)=g(0). (€ w. p. 1)+ oe 1) 
ba 7 2 
p(e+1)-9(2)=1, 
= 
p(x)=2+ (€ w. p. 1), 
L= 


ya)=a Ya) + P(x) + Mine — 1). 
2p 


Zuop 4 FAN es. 

故 = 次 クノ 定理 ラ 得 . 

DIA E KA FER 

py(e) + que +1)+ry(0+2)=4 

が 4 ラ 基 周期 トス ル 解 有 ス ルス q=0, p=r 7 rer. lv 7 
EE? RRR I VR > 
aks + on (f. w. p. 2) 
2» | 
TE 

5, 第 1 節 = 於 テ っ 有理 週 期 x 74600 y, 7 eR 
表 ハ セル 形 ラ af トシ , a wn ヨリ 大 ナラ ザル トキ へ ka Fn 39). 
KR» HZ IE IM L ヲ 選 ビ テ 進み ム ベ シト 論 ジ タリ ・. AZ / MF 
ん ラ 選 ぶ ズ シテ 劉 定 條 件 ラ 作 シュ トモ 容易 ナリ. KV 

| n=qa+r (0 =r<a) 


X bu 5 BH = R 7. 327 


box q tra 0 ZF? Yes ity Pa. IRF PA? DUB 


(Po+Pa Prat +++ + Paa)Y(2) 
+ (Prt Pass + Pra + + Passa )y(C+1)+ er 
+ (Prt Parr t+ Prose + + Paar) KUH) 
+ (Pres Pasrsi + Pra+r41 + De Dar iN 1) 
+ (Pret Parri + Prnsr4o + ee +Pa-1904142)Y(@+7+2) 
Mn. 
+(Pa-1+P20-14+-Psa-14+ ets + Pra-1)Y(€+a—1)=0 


r+3=2r 7% KR/ER7B 21046 16 =? 7Uufaire 
er), 
MBH REN 

Po y@)+pı Y@+1)+ ps ya+2)+ + pn ylatn)=/ 
WEB) = ERE IE af? REN Ar ER FAT ren 9 
Pr Pr 7 OR-E/ EH r+7 n=qa+r O=r<q) トナ シタ ルト 
* 代 敷 方 程 式 

(Pot Pat Prat 21e: + Poa) (Pit Pasi + Past + Paa+1)® 


ダメ 二 項 方 程 式 
N) 
ト 共 通 根 ラ 有 セ ザ レ 十分 ナリ . 
紫 定 理 ノ 十 分 條 件 格段 テル 場合 = 於 テ 極 メ テ 適 用 シ 易 シ 
F2 p, Gr TES=7 7 p+q+r*0 ナル ト CH FEIN 
Pye@)+gyat+l)+trya+2)=A, (? キ 0, r +0), 
ガ 定 敷 ノ 外 3 7 SA 2 ER 7 AF =>» 
P+qe+re=0, 
1+ 十 2=0 
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ZHEHFTEL Vi TIEF). = peqen 3: FVYV» Tr) 
(第 3 節 参照 ) 
及 例 ヘ バ 同 優 設 クッ 下 = 於 テ 同 画 敷 方 程 式 ガ 定 敷 ク 外 まま ラ 基 週 期 ト 
AVR Fe Pv = >> 
5 p+qx +re°=0, 
l+v+a+2—0 
ガ 共 通 根 ラ 有 セ ザ レ 十分 ナリ . B= p-g+r=0 ナラ ザル カー っ 
q=0, p=r ナラ ザル カナ レン 十分 ナリ (第 4 入 参 照 ). 
Pb 8 TRIK=7V7 p+q+r+s+0 + b + HELP AE 
PY®)+qy@+1)+ru(+2)+sy(+3)=2,  (p+0, s キ 0), 
FEB A 4 ラ 基 週 期 ト スル 運 績 解 ラ 有 セ ザル = スハ | 
p+qr+rx + sv =0, 
IT 2 ra) 
ガ 共 通 根 ラ 有 セ ザ レ 十分 ナリ . = p_q+r-s=0 ナラ ザル ルカ 又 ヽ 
p=r, Q=8 ナラ ザル ルケ カナ ンマ 十分 ナリ サ ・ 
前 陳 ヶ 一 般 定 理 = 於 テ < が 素 敷 ナル トキ ハ 
dana? Lee 4+ 7+ —() 
> Fi EE Hi] = TS 7 PER EK") 7 FR EE 7 FF. 
Pos Pry Pay <**>*° > Pn PBEZ7AWRM= TT PtMrtpet--- +p,=*0 
ナル トキ ao ガ 素 敷 テ ラダ , PA 7 MX 2 = 
oad at Dass a stake + Paa 
Pi baston 1 e 
Pr FPatr + Prasr + + Paa+r) 
Pr+it Patre1 + Pra4r4t1 + …… + Deg-barr+1s 
Pr+2 1 Pa+r+2 + Paasrı2 tte? + Pa@-natr+29 


ee eee 0 00004 0 0 ee ee e eo ee る の 





(1) Bu A à 1 7 AR 9 SI HERVE N FT DU RA IT EV ar 
DRIY. MU TH) PH =X Dos Pa Dar - Pn ガ 其 ノ 敷 ノ 範 園 こ 局 ヘ レベ 上 ノ 定 理 ラ 得 


NY. 


R 画 Mk a À = NR 7. 329 


FRZHEv*=73FV<K3+). 

BI ~ 2 Po Diy Pry Pas Ps ガ 有 理 敷 ナ チル トキ mDtB=M+Mm=Pp ナラ ザ 
vH EN 

Po ya) +py®+1)+p.y+2)+p:y+3)+p,y0+4)=4 

ガ 定 敷 / 外 = 3 748 2 REF Ae. 

RR? FEB 7 1. 

Por Pis Par ****- Pn FHA APM LVF Dp+tpi+p.+ …… +p, +0 + 
ルト キ , ntl FERMI 3 MAR 

Po Ye) + pr y +1)+p: x +2)+ + Pn yatn)=; 

HEB? SS n+1 FAN Ar ER 7 Ae Pv = >> 





DENE ar, =Pn 
Ber Tr. シブ OY Oy =Pn FAIRE = >> 
"i de cos a hte ak) 
ナル 和解 ラ 有 ス . 
夏 = 次 ノ 定 理 ラ 得 . 
Po Pis の > ……… ‚Dr ガ 惑 グ 有 埋 敷 ニシ テ mMtPMtPpt +pr+0 + 


ント キ , ntl Prt] ョ ヨリ 大 ナル 素 敷 チラ 画 敷 方 程 式 
Poy(c)+p.y@+1)+p.y0+2)+------+prye+r)=4 
ER A= n+1 7 KUBY) bz a 7 Br =. 


大 正六 年 七 月 


の 


抄 & & 


I dî HP # H 


zul 


E. Boutroux, Natural law in seience and philosophy. Authorized translation by F. 
Rothwell. New York, Macmillan, 1914. 218 p. i 

L. Bianchi. Lezioni sulla teoria dei gruppi continui fini di trasformazioni. Enrico 
Spoerri, Editore-Libraio, Pisa. L. 25. 

E. S. Crawley and H. B. Evans. Analytic geometry. Philadelphia, E. S. Crawley, 
1918. 14+239 p. $1.60. 

A. Del Bue. Lezione di meccanica generale: cinematica. Città di Castello, Soc. tip. 
Leonardo da Vinci, 1917. 72 p. L. 3.00. 

G. Di Dia. L’omografia e Tinvoluzione nelle forme fondamentali di la specie e la 
dualità nella geometria proiettiva. Bologna, tip. Cuppini, 1917. L. 1.05. 

Ginn and Comany. Mathematical portraits and pages. Boston, Ginn, 1916. 19 p. 

H. Hancock. Theory of maxima and minima. Boston, Ginn, 1917. 218 p. 

A. Henderson. The twenty-seven lines upon the cubic surface. 2d edition. (Diss.) 
Chicago, 1915. 6+100 p. 12 plates in pockets. 

A. M. Kenyon and W. V. Lovitt. Mathematics for collegiate students of agriculture 
and general science. New York, Macmillan, 1917. 8+357 p. $ 2.00. 

R. Marcolongo. Meccanica razionale. Volume 1: Cinematica-statica. Seconda 
edizione, riveduta ed ampliata. (Manuali Hoepli, N. 352-353.) Milano, Hoepli, 1917. 15 
+323 p. L. 4.50. 

E. J. Maurus. An elementary course in differential equations. Boston, Ginn, 1917. 
8+51 p. $ 0.72. 

A. A. Miller. Circleometry. Des Moines, The Homestead Company, 1916. 16 p. 
$ 0.60. < 

A. Pérez. Disquisiciones trigonométricas. Buenos Aires, Imprenta Coni Hnos, 
1915. 

E. Picard. Les sciences mathématiques en France depuis un demi-siècle. Paris, 
Gauthier-Villars, 1917. 26 p. Fr. 2.00. 

J. Rey Pastor. Elementos de anälisis algebraico. Madrid, 1917. 

H. Secrist. An introduction to statistical methods. A text book for college students. 
A manual for statisticians and business executives. New York, Macmillan, 1917. 22+482 p. 
$ 2.00. 

K. Whited. Trisection of an angle. The problem solved geometrically with other 
problems. Redmond, Ore., K. Whited, 1917. 14 p. $ 1.00. 

5. P. Thompson. (“F. R. S.”). Calculus made easy; being a very simplest intro- 
duction to those beautiful methods of reckoning which are generally called by the terrify- 
ing names of the differential caleulus and the integral calculus. Second edition, enlarged. 
London, Macmillan, 1917. 2+265 p. 2s. 

E. Zondadari. Integrazione grafica e studio delle equazioni differenziali ordinarie 
del primo ordine coi metodi della geometria descrittiva. Milano, Soc. ed. Dante Alighieri 
(Roma, tip. Nazionale, Bertero), 1917. 94112 p. L. 2.50. 
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W. N. Rose. Mathematics for engineers, Part 1. London, Chapman and Hall, Ltd., 
1918. 14+510 p. net 8s. 6d. 

AMP? VEILS 7 IRR / AIM 762 2H, RM = Vr 2 nn 
HER 7#Hzr a bo Ahr, ar). AB Chapman and Hall が W. J. Lineham 
Kev BEG +2 >28f7zx The directly-useful technical series Hr YF HIRE FU BW 
モノ ニシ テ デ Elementary and higher’ algebra, mensuration and graphs, and plane trigono- 
metry テラ 包含 と リ . Part 2. » Differential and integral Calculus, practical applications of 
the calculus, polar coordinates, differential equations, harmonic analysis, spherical trigono- 
metry, vector analysis, mathematical probability etc. +f&2,%+. 既刊 ノ Part 1 = 
Et + 7 hv = Li BOR 充 寺 スル = 最 モ 適切 チル ラ 認 ム . IRUB7 PN pr MER 
ZIEH 7 THI 7 Eb OH VOR = EAN FRG. (TH) 


II si 誌 内 容 


下記 ノ 雑 誌 = 掲載 セラ レタ ル 論 文中 , AN POLS = RS ee, mex. 


Proceedings of the Edinburgh Mathematical Society, Vol. 35, Part 1, 1917. 

E. T. Whittaker, On the latent roots of compound determinants and Brill’s deter- 
minants. Wm. P. Milne, The apolar locus of two tetrads of points. The co-apolar of 
a cubic curve. G. B. Jeffery, Transformations of axes for Whittaker’s solution of 
Laplace’s equation. L. R. Ford, On a class of continued fractions. H. Datta, On the 
theory of continued fractions. 


The mathematical gazette, Vol. 9, No. 133, Janu., 1918. 
W. Hope-Jones, The principles of probability and approximations in arithmetic. 


Proceedings of the Cambridge Philosophical Society, Vol. 19, Part 1-3, 1917. 

S. Ramanujan, On the expression of a number in the form ax? +by? +c2?+dw?, 
C. E. Van Horn, An axiom in symbolic logic. J. G. P. Nicod, A reduction in the 
number of the primitive propositions of logic. G. N. Watson, Bessel functions of equal 
order and argument. G. N. Watson, The limits of applicability of the principle of 
stationary phase. H. C. Pocklington, The direct solution of the quadratic and cubic 
binomial congruences. G. H. Hardy, On a theorem of Mr. G. Pölya. G. H. Hardy, 
On the convergence of certain multiple series. G. N. Watson, Bessel functions of large 
order. H. J. Mordell, On Mr. Ramanujan’s empirical expansions of modular functions. 


The messenger of mathematics, Vol. 47, No. 4, Aug., 1917. 
E. T. Bell, Fourier series for the squares of Hermite’s eighteen doubly periodic 
theta quotients. F. H. Jackson, The g-Integral analogous to Borel’s integral. 


Annals of mathematics, (2), Vol. 19, No. 3, March, 1918. 

R. D. Carmichael, Comparison theorems for homogeneous linear differential equa- 
tions of general order. H. B. Fine, Note on a substitute for Duhamel’s theorem. J. H, 
Weaver, Some properties of a straight line and circle and their associated parabolas. 
C. L. E. Moore, Motions in hyperspace. J. R. Kline, A definition of sense on closed 
curves in non-metrical plane analysis situs. O. E. Glenn, Covariant expansion of a 


ic 


332 Ib ER 短 


modular form. G. M. Green, .he intersections of a straight line and hyperquadric. E. 
T. Bell, Numerical functions of [x]. L. P. Eisenhart, Surfaces which can be generated 
in more than one way by the motion of an invariable curve. 


Bulletin of the American Mathematical Society, Vol. 24, No. 5-6, Feb.-March, 

1918. 

O. D. Kellogg, The eleventh regular meeting of the Southwestern Section.. G. M. 
Green, Note on conjugate nets with equal point invariants. J. F. Ritt, On the dif- 
ferentiability of asymptotic series. L. P. Eisenhart, Darboux’s contribution to geometry. 
F. N. Cole, The twenty fourth annual meeting of the American Mathematical Society, 
A. Dresden, The Winter-meeting of the Chicago Section. R. D. Carmichael, Elemen- 
tary inequalities for the roots of an algebraic equation. H. Bateman, The solution of 
the wave equation by means of definite integrals. 


Mathematische Annalen, Bd. 77. Heft 3-4. 

H. Weyl, Ueber die Gleichverteilung von Zahlen mod. Eins. M. Bauer, Zur 
‚Theorie der algebr. Zahlenkörper. M. Bauer, Ueber zusammengesetzte Zahlkörper. B. 
von Ludwig, Ueber eindeutige Umkehrbarkeit Abelscher Integrale. 0. Blumenthal, 
Einige Minimums-Sätze über trigonometrische und rationale Polynome. 0. Muehlen- 
dyck, Ueber die regulären eindimensionalen analytischen Somenmannigfaltigkeiten. J. 
v. S. Nagy, Ueber die reellen Züge ebener und Raum-Kurven. F. Hausdorff, Die 
Miichtigkeit der Borelschen Mengen. K. Knopp, Bemerkungen zur Struktur einer linearen 
perfekten nirgends dichten Punktmenge. D. König, Ueber Graphen u. ihre Anwendung 
auf Determinantentheorie u. Mengenlehre. M. Dehn, Ueber die Starrheit konvexer 
Polyeder. W. Künstermann, Funktionen von beschränkter Schwankung in zwei reellen 
Veränderlichen. O. Szasz, Ueber die Approximation stetiger Funktionen durch lineare 
Aggragate von Potenzen. G. Pölya, Ueber Potenzreihen mit ganzzahligen Koeffizienten. 
E. Hilb, Zur Theorie der linearen Integrodifferentialgleichungen. Emmy Noether, Die 
Funktionalgleichung der isomorphen Abbildung. A. Speiser, Gruppendeterminanten und 
Körperdiskriminante G. Voghera, Ein direkter Beweis für die Normalform der kom- 
plexen Zahlensysteme. 


Zeitschrift für mathematischen u. naturw. Unterricht, Bd. 47, No. 1-8. 

B. Kerst, Ueber Polyeder, deren Netze durch konvexe Polygone gebildet werden. 
E. Haentzchel, Eine artilleristische Aufgabe. Pyrkosch, Die mathematischen Reform- 
bestrebungen. Max Brües, Mittlepunktswinkel, Umfangswinkel, Sehne und Kreisviereck 
in allgemeinster Behandlung. K. Riedir, Zur Einführung des Logarithmus im Klein- 
schen Sinne. 0. Lesser, Zur Behandlung der Kegelschnitte. O. Herrmann, Einige 
Gruppen von geometrischen Aufgaben, die auf unbestimmte Ausdrücke führen. P. 
Kiesling, Ueber die Kurve der Schattenenden des Gnomons. K. Quensen, Konstruk- 
tion der komplexen Wurzeln von Gleichungen zweiten und dritten Grades. N. Genni- 
matas, Methodische Bemerkungen ‘zur ebenen Trigonometrie. v. Sanden, Vektoren- 
rechnung und analytische Geometrie, 


Sitzungsberichte der Kaiserlichen Akademie der Wissenschaften in Wien, 

Bd. 124. 

C. Burstin, Die Spaltung des Kontinuums in x, überall dichte Mengen. E. Dolezal, 
Das Rückwärteseinschneiden auf der Sphäre, gelöst auf photogrametrischen Wege. II. 
Das Pantograph-Planimeter. W. Gross, Zur Poisson’schen Summierung. G. Kowa- 
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lewski, Neuer Existenzbeweis für implizite Funktionen. Bunterte Reihen und Ringe 
von Elementgruppen. Ein neues Problem der Kombinatorik. E. Landau, Ueber eine 
Aufgabe aus der Theorie der quadratischen Formen. Neue Untersuchen über die Pfeiffer’- 
sche Methode zur Abschätzung von Gitterpunktanzahlen. A. Lechner, Ueber die Richt- 
kraft eines rotierenden, geführten Kreisels. Zur Mechanik der Zykeln, R. Weitzen- 
böck, Ueber Bewegungsinvarianten, VIII. 


Zeitschrift für das Realschulwesen, Wien, XLI Jahrgang. 

W. Peyerle, Einfache Beispiele von Regelflichen 3. Ordnung und von einigen 
ebenen Schnitten derselben. A Lanner, Veranschaulichung der unendlich ausgedehnten 
Ebene im Bereich eines. gegeben Kreises. A. Pleskot, Ueber eine Art der Erzeugung der 
Kegelschnitte durch Kreisbüschel. O. Bachrach, Neuer geometrischer Beweis zweier 
Sätze über die ebenen Schnitte der bifokalen Rotationsiliichen IL: Gr. K. Wolletz, 
Einiges über die Bewegung der Körper im lufterfüllten Raume F. Schicht, Definition 
und Berechnung der mechanischen Arbeit. G. Bozicevic, Eine neue Construktion der 
Kegelschnitte. 


Archiv der Mathematik u. Physik, Leipzig, Bd. 25. 

M. Pasch, Zusammenhänge in der Lehre von den Kegelschnitten. F. Emde, 
Schwingungen und Vektoren. W. Weber, Zur Geometrie des einfachen Vierecks. G. 
Jaumann, Ueber Dyaden und Dyadenrechnung. E. Lampe, Aufgaben über die aus 
den Gliedern einer ganzzahligen arithmetischen Progression gebildeten symmetrischen 
Grundfunktionen und über die Summen gleich hoher Potenzen dieser Glieder. L. Ber- 
wald, Ueber einige Minimums-Sätze der Dreiecks- und Tetraedergeometrie. P. Riebe- 
sell, Ueber die Integration der ballistischen Hauptgleichung bei Anwendung des Sommer- 
feldschen Luftwiderstandsgesetzes. 0. Danzer, Eine Abbildung allgemeiner Konchoiden 
auf Regeldlächen. E. Budde, Ueber Nablaprodukte. M. Bauer, Zur Theorie der arith- 
metischen Progression. G. Pick, Zur nichteuklidischen Geometrie. J. Horn, Ueber 
nichtlineare Differenzengleichungen. A. Horn, Ueber die Anwendung der Methode der 
sukzessiven Näherungen zur Lösung von linearen Integralgleichungen mit unsymmetri- 
schen Kernen. E. Landau, Neuer Beweis eines Hardyschen Satzes. L. Lichten- 
stein, Zur konformen -Abbildung einfach zusammenhängender schlichter Gebiete. T. 
Vahlen, Beiträge zur Ballistik M. Pasch, Zerlegbare Kegelschnittsgleichungen. A. 
Kempner, Ueber irreduzible Gleichungen, die unter ihren Wurzeln auch solche mit 
rationalem reellem Teil oder mit rationalem absoluten Betrag zulassen. Bemerkung 
zu einem Zahlentheoretischen. Satz von Herrn Lind. J. A. Schouten, Ueber eine neue 
Theorie der Systeme direkter Rechnung und ihre Bedeutung fiir die mathematische 
Physik. L. Guempel, Fliissigkeitsoberflichen unter dem Einfluss der Kohiision und 
Adhäsion. K. Kommerell, Elementare Berechnung der Zahl 7 und der trigono- 
metrischen Funktionen. Eug. Jahnke, Zur Einführung in die Dyadenrechnung. 


The Journal of the Indian Mathematical Society, Vol. 10, No. 1, Feb., 1918. 


E. Haalberg, Infinite series and arithmetical functions. M. Bhimanna Rao, 
Double lines, 


Bulletin de la Société Mathématique de France, T, 45, Fasc. 2-3, 1917. 

M. Fouché, Sur la transformation de Lie (suite). Ch. de la Vallée Poussin, Sut 
les expressions qui s’écartent le moins de zéro dans un intervalle, E. Cartan, La de- 
formation des hypersurfaces dans l’espace conforme réel à n =5 dimensions. 
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Ncuvelles Annales de Mathématiques, (4) T. 17, Déc., 1917, T. 18, Jan., 1918. 

J. B. Pomey, Sur une propriété de la fraction rationelle du second degré. Ch. 
Michel, Développantes et développées aréolaires. G. Fontené, Identités à démontrer. 
E. Cahen, Remarques sur un article de M. Mathieu Weill. H. Lebesgue, Sur deux 
théorèmes de Mannheim et de M. Bricard concernant les lignes de courbures et les lignes 
géodésiques de quadriques. T. Hayashi, Le produit de cinq nombres entiers consécutifs 
n'est pas le carré d’un nombre entier. J. Bouchary, Analogies entre le triangle et le 
quadrilatère. J. Juhel-Rénoy, Sur les foyers de courbes planes. R. Bouvaist, Sur 
deux propositions de Ribaucour. ©. H. Sisam, Sur l’ordre de surfaces engendrées par 
courbes d’un ordre donné. 


Bulletin des Sciences Mathématiques, (2) T. 41, Dèc., 2917, T. 42, Jan., 1918. 

H. Vergne, Sur les équations générales de la mécanique analytique(fin). A. Buhl, 
Sur les sommes abéliennes de volumes cyclidoconiques. M. Brillouin, Sources électro- 
magnétiques dans les milieux uniaxes. 


Annali di Matematica pura ed applicata, (3) T. 26, 1917. 
S. Lefschetz, Sur les intégrales doubles des variété algébriques. U. Dini, Sugli 


l AZ Zap > 
sviluppi in serie aut 2 (An COS An X+0n sen An x) dove le An sono radici della equazione 
1 


transcendente F(z) cos 72+/, (2) sen 72=0. A. F. Carpenter, Some fundamental relations 
in the projective differential geometry of ruled surfaces. 


Giornale di Matematiche di Battaglini, (3), Vol. 55. Maggio-Agosto, 1917. 

G. Usai, Una questione di analisi combinatoria (continuazione). S. W. Reaves, 
Metric properties of flecnodes on ruled surfaces. V. Gallico, Sulle condizioni iniziali 
che determinano gli integrali delle equazioni differenziali ordinarie. 


Atti della Reale Accademia dei Lincei, (5), Vol. 26, Fasc. 7-12, (2 Semestre), 1917. 

R. Giordano, Ricerche in analisi estensiva. G. Scorza, Il rango di una matrice 
di Riemann. G. A. Maggi, Nuove applicazioni di una formola commutativa. R. Gior- 
dano, Proprietà invariantive degli hamiltoniani e dei gradienti nell'analisi generale di 
Grassmann. M. Bottasso, Sulle trasformazioni asintotiche delle curve. R. Marcolongo, 
Su alcuni operatori superficiali. A. Del Re, Hamiltoniani e gradienti di hamiltoniani 
e di gradienti laplassiani parametri differenziali (Nota I). P. Straneo, Omogeneità 
delle equazioni e similitudine nella fisica (Nota I). T. Levi-Civita, ds? einsteiniani in 
campi newtoniani. I: Generalità e prima approssimazione. A. Del Re, Hamiltoniani e 
gradienti di hamiltoniani e di gradienti laplassiani parametri differenziali (nota II). P. 
Straneo, Omogeneità delle equazioni e similitudine nella fisica (nota IT). A. Antoniazzi, 
Sopra il movimento di rotazione diurna della terra. 


Atti della Reale Accademie delle Scienze di Torino, Vol. 53, Disp. 1-2, 1917- 
1918. 
C. Rosati, Sulle valenze delle corrispondenze algebriche fra i punti di una eurva 
algebrica. A. Pensa, Su alcune omografie speciali e sugli operatori omografici C, R. A, 
Pensa, Sull’operatore omografico RK. 


Bulletin de l'Académie des Sciences de Russie, (6), No. 1-4, 1918. 
N. Kryloff et J. Tamarkine, Sur le méthode de W. Ritz pour la solution approchée 
des problèmes de la physique mathématique, W. Stekloff, Remarques sur les quadratures. 
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ふい す ( Fiske, WAHRER (4). と 1 る Col, Fei (3). Rein Ca i HR 
_ 論 (前 條 年 間 . 4 まく れ 1! 7 Maclay, fie (APE, 3. HA Geier. 
3). か いざ 1! Keyser, Heil = Mr vii, LA (4). Ma (Pi, 3). Fas DE 
Smith, Hé (2). か す な 1 Kasner, MT 7 are U (2) PRE RAT HE 
式 (前 件 年 間 . 3 ぅ ,。 ふ あ いと W. B. Fite, 微分 方 程 式 (PE, 3) 1813 H. E. Haw- 
kes, 曲線 ノ GL RES (後生 年 間 , 3). 


Pa ey Se erh) 


まく まほ ん J. McMahon, fé» > v + 7 HER (3) (RPGR (3). す な い だ 1 Snyder, 
WBA (3) Læ 1 3: Sharpe, MARIE PL EMS 7 RENI (SUN 3) か 1 ダ 
1 Carver, EHER (BoB. 3). SBME (L53351 E FE, 3). Fhe 
Ranum, Ta (SII, 3). ぎれ す び 1 D. C. Gillespie, MBH (3). dI 
3599 W. A. Hurwitz, HABE? OTHER (3). て くれ 1 で Craig, 3.1 UZ7 like 
RF YY Tr py (3). Brings (3). お 1 うえ ん す EF. W. Owens, KIM (3). し 
8 51 EA Silverman, 無限 級 典 (3). 22435 1 McKelvey, (Riti (3). べ っ つ 
Betz, DST HER (3). が ば M. G. Gaba, 方 程 式 論 (AN, 3). ぎる まん Gilman, 
tare HEP Be (3). 

eo ae) Pe ee Kl) 


36% COL Osgood, BMRA, IL (第 二 移 期間 , 3). AUX © Memore (4 — 
期間 ,3). multi (3). ぼ 1 Læ 1 Bôcher, Pete efi] AEM RBA (3). RR ZEHN 
fi], 3). 212% Bouton, MBH (FOB. 3). 微分 方 程 式 及 どり 1 理論 (3). 
《 1 9% Coolidge, MERA? 主要 題目 (SEN) 3). Wea +7 Mia (EIN, 3). 
下面 代 敷 曲線 (3)) は ん ちん と ん Huntington, Ba L/ HAHA (AMI 2). Cou 
H. N. Davis, A (3). ば 1 こぶ ふ 、 Birkhoff, DREH (第 一 移 期 間 , 3) FAX PES te 
(HOBO, 3) BITTER (ESSI, 3) ぢ お ょ (そん Jackson, HART, I (2 
Hi], 3). HETAL PSM. SERGI FHBN (SAH), MUR CEBIT, 3). で 
y 1 À Green, mye (3) で り 1 ん 及 ビ は る と W. Le R. Hart, MITEMa (3). は る と 。 
FRESA (第 二 學 期間 , 3). ぴ び 」 あす T. A. Pierce, BIG (BWI, 3), REAR? FE 
論 (第 二 學 期間 , 3). 

ik SIA =A IE) と ふ ノ 解析 時 = 闘 スル せみ な り 1 ア リ . IST (oe 
2 BRUCIA, EI LI RT AE I RR, KI ELA Rn 6 1 USB RE, E 
ER PER, Bel TL Ei, RICA, CU 1 À 2 TEN Er r~y. 
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た うん せん ど E. J. Townsend, KR MA (3). MoT HAN ET UT aT B 
(3). Abi G A. Miller, PFA (3). 方程式 論 及 行 列 式 (MIN. 3). Vis 
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Rietz, ftt (3). し ょ 5 J. B. Shaw, UHR (3) aut? Sisam, ROR, WHS 
PES (ed, 3). えむ ひ Emch, HM, ETS (Fasi, 3). か 1 み . 
D 1 る Carmichael, RAME? UM (3), € B 2 1 À Crathorne, HSK (B - 
amp), 3). り と る Lytle, mne (SIN 2). eu (ES, 2). けむ な ぶな! 
Kempner, Jr fk AUR (3). 


Cr LME x è ん 3 RR ITA) 


も 1 れ 1! Morley, fig (2) MIA (2). と 」 ぶ る Cobley ey=51ı Mk (2). 
と 1 へ ん Cohen, ares (2). FA (2). <1% A Bateman, MAR), ATH 
FE (2). 
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(Alt) Crawley, 高 次 歪 面 曲線 (2). ふ ぃ し ゃ 1 Fisher, wgs? Ha (2). し 
わっ と I. J. Schwatt, er, AeA (2. ほれ っ と Hallett, ARE (2) さき ふ sl È 
Safford, 偏 微分 方 程 式 (②. (Log Babb, Bein (2). ち ぇ む ば 1 す Chambers, Ré SEM 
£ (2. れん Glenn, Ba (BoB, 2). みち ぇ る Mitchell, KRANK, WM (2). む 
| あ R. L. Moore, #47 Hit (2). べ 」 る F. W. Beal, arte] (2). 


è り ん す と ん KR ® (1917-18), 


ふぁ いん H. B. Fine, FRE Mich (3) あい ぜん は る と Fisenhart, HEM (à). 
Ta (SAM, 3). ぶ ぇ ぶれ ん Veblen, せみ な り 1 (3). あ だ む す EP. Adams, 解析 重 
Æ (3). あれ 《 ざ ん だ 1 J. W. Alexander, KHEH (3). ふぁ いふ ぁ 1 G. A. Pfeiffer, BE 
IKEA iam (3). 


え 5. x  & (1917-18) 


ぶら うん E. W. Brown, Beets (3) SEHE (2. ぴ 1 あ ぼん と Pierpont, # 
RE” cia (2). Bas (2). すみ す P. F. Smith, 微分 方 程 式 (②. ZA CHI 
Longley, fm BPN, (SH, 2), KF YY PARC (EAU, 2). まい る 
す E. J. Miles, $877 (2) £411 J. L Tracy, FERRATE (2) £141 DE 
Barrow, DENKE (2). て くらむ W. L. Crum, FPIBRECWHPISA (2) EDEL ID]. 
K. Whittemore, {TEMA (2). 


fi fa Bi 


College de France. (1917-18). 


お むべ 1 あ Humbert, RPBR- Hr HN GE. DEE 1 2 Hadamard, fp_oXfiî 
HER 3293254 Brillouin, 緯度 織 化 , 地球 ノ Hike Ue -PGED = re, 2 = BA 
ANFIB) HE 。 らん ぢ ゅ ゞ ぁ ん Langevin, WAKER IM. 


巴里 兆 土 院 = 於 ケル 弾道 欧 研 究 答 員 會 ノ 成 績 


巴里 移 土 院 = 於 テハ 時 局 = 鐵 ミル 所 アリ テカ Appell 数 授 ラ 委員 長 ト シタ ル Commission 
de Balistique ナル モノ ガ 設 テラ レク. 苦 研 究 成績 ノ 題 目 ム 時 々 Comptes Rendus HE -=7 0 
商 表 セラ ル ヽ が 其 内 容 ム 固 ク 紗 セラ レ テ オ ル 昨 年 中 ノ 研究 題目 ラ 近 ゲル ト 下 ノ 如 ク デ アル . 4 
サ ヽ カ 疹 考 = 論 スル 所 が アラ ウッ . i 
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Parodi, Sur une nouvelle méthode d’integration mécanique de l’équation balistique. 

Kampé de Feriet, Calcul des coefficients différientiels en un point d’une trajectoire. 

Haag, Calcul des coefficients différentiels en un point d’une trajectoire. 

M. Saint-Léon, Sur un projet de projectile. 

Drach, Sur l’équation différentielle de la balistique extérieure et son intégration par 
quadratures. 

Denjoy, Sur Tequaton de la balistique extérieure. 

Esclangon, Sur l’enregistrement pulsométrique des coups de canon. 

Parodi, Sur le calcul numérique des trajectoires par ares successifs. 

Risser, Note relative à la recherche de la variation de portée résultant de l'effet du 
vent. 

Esclangon, Sur certaines phénomènes de condensation qui accompagnent les pro- 
jectile en marche ; le problème de la stabibisation de certaines projectiles. 

Esclangon, Sur l'expansion des gaz à la bouche des canon. 

Kampé de Feriet, Sur l'expression par une fonction hypergéometrique de l'intégrale 
En (Tr) qui s'introduit dans l'équation de l’hodographe, quand on suppose la résistance de 
l’aire de la form kv”, 

Garnier, Sur les valeurs limites de certaines coefficients différentielles d’une trajec- 
toire balistique. 
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RÉEL = 7 Mi —-Hay SRB ST). 今 基 ノ 講 演 ノ 題目 
FH AUANR iy. 

[第 一 日 ] 1. MME. MUIR. ERE: i 地震 初動 = 開 ス ル 研 究 (第 三 回 幸 
4) i. 地震 ノ 様 式 . 附 「 マ イク ロバ ログ ラフ 」 ノ 一 案 . 2. 早乙女 清 羽 君 : i RBS 
HER. ii, ATER BAN KB EL 3. PARA: 東京 = 於 ケル 地 
REAR? Ep. 4 寺 印 寅彦 君 : 1. Solar De of the magnetic pulsation. ii. Meteo- 
rologicnl notes. 5. Mata: Perkpgi= 7. 6. ki: On the masses 
and angular momenta of star system. 7. KZXKAUE. XAMREZSZH: On a molecular 
theory of magnetism explaining the ferro-, para- and diamagnetic properties of matter. 
8. Beate E, HIER: i The Stark effect on calcium and magnesium lines. ji. 
Further studies on the Stark effect in helium and hydrogen. 9. 石原 純 君 : 1. Stark 
pr. ii WANDA PNR MR ii 高 有 引力 = 於 ケル 時 間 及 空間 ノ 概念 
10. ANA: A note on the Weiss molecular field. 11. ZMPAKHE: On the 
accuracy of the formulae for ue Ga 12. 日 下部 四郎 太 君 : Quantum theory of 
time. [第 二 日 ] 13. Ha5#—7#: On differential inequalities. 14. RUHE: 
Neue Begründung der Theorie der Tara Reihe. 15. «<hf@&ZM7#: i On the 
striped net of curves without ambages in Dynamics. ii. On a generalisation of the . 
Bonnet-Darboux theorem concerning the line of strietion. iii. Theory of the point line 
connex (1, 1) in space. 16. HHÿät: Asymptotic formulae for coefficients of certain 
power series: 17. Rf: HEN, Ai = we a. 18 MA: Strength 
of material ノ 間 題 二 三 . 19. semaeee: i Instability of liquid film. ii. Structure 
of spark. 20. A4>%*:XRbL#: i. A theory of Invar. ii. Latent heat of melting as the 
energy of molecular rotation. 21. 本 多 光 太郎 君 , BAILA: On a new magnetic steel. 
22. Mr: Thermal expansion coefficient of quartz. 23. 宗 正 路 君 : Thermal 
expansion and contraction of glass. 24. ZRH: a2Z°47Rb=#7. 25. BBE 
ha: BRERY == M 26 PEREZ ON: X 2 AMOR MALE» 7 BNR = ER 
7. 27. WWAx#: Stereoscopic photographs of the tracks of g particles in air. 28. 
小 丹 重 一 君 : 1 | FESR ERAT ARNE iE b Bureau of Standards 7 National Physical Labora- 
tory EHRE b > Hi%. ii. Note on the accuracy of copper voltameter. iii. Deter- 
mination of E. M. F of Weston normal cells by the Richards form silver voltameter. 
29. BEE: f{ifH+ kite line > equation [#=H] 30. A4%*XRg: On 
the thermal and electric conductivities of iron-nickel and iron-cobalt alloys. 31. Afp 
It, Vem SR > el BEY A Er = (p7 FAIRS. 32. XNNIERA, 眞 島 正 市 
君 : 1 WRAY 2377137. i. SUA Fy Rl) OMe =7-. 33 松下 
ERDE: On slow contraction of quenched steel. 34. AA WASH. fresXxXMA: 
On the structure of tungsten steel and that of chromium steel. 35, #298434: On the 
change of electric resistance of metals during melting. 26. HERE: faina. 
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PARA 1 KE) SH CT DAG Vito Volterra [IPA LR? Associé étranger ご 選 
ltkSLX UV. 

DROGUE D BABES 1 て い ゅ MRASMIMAEBH=B? 内 敷 移 部 = テン Lis ATE C 
Jordan FE 8%). 

北米 合 衆 園 = 於 テ は 1 ば 1 EAB? (1 VBER J. L. Coolidge, いり の い ず 大 掌 ノ い 
ぢ ん と ん W. E. Edington, (41) (21 UA47 Saf 1 © Dr. L KR. Ford, いり の い ず 大 銘 ノ け 
る す L. M. Kells, 21 1F ı URS 5:43 Lo J. L Walsh &n national military service 
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